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ABSTRACT
A new m e th o d o lo g y  and n o t a t i o n  f o r  t h e  d e f i n i t i o n  and
c o n s t r u c t i o n  o f  n on -c o nve x  p o l y h e d r a  i s  d e s c r i b e d .  I t  uses
c o n s t r u c t i v e  s o l i d  g eome t r y  t o  p r o v i d e  t h e  g e o m e t r i c  d a ta  f o r  th e
f u n d a m e n t a l  c e l l s  and each c o m p o s i t e  s t r u c t u r e  i s  d e f i n e d  by a
c o m b i n a t i o n  o f  such f u n d a m e n t a l  c e l l s .  To d e m o n s t r a t e  t h e  g e n e r a l
p r i n c i p l e s  b eh in d  t h i s  m e th o d o lo g y  we have used th e  c o n s t r u c t i o n  
t e c h n i q u e s  t o  p rodu ce  c r y s t a l l i n e  s t r u c t u r e s .  A m i n i m a l  d e f i n i t i o n  
n o t a t i o n  i s  used t o  c o n s t r u c t  a d i s c r e t e  s u r f a c e  r e p r e s e n t a t i o n  i n  a 
s t a n d a r d i s e d  f o r m a t  w h ic h  i s  used a l o n g s i d e  a n o v e l  c o n s t r u c t i o n
a l g o r i t h m  t o  d e v e lo p  an e l a b o r a t e  d a ta  s t r u c t u r e  r e p r e s e n t a t i o n ,
r e f e r r e d  t o  as a p o l y g o n a l  mesh. The c o m p l e x i t y  o f  e x p l i c i t
d e s c r i p t i o n  o f  n o n - c o n v e x i t y  i n  d i s c r e t e  s u r f a c e  p o l y h e d r a  i s  overcome 
u s in g  an e x t e n s i o n  t o  t h e  m i n i m a l  d e f i n i t i o n  n o t a t i o n  w h i c h  p e r m i t s  
t h e  d e s c r i p t i o n  o f  such p o l y h e d r a  as a l i s t  o f  p r e d o m i n a t e l y  convex 
f u n d a m e n t a l  c e l l s .
N o n - c o n v e x i t y  i n  t h e  c o m p o s i t e  p o l y h e d r o n  w i l l  i n t r o d u c e  new 
l i n e s  w h ic h  a re  n o t  p a r t  o f  t h e  d e f i n i t i o n  b u t  a re  an a r t e f a c t  o f  th e  
c o n s t r u c t i o n  method.  The d i s p l a y  a l g o r i t h m  must  e x p l i c i t l y  d e p i c t  
t h e s e  l i n e s  on th e  v i e w  p la n e  o f  t h e  chosen g r a p h i c  medium. We have 
i m p le m e n te d  two d i f f e r e n t  methods f o r  g e n e r a t i n g  t h e  f i n a l  d i s p l a y .  
The f i r s t  i s  a c o m p l e t e l y  new d i s p l a y  a l g o r i t h m  t h a t  p r e - p r o c e s s e s  th e  
d a ta  mode l  t o  d i v i d e  t h e  d i s c r e t e  f a c e t  s u r f a c e s  o f  t h e  n on -c onvex  
p o l y h e d r o n  i n t o  convex r e g i o n s  bounded by l i n e  ^segmen ts .  Th is  
s u b d i v i s i o n  r e n d e r s  t h e  a d d i t i o n a l  l i n e s  e x p l i c i t  i n  t h e  data  
s t r u c t u r e  mode l .  The second i s  t h e  q u a d - t r e e  d i s p l a y  a l g o r i t h m  w h ich  
uses q u a d - t r e e  e n c r y p t i o n  t o  compute t h e  p r o j e c t e d  image.  
P r e - p r o c e s s i n g  i s  u nn ece ssa ry  s i n c e  the  i n t e r a c t i o n  between th e
component c e l l s  i s  a u t o m a t i c a l l y  g e n e r a t e d  d u r i n g  d i s p l a y ,  and th e  
a d d i t i o n a l  bou nd ar y  l i n e s  w i l l  be e x p l i c i t l y  drawn on th e  v i e w  p la n e .
A d a ta b a s e  o f  f u n d a m e n t a l  c e l l s  and c e l l  c o m b i n a t i o n s  i s  
i n c o r p o r a t e d  i n t o  t h e  sys t em.  The c o n s t r u c t i o n  a l g o r i t h m  a l l o w s  
i n t e r a c t i v e  d e f i n i t i o n  o f  an i n d i v i d u a l  c e l l  and i t s  s t o r a g e  as c e l l  
p o l y g o n a l  mesh i n  th e  d a t a b a s e .  T h e r e a f t e r  compound s t r u c t u r e s  can be 
g e n e r a t e d  e i t h e r  by i n t e r a c t i v e  c o n s t r u c t i o n  o r  r e t r i e v a l  o f  
f u n d a m e n t a l  c e l l s  and c e l l  c o m b in a t i o n s  f r om  t h i s  d a t a b a s e .  Any new 
c o m b i n a t i o n  o f  c e l l s  can be r e t a i n e d  w i t h i n  t h e  d a t a b a s e .  R e t r i e v a l  
o f  i n f o r m a t i o n  f r om  th e  d a ta b a s e  i s  a c h ie v e d  by r e f e r e n c e  t o  v a r i o u s  
key w o r d s ,  and th e  u n d e r l y i n g  d a ta b a s e  sys tem p e r f o r m s  t h e  p r o c e d u r e s  
n e c e s s a r y  t o  m a i n t a i n  t h e  d e p e n d e n c ie s .
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INTRODUCTION
0 . 1 REPRESENTATI ON _0F THREE DI MENSI ONAL FIGURES
P i c t u r e s  and d ia g ra m s  a re  an e x t r e m e l y  e f f e c t i v e  method f o r  
c o m m u n ic a t i n g  i n f o r m a t i o n  t o  man and have a lways  been a s i g n i f i c a n t  
component  used to  a i d  th e  v i s u a l i z a t i o n  o f  i n f o r m a t i o n ,  c o n c e p ts  and 
i d e a s .  Computer g r a p h i c  sys tems a re  a n a t u r a l  e x t e n s i o n  o f  such 
o p t i c a l  t e c h n i q u e s  and f a c i l i t a t e  t h e  d i s c o v e r y  o f  a d d i t i o n a l  l a y e r s  
o f  i n f o r m a t i o n  t h a t  have p r e v i o u s l y  been i n a c c e s s i b l e .  One o f  the  
s i g n i f i c a n t  advances i n  c o m p u t i n g  g r a p h i c s  has been th e  d e v e lo p m e n t  o f  
t e c h n i q u e s  t o  f a c i l i t a t e  t h e  m o d e l l i n g  and d i s p l a y  o f  t h r e e  
d i m e n s i o n a l  o b j e c t s .  Such r e s e a r c h  has opened t h e  way f o r  t he  
d e v e lo p m e n t  o f  new t e c h n i q u e s  o f  p r o c e s s i n g  and r e p r e s e n t i n g  such 
o b j e c t s .
In  t h i s  t h e s i s  we a re  a p p l y i n g  s t a t e - o f - t h e - a r t  compu te r  g r a p h i c s  
t o  t h e  c l a s s i c a l  p ro b le m  o f  r e p r e s e n t i n g  n o n -c o nv e x  d i s c r e t e  s u r f a c e  
g e o m e t r i c a l  s o l i d s .  B e f o re  t h e  a d v e n t  o f  co m p u te rs  any t a n g i b l e  
r e p r e s e n t a t i o n  o f  t h i s  t y p e  o f  t h r e e  d i m e n s i o n a l  o b j e c t ,  and many 
o t h e r  g e o m e t r i c a l  and n o n - g e o m e t r i c a l  o b j e c t s ,  was e i t h e r  t o  spend 
months  m a n u f a c t u r i n g  a s o l i d  t h r e e  d i m e n s i o n a l  mode l ,  o r  t o  d e v e lo p  a 
p r o j e c t i o n  method w h ic h  emphas ized one p a r t i c u l a r  p r o p e r t y  o f  th e  
t h r e e  d i m e n s i o n a l  o b j e c t  i n  a two d i m e n s i o n a l  image.  The fo r m e r  was 
a t t e m p t e d  o n l y  by t h e  most d e d i c a t e d  [ C o x e t e r ,  1969; W enn inge r ,  1972; 
Pugh, 1 9 7 6 ] .  However ,  s e v e r a l  s p e c i f i c  p r o j e c t i o n  t e c h n i q u e s  have 
been d e v e lo p e d  t o  r e p r e s e n t  t h e  o b j e c t  i n  a more manageab le  two 
d i m e n s i o n a l  image.  One example o f  a two d i m e n s i o n a l  p r o j e c t i o n  
d e v e lo p e d  o v e r  t h e  ye a rs  i s  t h e  s t e r e o g r a p h i c  p r o j e c t i o n  
[ P h i l l i p s , 1960; p20-31J used i n  c r y s t a l l o g r a p h y  t o  d e m o n s t r a t e  th e
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symmetry  o f  a c r y s t a l .  F i g u r e  0.1 i s  a p r o j e c t i o n  o f  a c u b i c  c r y s t a l  
u s i n g  t h i s  v e r y  t e c h n i q u e .  The i n f o r m a t i o n  a bou t  th e  c r y s t a l  has been 
i n c o r p o r a t e d  i n t o  the  d ia g r a m ,  b u t  t h e  o v e r a l l  r e a l i s m  o f  t h e  cube has 
been o b s c u re d ,  o n l y  t h e  a n g u l a r  p r o p e r t i e s  o f  t h e  c r y s t a l  have been 
m a i n t a i n e d .  On ly  p e o p le  f a m i l i a r  w i t h  th e  s t e r e o g r a p h i c  p r o j e c t i o n  
wou ld  r e c o g n i s e  f i g  0.1 as th e  p r o j e c t i o n  o f  th e  c r y s t a l  i n  f i g u r e  
0 . 2 .
Now t h a t  g r a p h i c s  t e r m i n a l s  a re  a v a i l a b l e  on a w ide  s c a l e ,  t he  
way we t h i n k  o f ,  r e p r e s e n t  and m a n i p u l a t e  t h r e e  d i m e n s i o n a l  o b j e c t s  
has been r e v o l u t i o n i s e d .  We have t o  r e c o n s i d e r  our  w ho le  app roach  to  
g e n e r a t i n g  t h r e e  d i m e n s i o n a l  f i g u r e s ,  and by d e s i g n i n g  and a p p l y i n g  
new a l g o r i t h m s  and t e c h n i q u e s  we can d e a l  w i t h  t h e  c o m p l e x i t y  o f  t h r e e  
d im e n s i o n s  o r  even h i g h e r  d im e n s i o n s  [ B a n c h o f f ,1 978 ; W h i t t a k e r , 1 985; 
Sobhanpanah and A n g e l l , 1986]  on a s c a l e  nev e r  b e f o r e  i m a g i n e d .  F i g u r e  
0 .3  i s  t h e  o r t h o g r a p h i c  p r o j e c t i o n  o f  a f o u r  d i m e n s i o n a l  hype rcube  and 
f i g u r e  0 .4  i s  t h e  s y m m e t r i c  p r o j e c t i o n  o f  t h e  8 - s i m p l e x ,  t h e  s i m p l e s t  
seven d i m e n s i o n a l  p o l y t o p e .
To g e n e r a t e  g r a p h i c s  sys tems c a p a b le  o f  c o n s t r u c t i n g  ' r e a l - w o r l d '  
images we a b s t r a c t  and decompose t h e  c o m p l e x i t y  o f  t h e  ' r e a l - w o r l d '  
p ro b le m  t o  e x t r a c t  t h e  e s s e n t i a l  m a t h e m a t i c a l  p r o p e r t i e s  [ A n g e l l  and 
G r i f f i t h s , 1 986;  Newman and S p r o u l l , 1 979 ; F o le y  and Van Dam,1 9 8 2 ] .  
These a re  used t o  f o r m u l i s e  and im p le m e n t  t h e  s o f t w a r e  s o l u t i o n  t o  th e  
c o n s t r u c t i o n  o f  t h e  scene .  I n v a r i a b l e  such a s o l u t i o n  w i l l  r e q u i r e  
t h e  d ev e lo p m e n t  o f  a s o f t w a r e  r e p r e s e n t a t i o n  o f  t h e  o b j e c t s ,  a data  
s t r u c t u r e ,  and t h e  c o n s t r u c t i o n  o f  a l g o r i t h m s  f o r m u l a t e d  f r om  th e  
a b s t r a c t i o n  o f  t h e  r e a l  w o r l d  o p e r a t i o n s .  The i n t e r a c t i o n  between th e  
d a ta  s t r u c t u r e s  and t h e  a l g o r i t h m s  w i l l  p ro duce  th e  f i n a l  da ta  
s t r u c t u r e  mode l .  To r e t u r n  t h e  d a t a  model  i n t o  a g r a p h i c a l
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f i g u r e  0.1
S t e r e o g r a p h i c  p r o j e c t i o n  o f  a c u b i c  c r y s t a l
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r e p r e s e n t a t i o n  s u i t a b l e  f o r  human i n t e r p r e t a t i o n  r e q u i r e s  th e
a d d i t i o n a l  o p e r a t i o n s  o f  d i s p l a y .  These o p e r a t i o n s  a re  u s u a l l y  based
on t h e  a b s t r a c t i o n s  o f  human v i s u a l  c h a r a c t e r i s t i c s  and such 
a b s t r a c t i o n s  l e a d  t o  d i f f e r e n t  a p p r o x i m a t i o n s  o f  r e a l i t y ,  see f i g u r e  
0 . 5 .
U s ing  such g r a p h i c a l  systems i t  no l o n g e r  t a k e s  months t o
c o n s t r u c t  t h r e e  d i m e n s i o n a l  o r  even h i g h e r  d i m e n s i o n a l  f i g u r e s ,  and 
s h o u ld  t h e  f i g u r e  r e q u i r e  a l t e r a t i o n  we need o n l y  i n d i c a t e  t h e
o p e r a t i o n a l  changes r e q u i r e d  and l e t  th e  c o r r e s p o n d i n g  c o m p u t a t i o n a l
a l g o r i t h m s  r e d e s i g n  t h e  d a ta  s t r u c t u r e  mode l .  I n c o r p o r a t i n g
a d d i t i o n a l  m a n i p u l a t i o n  o p e r a t i o n s  a l l o w s  t h e  r e - s t r u c t u r i n g  o f  t h e  
d a t a  s t r u c t u r e  mode l  w h i c h  can p e r f o r m  o p e r a t i o n s  on t h e  d a ta  model  
t h a t  a re  i m p o s s i b l e  t o  p e r f o r m  on th e  r e a l  o b j e c t s .
0 .2  DESIGN METHODOLOGY FOR THE DEVELOPMENT 0£ A GRAPHICS SYSTEM FOR 
THE REPRESENTATION OF NON CONVEX DISCRETE SURFACE POLYHEDRA
The new t e c h n i q u e s  and a l g o r i t h m s  d ev e lo pe d  he re  can be ex tended  
t o  any c o m b i n a t i o n  o f  c l o s e d  convex p o l y h e d r a  o r  c e l l s . b u t  f o r  th e  
p u rpo s es  o f  e x p l a n a t i o n  we have c o n c e n t r a t e d  on a s u b - s e t  o f  r e g u l a r  
p o l y h e d r a  t h a t  app ea r  i n  n a t u r e  as c r y s t a l s  and used t h e  g e o m e t r i c a l  
p r o p e r t i e s  o f  t h e s e  o b j e c t s  as t h e  f o r m a l  b a s i s  o f  ou r  a b s t r a c t e d  
m ode l .  However ,  such a c o n s t r a i n t  has m i n i m a l  e f f e c t  on th e
c o m p le te n e s s  and e x t e n d a b i l i t y  o f  t h e  d e s i g n .  W i th  t h e  l o c a l i z a t i o n  
o f  t h e  a b s t r a c t i o n  i n t o  w e l l  d e f i n e d  modules we have p u r p o s e f u l l y  
s t r u c t u r e d  th e  d e s i g n  i n t o  modules e x h i b i t i n g  s t r o n g  c o h e s io n  w i t h
w e l l  d e f i n e d  i n t e r f a c e s  b u t  l o w  c o u p l i n g  between them, t h u s  e n s u r i n g  
t h a t  t h e  d e s i g n  o f  t h e  sys tem i s  m o d i f i a b l e  and e x t e n d a b l e  [ Y o u r d i n e  
and C o n s t a n t i n e ,1 9 7 9 ] .  We can e a s i l y  e x te n d  th e  scope o f  t h e  g r a p h i c s  
sys tem by i n c o r p o r a t i n g  a d d i t i o n a l  modules  encompass ing th e  d e f i n i t i o n
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F ig  0 .5
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and c o n s t r u c t i o n  o f  a w ide  v a r i e t y  o f  d i s c r e t e  s u r f a c e  p o l y h e d r a .
Us ing  an o b j e c t  o r i e n t e d  d e s i g n  m e th o d o lo g y  [R oss ,  Goodenough. 
and I r v i n e , 1975]  we a re  a b l e  t o  decompose th e  programed s o l u t i o n  i n t o  
a w e l l  d e s ig n e d  sys tem c o m p le te  and c o n s i s t e n t  w i t h  t h e  r e a l  w o r l d  
o p e r a t i o n s  m e e t i n g  t h e  g o a ls  o f  s o f t w a r e  e n g i n e e r i n g ,  namely ,
m o d i f l a b i l i t y , e f f i c i e n c y ,  r e l i a b i l i t y  and u n d e r s t a n d a b i l i t y  
[ D i j k s t r a ,1 972 ; J e n s e n , 1981; W i r t h , 1  974 ] .  The t a s k  o f  any d e s i g n  i s  
t o  a b s t r a c t  t h e  o b j e c t s  i n  t h e  p ro b le m  space and t o  im p le m e n t  th es e  
a b s t r a c t i o n s  i n  s o f t w a r e .
I n  t h i s  p a r t i c u l a r  p ro b le m  t h e  o b j e c t s  a re  p o l y h e d r a l  c r y s t a l s  
arid we s h a l l  a b s t r a c t  t h e s e  o b j e c t s  i n t o  a f o r m a l  m a t h e m a t i c a l  
d e s c r i p t i o n  w h i c h  w i l l  p e r m i t  t h e  p r o d u c t i o n  o f  a s o f t w a r e  d a t a  mode l  
( D o l v q o n a l  mesh) t o  r e p r e s e n t  t h e  c r y s t a l s  w i t h i n  t h e  compu te r  sys tem 
(see f i g u r e  0 . 6 ) .  Next  we d e v e lo p  comp ute r  a l g o r i t h m s  w h i c h  combine 
t h e  p o l y g o n a l  mesh r e p r e s e n t i n g  each c e l l  t o  p ro du c e  t h e  f i n a l  d a ta  
r e p r e s e n t a t i o n  o f  a n on -c o n v e x  p o l y h e d r a  c o m b i n a t i o n .  These 
a l g o r i t h m s  a re  d e v e lo p e d  f r o m  t h e  l o g i c a l  a b s t r a c t i o n s  o f  t h e
o p e r a t i o n s  v i s i b l e  i n  t h e  r e a l - w o r l d .  F i n a l l y  t h e  d i s p l a y  a l g o r i t h m s  
i n t e r a c t  w i t h  t h e  f i n a l  d a ta  s t r u c t u r e  model  t o  p ro duce  o u t p u t  d a t a  i n  
t h e  f o rm  o f  s t a n d a r d  g r a p h i c a l  commands, such as GKS [Bono ,  e t  a l .
1982]  w h i c h  o p e r a t e  t h e  s e l e c t e d  g r a p h i c s  medium and c o n s t r u c t  t h e  
f i n a l  d i s p l a y  f o r  human i n t e r p r e t a t i o n  (see f i g u r e  0 . 6 ) .
We can summar ise  t h e  s te p s  i n  t h e  d e v e lo pm e n t  o f  t h e  g r a p h i c a l  
sys tem as f o l l o w s :
1. D e f i n e  t h e  p ro b le m  space
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2. Dev e lop  an i n f o r m a l  s t r a t e g y
3. F o r m u l i s e  t h e  s t r a t e g y  by
i d e n t i f y i n g  t h e  o b j e c t s  and t h e i r  m a t h e m a t i c a l  a t t r i b u t e s  
i d e n t i f y i n g  th e  o p e r a t i o n s  on the  o b j e c t s  
e s t a b l i s h  t h e  i n t e r f a c e s  between o b j e c t s  and o p e r a t i o n s  
im p lem en t  th e  o p e r a t i o n s .
0■3 PROBLEM SPACE AND INFORMAL STRATEGY
We commence t h e  d ev e lo p m e n t  by d e f i n i n g  t h e  p ro b le m  and g a i n i n g  
an u n d e r s t a n d i n g  o f  t h e  s t r u c t u r e  o f  t h e  p ro b le m  space.  Once we have 
an u n d e r s t a n d i n g  a t  l e a s t  a t  t h e  h i g h e s t  l e v e l s  o f  t h e  p ro b le m  we can 
pro ceed  t o  c r e a t e  a more f o r m a l  s t r a t e g y  t h a t  p a r a l l e l s  ou r  v i e w  o f  
t h e  w o r l d .
O b v i o u s l y  t h e  o b j e c t s  a re  t h e  c r y s t a l s .  I n i t i a l l y  we s h a l l  
c o n c e n t r a t e  on an i s o l a t e d  c l o s e d  convex c r y s t a l  w i t h  p o l y g o n a l  
f a c e t s .  A u s e f u l  a b s t r a c t i o n  f o r  f o r m u l a t i n g  a s t r a t e g y  f o r  d e f i n i n g  
c r y s t a l s  i s  t h a t  o f  a c r y s t a l  b e in g  a s o l i d  body bounded by a s e r i e s  
o f  p o l y g o n a l  f a c e s  o r  f a c e t s . W i th  t h i s  a b s t r a c t i o n  we can c o n s t r u c t  
f u r t h e r  g e o m e t r i c a l  c o n s t r a i n t s  w h ic h  summar ise  t h e  r e g u l a r i t y  t h a t  
o c c u r s  between t h e s e  f a c e t s  on th e  s i n g l e  c r y s t a l .  T h i s  l e a d s  t o  a 
f o r m a l  m i n i m a l  d e f i n i t i o n  n o t a t i o n  w h ic h  i s  used t o  d e f i n e  an i s o l a t e d  
c r y s t a l .  These c r y s t a l  o r  c e l l s  a re  t h e  b a s i c  e le m e n ts  used t o  
c o n s t r u c t  t h e  n on -c o nv e x  c o m b i n a t i o n s .  The m i n i m a l  d e f i n i t i o n  
n o t a t i o n  i s  based upon c r y s t a l l o g r a p h i c  n o t a t i o n  [ P h i l l i p s , 1 9 6 0 ] ,  and 
i s  t h e  b a s i s  o f  t h e  i n t e r f a c e  between th e  u s e r  and th e  g r a p h i c s  
sy s t em.  L a t e r  we w i l l  use our  knowledge o f  t h e  m a t h e m a t i c a l  
p r o p e r t i e s  o f  t h i s  n o t a t i o n  t o  f o r m u l i s e  a d e f i n i t i o n  mod u le .  T h i s  
modu le  uses t h e  m i n i m a l  d e f i n i t i o n  and th e  g e o m e t r i c a l  p r o p e r t i e s  o f
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f i g u r e  0 .6
O v e rv ie w  o f  t h e  d e s i g n  m e th o d o lo g y  f o r  t h e  c o n s t r u c t i o n  
and d i s p l a y  o f  p o l y h e d r a l  o b j e c t s
r e a l  c r y s t a l s
s i n g l e  convex 
c l o s e d  c r y s t a l s  
( f u n d a m e n t a l  c e l l s
v i s i b l e  o r i e n t a t i o n  
o p e r a t i o n s  c o n n e c t i n g  
i s o l a t e d  convex 
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t h e  c r y s t a l  t o  c o n s t r u c t  t h e  c o m p le te  d e f i n i t i o n  t o  i n t e r f a c e  w i t h  a 
c o n s t r u c t i o n  module  (see f i g u r e  0 . 6 ) .  The c o n s t r u c t i o n  module uses
t h e  expanded d e f i n i t i o n  t o  g e n e r a t e  t h e  d a ta  model  r e p r e s e n t i n g  th e
t h r e e  d i m e n s i o n a l  c e l l .
I n  t h e  r e a l  w o r l d ,  i s o l a t e d  c r y s t a l s  r a r e l y  o c c u r ,  more 
f r e q u e n t l y  t h e  c r y s t a l s  a re  n o n - r e g u l a r  and n o n -c o n v e x .  I n i t i a l l y ,  
such c r y s t a l s  seem i m p o s s i b l e  t o  d e s c r i b e ,  how eve r ,  on c l o s e r  
i n s p e c t i o n  i t  becomes c l e a r  t h a t  th e  non -c o nv e x  s t r u c t u r e s  are  i n  f a c t  
composed o f  a complex  c o m b i n a t i o n  o f  convex c r y s t a l s .  The
r e l a t i o n s h i p  between t h e  combined c r y s t a l s  i s  u s u a l l y  w e l l  d e f i n e d  and
can be d e s c r i b e d  by a s e r i e s  o f  o r i e n t a t i o n  and p o s i t i o n i n g  o p e r a t i o n s  
[Dana,  1 9 4 8 ] .  The s t a t i c  c r y s t a l l o g r a p h i c  n o t a t i o n  d e s c r i b e d  i n  
P h i l l i p s  [ 1 9 6 0 ]  c a n n o t  cope w i t h  such e x t e n s i o n s  and i s  o n l y  u s e f u l  i n  
t h e  d e f i n i t i o n  o f  t h e  i n d i v i d u a l  c e l l s  w i t h i n  a c o m b i n a t i o n .  
T h e r e f o r e  t h e  i n t e r f a c e  between th e  r e a l - w o r l d  and t h e  g r a p h i c s  sys tem 
must  be e x te n de d  t o  e n a b le  t h e  d e s c r i p t i o n  o f  c o m b in a t i o n s  o f  
c r y s t a l s .
T h i s  n o t a t i o n  w i l l  i n t e r f a c e  w i t h  a c o m b in i n g  module  w h ic h  
combines th e  i n d i v i d u a l  c e l l s  i n t o  a f i n a l  d a ta  s t r u c t u r e  mode l ,  
p o l y g o n a l  mesh r e p r e s e n t i n g  t h e  c o m p le te  n on -c o nve x  s t r u c t u r e .  For  
t h i s  we have d e v e lo p e d  an ex te n de d  m i n i m a l  d e f i n i t i o n  n o t a t i o n  w h ich  
i s  a t  a l l  t im e s  c o m p a t i b l e  w i t h  t h e  c r y s t a l l o g r a p h i c  n o t a t i o n  (and 
c o n t a i n s  t h i s  n o t a t i o n  as a s u b - s e t ) ,  b u t  p e r m i t s  t h e  d e s c r i p t i o n  o f  
b o th  i s o l a t e d  c l o s e d  convex and i n t e r - l i n k e d  n o n -c o nv e x  c r y s t a l  
s t r u c t u r e s .  Such a s t a n d a r d  n o t a t i o n  ensu re s  t h a t  a l l  d e s c r i p t i o n s  
a re  m i n i m a l  and c o m p le t e .
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with t h i s  ex te nded  n o t a t i o n  t h e  u se r  can decompose the
d e s c r i p t i o n  o f  complex  n on -c o nv e x  c r y s t a l s  i n t o  a number o f
f u n d a m e n t a l  c e l l s . ( i s o l a t e d  convex c r y s t a l s ) ,  r e l a t e d  t o  each o t h e r
by c o m b i n a t i o n s  o f  u se r  d e f i n e d  g e o m e t r i c  o p e r a t i o n s .  As an example 
l e t  us c o n s i d e r  f i g u r e  0 .7  w h ic h  i s  a tw in n e d  g o ld  c r y s t a l  composed o f  
two i d e n t i c a l  convex g o ld  c r y s t a l s .  Th is  i n t r i c a t e  f i g u r e  r e q u i r e s  
m i n i m a l  i n f o r m a t i o n  f r o m  th e  u s e r  t o  c o m p le te  th e  d e s c r i p t i o n .  The 
d a ta  r e q u i r e d  i s  shown i n  f i g u r e  0 . 8 , we s h a l l  d e s c r i b e  t h i s  n o t a t i o n  
i n  f u r t h e r  d e t a i l  i n  c h a p t e r s  one and t h r e e .
T h i s  ex te n de d  n o t a t i o n  i s  th e  key t o  th e  s o l u t i o n  t o  t h e  p ro b le m
space .  I t  w i l l  be used as t h e  i n t e r f a c e  between t h e  u s e r  and th e
g r a p h i c s  sys tem and i n t e r a c t s  w i t h  t h e  d e f i n i t i o n ,  c o n s t r u c t i o n  and 
c o m b in i n g  modules  o f  t h e  programmed s o l u t i o n  t o  c o n s t r u c t  t h e  f i n a l  
d a ta  s t r u c t u r e  mode l .  T h i s  mode l  t hen  i n t e r f a c e s  w i t h  a d i s p l a y
module  t o  p ro duce  t h e  f i n a l  g r a p h i c a l  i n t e r p r e t a t i o n  on t h e  s e l e c t e d  
g r a p h i c s  d e v i c e .
I f  we r e t u r n  t o  f i g u r e  0 . 6 ,  a l o n g s i d e  th e  c o n s t r u c t i o n  module  i s  
t h e  m a n i p u l a t i o n  mod u le .  T h i s  app ea rs  t o  have no c o r r e s p o n d i n g
o p e r a t i o n  i n  t h e  ' r e a l - w o r l d ' .  However ,  t h i s  module i n t e r a c t s  w i t h  
t h e  u s e r  d e f i n e d  c r y s t a l  s t r u c t u r e  w i t h i n  t h e  f i n a l  d a ta  mode l  t o  
c o n s t r u c t  o t h e r  r e l a t e d  c r y s t a l  s t r u c t u r e s  f r om  t h e  same d e f i n i t i o n .  
For  exam ple ,  f i g u r e  0 .7  was an i n t e r - p e n e t r a t e  t w i n  c r y s t a l  o f  g o l d ,  
by a c t i v a t i n g  t h e  m a n i p u l a t i o n  module  we can c o n s t r u c t  t h e  model  f o r  
t h e  c o r r e s p o n d i n g  c o n t a c t  t w i n . where  t h e  i n d i v i d u a l  c r y s t a l s  are
fu s e d  t o g e t h e r  a lo n g  a c o n t a c t  p la n e  (see f i g u r e  0 . 9 )  [ P h i l l i p s ,  1960; 
p i  6 5 ] .  A l t h o u g h  b o th  t h e s e  c r y s t a l s  ( f i g u r e s  0 .7  and 0 . 9 )  can be 
fo un d  t h e r e  e x i s t s  no ' r e a l '  o p e r a t i o n  t h a t  can c o n v e r t  an 
i n t e r - p e n e t r a t e  t w i n  t o  a c o n t a c t  t w i n .  However , s i n c e  t h e  u se r
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F i g u r e  0 . 7  Tw i n  c r y s t a l  o f  g o l d
f i g u r e  0 . 8
d a ta  r e q u i r e d  t o  d e f i n e  f i g u r e  0 .7  
c r y s t a l  1 ;
g o l d  ( r e g u l a r )  
c u b i c  m3m a = 1.0 
h k 1 d
1 1 1 1 . 0
r e f l e c t i o n  a bo u t  1 1 1 
c r y s t a l  2 :
g o l d  ( r e g u l a r )  
c u b i c  m3m a = 1.0 
h k 1 d
1 1 1 1 . 0
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d e f i n i t i o n  f o r  b o th  i s  i d e n t i c a l  i t  i s  p e r f e c t l y  f e a s i b l e  i n  th e  
programmed s o l u t i o n  t o  m a n i p u l a t e  th e  s o f t w a r e  model  and c o n s t r u c t  a 
who le  range  o f  r e l a t e d  c r y s t a l s  f r om  t h e  same i n p u t  d a t a .
At  t h i s  s ta g e  ou r  i n f o r m a l  d e s ig n  can be summar ised i n  f i g u r e
0 . 1 0 .  The u s e r  i n t e r f a c e  i s  t h e  ex te nded  m i n i m a l  d e f i n i t i o n  n o t a t i o n  
d e v e lo p e d  f o r  t h i s  p ro b le m .  I t  p r o v i d e s  a means o f  d e f i n i n g  the  
f u n d a m e n t a l  c e l l s  ( s i n g l e  c l o s e d  convex c r y s t a l s )  as w e l l  as d e f i n i n g  
t h e  c o m b i n a t i o n s  o f  f u n d a m e n t a l  c e l l s  t h a t  o c c u r  i n  n on -c onvex  
s t r u c t u r e s .  The d e f i n i t i o n  f o r  t h e  f u n d a m e n t a l  c e l l s  i s  passed t o  th e  
d e f i n i t i o n  mod u le .  T h i s  module uses th e  f o r m a l  m a t h e m a t i c a l  
p r o p e r t i e s  o f  t h e  c r y s t a l  t o  expand t h i s  m i n i m a l  d e f i n i t i o n  i n t o  a 
f u l l  s t a n d a r d i s e d  d e f i n i t i o n  t o  be used w i t h i n  t h e  c o n s t r u c t i o n  
m od ule .  The c o n s t r u c t i o n  module uses t h e  f u l l  d e f i n i t i o n  t o  t o  b u i l d  
t h e  p o l y g o n a l  mesh ( d a t a  s t r u c t u r e  mode l )  f o r  t h e  f u n d a m e n t a l  c e l l .
The e x ten de d  m i n i m a l  d e f i n i t i o n  n o t a t i o n  a l s o  p e r m i t s  th e  
d e s c r i p t i o n  o f  t h e  c o m b in i n g  o p e r a t i o n s  t h a t  o c c u r  between fu n d a m e n t a l  
c e l l s  o f  a n o n -c o n v e x  s t r u c t u r e .  These a re  c o n v e r t e d  i n t o  e q u i v a l e n t  
co m p u t in g  o p e r a t i o n s ,  w h ic h  i n t e r a c t  w i t h  th e  d a ta  model  t o  c o n s t r u c t  
a f i n a l  p o l y g o n a l  mesh s t r u c t u r e  r e p r e s e n t i n g  t h e  c o m p le te  c o m b i n a t i o n  
o f  f u n d a m e n t a l  c e l l s .
T h i s  s t r u c t u r e  i s  used by t h e  d i s p l a y  module  t o  p ro du ce  th e  
g r a p h i c a l  image.  We s h a l l  see l a t e r  t h a t  f o r  some d i s p l a y  o p e r a t i o n s  
t h e  p o l y g o n a l  mesh may r e q u i r e  f u r t h e r  p r e - p r o c e s s i n g  b e f o r e  i t  i s  
s u i t a b l e  f o r  d i r e c t  i n t e r f a c e  w i t h  a h id de n  l i n e  o r  h i d d e n  s u r f a c e  
re m o v a l  o p e r a t i o n .  The d i s p l a y  module  i s  mach ine i n d e p e n d e n t ,  
how ever ,  i t  does r e l y  upon th e  i n c l u s i o n  ( a t  some p o i n t )  o f  a s m a l l  
s e t  o f  GKS u t i l i t y  p rograms t h a t  p r o v i d e  t h e  n e c e s s a r y  commands f o r  
a rea  f i l l i n g ,  c o l o u r  s e l e c t i o n  e t c .  These a re  n a t u r a l l y  mach ine
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f i g u r e  0 . 9
C o n t a c t  t w i n  o f  g o ld
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f i g  0 . 1 0
I n f o r m a l  d e s i g n  s t r u c t u r e  f o r  g r a p h i c s  sys tem 
Pr ob le m  space
m i n i m a l  d e f i n i t i o n  
l anguage
( i )  f u n d a m e n t a l  c e l l s  ( i i )  c o m b in i n g  o p e r a t i o n s
h c i  i n t e r f a c e h c i  i n t e r f a c e o u t p u t
S o l u t i o n  space mach ine depen de nt  
u t i l i t y  p r i m i t i v e s
D i s p l a y  module 
c o n v e r t s  p o l y g o n a l  
mesh t o  g r a p h i c a l  
o u t p u t
D e f i n i t i o n  module  
g i v e n  f u n d a m e n t a l  
c e l l  d e f i n i t i o n  
c o n s t r u c t s  f u l l  
d e f i n i t i o n
Combin ing  module 
c o n v e r t s  u s e r  d e f i n e d  
c o m b in i n g  o p e r a t i o n s  
i n t o  e q u i v a l e n t  
s o f t w a r e  o p e r a t i o n s
M a n i p u l a t i o n  module i n t e r a c t s  
w i t h  t h e  p o l y g o n a l  mesh t o  
c o n s t r u c t  o t h e r  r e l a t e d  
c r y s t a l  c o m b i n a t i o n s .
C o n s t r u c t i o n  module b u i l d s  
th e  p o l y g o n a l  mesh f o r  
f u n d a m e n t a l  c e l l s  and c e l l  
c o m b i n a t i o n s .
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d e p e n d e n t .  By decompos ing th e  d i s p l a y  o p e r a t i o n s  i n t o  mach ine 
i n d e p e n d e n t  r o u t i n e s  a c c e s s in g  mach ine depen de nt  u t i l i t y  p r i m i t i v e s  we 
can e n s u re  t h a t  t h e  g r a p h i c s  sys tem i s  c o m p l e t e l y  p o r t a b l e .
O th e r  r e l a t e d  c r y s t a l  s t r u c t u r e s  ( c o n t a c t  t w i n s )  can a l s o  be 
d e v e lo p e d  f r o m  th e  f i n a l  p o l y g o n a l  mesh s t r u c t u r e  by a p p l i c a t i o n  o f  
th e  m a n i p u l a t i o n  module .  T h i s  a l t e r s  t h e  p o l y g o n a l  mesh model  t o  
e n a b le  t h e  d i s p l a y  o f  th e  new s t r u c t u r e ,  and then  r e t u r n s  t h e  model  t o  
t h e  o r i g i n a l  f o r m a t  d e f i n e d  by t he  u s e r .
0 .4  IDENTIFYING THE MATHEMATICAL PROPERTIES OF SINGLE CRYSTALS
The s i n g l e  c l o s e d  convex c r y s t a l  i s  t h e  key t o  t h e  d e v e lo p m e n t  o f  
n o n -c o n v e x  c r y s t a l s ,  so we s h a l l  commence by c o n s i d e r i n g  i t s  
m a t h e m a t i c a l  p r o p e r t i e s  and e x p l a i n i n g  t h e  s t a n d a r d  c r y s t a l l o g r a p h i c  
n o t a t i o n  used t o  d e s c r i b e  such o b j e c t s .  Each c r y s t a l  o r  c e l l  i s  
d e f i n e d  and c l a s s i f i e d  a c c o r d i n g  t o  t h e  s t a n d a r d  c r y s t a l l o g r a p h i c  
n o t a t i o n .  T h i s  n o t a t i o n  d i v i d e s  t h e  c l a s s i f i c a t i o n  o f  a c r y s t a l  i n t o  
a h i e r a r c h y  o f  sys tem,  c l a s s  and f o rm  d e f i n i t i o n  
C P h i l l i p s ,1 960 ; Dana,1 9 4 8 ] .  In  c h a p t e r  one we s h a l l  e x p l a i n  t h i s  
o b s c u re  n o t a t i o n  and more i m p o r t a n t l y  c o n s i d e r ,  d e v e lo p  and f o r m u l i s e  
a s t r a t e g y  t o  r e p r e s e n t  th e s e  c o n c e p ts  i n  a s o f t w a r e  e n v i r o n m e n t .
Through  th e  c e n t u r i e s  c r y s t a l l o g r a p h e r s  have r e c o g n i s e d  
r e g u l a r i t y  o f  shape i n  c r y s t a l s  and d ev e lo pe d  a n o t a t i o n  t h a t  
d e s c r i b e s  s i n g l e  r e g u l a r  convex c r y s t a l s  u n i q u e l y  [ W h i t t a k e r , 1981 ] .  
R a t h e r  t h a n  a g g r a v a t e  th e  p ro b le m  o f  c r y s t a l  d e s c r i p t i o n  by 
m a i n t a i n i n g  a s i n g l e  a x i a l  sys tem,  t h e y  s e p a r a t e d  a l l  c r y s t a l s  i n t o  
seven c r y s t a l  systems : ORTHORHOMBIC, TETRAGONAL, CUBIC, MONOCLINIC,
T RICLIN IC ,  HEXAGONAL, TRIGONAL, w h ic h  d e f i n e  t h e  c r y s t a l l o g r a p h i c  
a x i a l  sys te m used t o  measure t h e  p o s i t i o n i n g  o f  t h e  f a c e t s .  W i t h i n
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t h e s e  seven systems t h e r e  a re  t h i r t y  two s e p a r a t e  c r y s t a l  c l a s s e s . 
each c l a s s  i d e n t i f y i n g  s i m i l a r  s y m m e t r i c a l  r e l a t i o n s h i p s  between the  
i n f i n i t e  p la n e s  ( o r  f o r m s ) w h ich  a re  t h e  b o u n d a r i e s  o f  a c r y s t a l  i n  
t h a t  c l a s s .  The c r y s t a l s  are  measured r e l a t i v e  t o  t he  
c r y s t a l l o g r a p h i c  space d e f i n e d  by t h e  c r y s t a l  sys te m.  A s s o c i a t e d  w i t h  
each p a r t i c u l a r  c r y s t a l l i n e  su b s ta n c e  t h e r e  a re  a s e t  o f  a x i a l  
p a r a m e t e r s  w h i c h  u n i q u e l y  d e f i n e  t h e  c r y s t a l l o g r a p h i c  space .  There  
a re  two a x i a l  p a r a m e t e r s ,  one d e f i n i n g  th e  a n g le s  between axes ,  the  
a x i a l  a n g le s  and a n o t h e r  f o r  d e f i n i n g  t h e  u n i t  l e n g t h s  a lo n g  t h e  axes ,  
t h e  a x i a l  r a t i o s .
As w i t h  e v e r y  t h r e e  d i m e n s i o n a l  f i g u r e  t h e r e  a re  two i n d e p e n d e n t
methods o f  p o s i t i o n i n g  t h e  axes,  l e f t - h a n d e d  and r i g h t - h a n d e d ,  see
f i g u r e  0 . 1 1 .  C r y s t a l l o g r a p h e r s  have ado p te d  t h e  l a t t e r  o f  
r i g h t - h a n d e d  axes ,  w h ic h  i s  th e  c o n v e n t i o n  ado p te d  t h r o u g h o u t  t h i s  
t h e s i s .  T h i s  a v o i d s  i n c o m p a t i b i l i t y  w i t h  t h e  GKS t h r e e  d i m e n s i o n a l  
n o t a t i o n  w h ic h  has a l s o  adopted  th e  r i g h t  handed a x i a l  sys tem as 
s t a n d a r d .  However ,  t h e  main i n c o m p a t i b i l i t y  be tween th e
c r y s t a l l o g r a p h i c  axes and GKS s t a n d a r d  i s  t h a t  t h e  f o r m e r  a re  n o t  
n e c e s s a r i l y  o r t h o g o n a l .  We s h a l l  d i s c u s s  how t o  overcome t h i s
i n c o m p a t i b i l i t y  i n  c h a p t e r  one.  
f i g  0 .11 L e f t  and r i g h t - h a n d e d  C a r t e s i a n  axes
+  2- 4- U
-&"X
+ 3
l e f t - h a n d e d
axes
p o s i t i v e  y to w a rds  v i e w e r
r i g h t - h a n d e d
axes
p o s i t i v e  z t o w a r d s  v i e w e r
36
The f a c e t s  o f  a c r y s t a l  a re  d e f i n e d  u s in g  M i l l e r  i n d i c e s  o r  
M i l l e r - B r a v a i s  i n d i c e s  and h a b i t  [ P h i l l i p s , 1 9 6 0 , p 4 1 -8 0 ]  r e l a t i v e  t o  
t h e  c r y s t a l l o g r a p h i c  a x i a l  sys te m.  The i n d i c e s  i n d i c a t e  th e  s l o p e  o f  
t h e  p la n e  and th e  h a b i t  i n d i c a t e s  t h e  p ro m in ence  o f  a p a r t i c u l a r  f a c e  
i n  r e l a t i o n  t o  th e  c r y s t a l  as a w h o le .  M i l l e r - B r a v a i s  i n d i c e s  are  
M i l l e r  i n d i c e s  ada p te d  f o r  t h e  sys tems w i t h  f o u r  n o n - i n d e p e n d e n t  axes,  
an e x t e n s i o n  d e v i s e d  by c r y s t a l l o g r a p h e r s  t o  s i m p l i f y  measurement  and 
d e f i n i t i o n  o f  c r y s t a l s  so t h e  i n d i c e s  o f  f a c e t s  r e l a t e d  by a t r i a d  
r o t a t i o n  can be foun d  by p e r m u t a t i o n  o f  th e  M i l l e r - B r a v i a s  i n d i c e s .
The d e f i n i t i o n  o f  a c r y s t a l  u s i n g  t h e  h i e r a r c h i c a l  n o t a t i o n  o f  
s y s t e m / c l a s s / i n d i c e s / h a b i t  s i m p l i f i e s  t h e i r  c l a s s i f i c a t i o n .  In  th e  
c r y s t a l l o g r a p h i c  n o t a t i o n ,  i t  i s  u n n ec e s s a ry  t o  d e f i n e  e v e r y  f a c e t  o f  
t h e  c r y s t a l .  G iven a f a c e t  i n d e x  (known as a f o r m ) . a l l  p o s s i b l e  
i n d i c e s  o f  t h i s  f o rm  can be r e c o n s t r u c t e d  u s i n g  t h e  g ro u p  symmetry 
o p e r a t i o n s  o f  t h e  c r y s t a l  c l a s s .  A l r e a d y  we can see t h e r e  i s  a c l e a r
m a t h e m a t i c a l  f o u n d a t i o n  t o  t h e  n o t a t i o n  b o t h ,  f o r  d e f i n i n g  t h e  v a r i o u s
a x i a l  sys tems and c o m p u t i n g  t h e  symmetry o p e r a t i o n s  o f  each c l a s s  used 
t o  c o n v e r t  t h e  m i n i m a l  d e f i n i t i o n  i n t o  a f u l l  d e f i n i t i o n .
On ly  s i n g l e  r e g u l a r  c r y s t a l s  can be d e f i n e d  by t h e  s t a n d a r d  
c r y s t a l l o g r a p h i c  n o t a t i o n .  A r e g u l a r  c r y s t a l  has p l a n a r  f a c e t s  and 
t h e  h a b i t  o f  e v e r y  f a c e t  a s s o c i a t e d  w i t h  a g i v e n  fo rm  i s  t h e  same, and 
t h i s  i s  t r u e  f o r  e v e r y  fo rm  o f  t h e  c r y s t a l .  However i t  r e q u i r e s  m in o r  
e x t e n s i o n s  t o  be a b l e  t o  cope w i t h  t h e  d e f i n i t i o n  o f  s i n g l e  i r r e g u l a r  
c r y s t a l s  (see c h a p t e r  o n e ) .  F i g u r e  0 .12  summar ises  t h e  m in i m a l
d e f i n i t i o n  f o r  a s i n g l e  r e g u l a r  c r y s t a l  and f i g u r e  0 .13  summar ises  t h e
m i n i m a l  d e f i n i t i o n  n o t a t i o n  f o r  a n o n - r e g u l a r  convex c r y s t a l .
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From f i g u r e s  0 .1 2  and 0 .13  i t  i s  c l e a r  t h a t  t h e  d i f f e r e n c e  i n  th e  
n o t a t i o n  between r e g u l a r  and n o n - r e g u l a r  c r y s t a l s  o n l y  o c c u r s  a t  t he  
d e f i n i t i o n  o f  t h e  c r y s t a l  i n d i c e s .  W i th  a r e g u l a r  c r y s t a l  t h e  f a c e t s  
a re  d e f i n e d  by th e  fo rm  i n d i c e s ,  and a s s o c i a t e d  w i t h  each fo rm  i s  a 
h a b i t .  W i th  n o n - r e g u l a r  c r y s t a l s  each fo rm  g i v e s  r i s e  t o  a number o f  
f a c e t  i n d i c e s ,  r e l a t e d  t o  t h e  i n i t i a l  fo rm  i n d e x  by t h e  c r y s t a l  c l a s s
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symmetry  o p e r a t i o n s .  For  each i n d i v i d u a l  f a c e t  i n  t h e  n o n - r e g u l a r
c r y s t a l  t h e r e  i s  f r e e  c h o i c e  o f  h a b i t  v a l u e  w h ic h  causes the
i r r e g u l a r i t y .  F i g u r e  0 .14 i s  a r e g u l a r  q u a r t z  c r y s t a l  and f i g u r e  0 .15 
i s  a n o n - r e g u l a r  q u a r t z  c r y s t a l  d e m o n s t r a t i n g  t h e  same form s as f i g u r e
0 . 1 4 ,  b u t  d i f f e r e n t  h a b i t s  f o r  each f a c e t s .
The m i n i m a l  d e f i n i t i o n  n o t a t i o n  f o r  s i n g l e  c l o s e d  convex c r y s t a l s  
c o n s i s t s  o f  t h e  f o l l o w i n g  d e t a i l s :
1. System name p lu s  a t t r i b u t e s  o f  a x i a l  r a t i o s  and a x i a l  a ng le s
2. C lass  symbol  ( de no te s  t h e  symmetry o p e r a t i o n s )
3. E i t h e r
Form i n d i c e s  and a s s o c i a t e d  h a b i t s  ( f o r  r e g u l a r  c r y s t a l s )
o r
Face t  i n d i c e s  and a s s o c i a t e d  h a b i t s  ( f o r  n o n - r e g u l a r
c r y s t a l s  ) .
Eve ry  c r y s t a l  o f  t h e  same su b s ta n c e  w i l l  have th e  same sys te m,  a x i a l  
p a r a m e t e r s  and c l a s s ,  b u t  can d i s p l a y  a w id e  v a r i e t y  o f  f o rm  i n d i c e s  
and h a b i t  v a l u e s .
The most  i m p o r t a n t  f a c t o r  a bo u t  t h i s  m i n i m a l  d e f i n i t i o n  i s  t h a t  
i t  o n l y  d e f i n e s  c l o s e d  c r y s t a l s  composed o f  e n t i r e l y  p o l y g o n a l  f a c e t s .  
T h i s  s u b - s e t  o f  t h e  m i n i m a l  d e f i n i t i o n  n o t a t i o n  i s  t h e  i n t e r f a c e  
between t h e  u s e r  who d e f i n e s  each fu n d a m e n t a l  c e l l ,  and t h e  d e f i n i t i o n  
module  w h i c h  e x te n d s  th e  m i n i m a l  d e f i n i t i o n  i n t o  a f o r m a t  s u i t a b l e  t o  
i n t e r f a c e  w i t h  th e  c o n s t r u c t i o n  mod ule .
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0■5 DEFINITION MODULE
T h i s  module  a c c e p t s  t h e  u s e r ' s  d e s c r i p t i o n  o f  t h e  f u n d a m e n t a l  
c e l l s ,  and p rompts  th e  u se r  t o  s u p p ly  t h e  c o r r e c t  d a ta  t o  c o m p le te  the  
d e s c r i p t i o n s .  I t  a l s o  v a l i d a t e s  t h e  d e s c r i p t i o n  by
1 . e n s u r i n g  t h a t  t he  sys tem s e l e c t e d  i s  v a l i d
2 .  r e p o r t i n g  a l l  i n c o r r e c t  a x i a l  p a r a m e t e r s
3. e n s u r i n g  c l a s s  s e l e c t e d  i s  r e l e v a n t  t o  t h e  sys te m name chosen
4. e l i m i n a t i n g  i n c o r r e c t l y  d e f i n e d  fo rm  and f a c e t  i n d i c e s
5. e n s u r i n g  t h a t  a l l  h a b i t  v a l u e s  a re  g r e a t e r  t h a n  z e r o .
Any i n c o r r e c t  d e s c r i p t i o n s  w i l l  be r e p o r t e d  t o  t h e  u s e r  as t h e y
o c c u r  and t h e  u s e r  w i l l  be prompted  t o  r e - e n t e r  t h e  d a ta  u n t i l  th e  
c o r r e c t i o n s  a re  v a l i d .  The d e f i n i t i o n  module  can o n l y  v a l i d a t e  th e  
c o r r e c t n e s s  o f  t h e  n o t a t i o n ,  i t  c a n n o t  d e t e c t  w h e t h e r  t h e  d e s c r i p t i o n  
g i v e n  a c t u a l l y  d e f i n e s  a c l o s e d  convex c r y s t a l .  T h i s  w i l l  be d e t e c t e d  
i n  t h e  c o n s t r u c t i o n  m od ule .  I f  an e r r o r  has o c c u r r e d  i n  th e  
d e s c r i p t i o n  and t h e  u s e r  has n o t  d e s c r i b e d  a c l o s e d  body,  t h e  
c o n s t r u c t i o n  module  w i l l  r e p o r t  t h i s  t o  t h e  u s e r  who w i l l  a g a in  be 
p rompted  by t h e  d e f i n i t i o n  module t o  p r o v i d e  f u r t h e r  f a c e t  i n f o r m a t i o n  
u n t i l  t h e  d e s c r i p t i o n  i ndeed  c r e a t e s  a c l o s e d  body (see f i g u r e  0 . 1 6 ) .
W i t h i n  t h e  d e f i n i t i o n  module we
1 . expand th e  m i n i m a l  d e f i n i t i o n  t o  a c o m p le te  d e s c r i p t i o n  o f
t h e  c e l l ,  so t h a t  each f a c e t  i s  e x p l i c i t l y  d e f i n e d  by an 
i n d e x  and h a b i t
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I n t e r f a c e  between u s e r  d e s c r i p t i o n ,  
d e f i n i t i o n  module  and c o n s t r u c t i o n  module
/  V
e r r o r  r e p o r t e d n o n - c l o s e d  body
back to  u s e r  and e r r o r  r e p o r t e d
p rompt  f o r
c o r r e c t i o n s
e r r o r  d e t e c t e d -
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r e p o r t  e r r o r  t o
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d e s c r i p t i o n  t o
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c o n s t r u c t i o n  module
DEFINITION MODULE
passes th e  s t a n d a r d -
r e - p r o m p t  u s e r  f o r  
a d d i t i o n a l  f a c e t  
d e t a i l s
I
_______ I
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2 . overcome th e  i n c o m p a t i b i l i t y  o f  th e  o c c u r r e n c e  o f  v a r i o u s  
c r y s t a l l o g r a p h i c  a x i a l  systems w i t h  th e  s t a n d a r d  r i g h t  handed
C a r t e s i a n  axes o f  GKS, t h us  e l i m i n a t i n g  th e  need t o  d e s ig n
s p e c i f i c  c o n s t r u c t i o n  modules f o r  each c r y s t a l  sys tem and
3. s t a n d a r d i s e  t h e  i n d e x  and h a b i t  f o r  each f a c e t  i n t o  a p l a n a r
e q u a t i o n  r e l a t i v e  t o  th e  C a r t e s i a n  axes ,
0 . 5 . 1  E x pans ion  o f  m i n i m a l  d e f i n i t i o n
When t h e  u s e r  d e s c r i b e s  a non r e g u l a r  c r y s t a l  each f a c e t  o f  t h e  
c r y s t a l  i s  e x p l i c i t l y  d e f i n e d  by i t s  f a c e t  i n d e x  and h a b i t .  T h i s
d e s c r i p t i o n  r e q u i r e s  no e x p a n s i o n .  However ,  t h e  r e g u l a r  c r y s t a l s  a re
d e s c r i b e d  by a number o f  f o rm  i n d i c e s  and a s s o c i a t e d  h a b i t s .  T h i s  
d e s c r i p t i o n  r e q u i r e s  e x p a n s io n  so t h a t  e v e r y  f a c e t  o f  t h e  c r y s t a l  i s  
e x p l i c i t l y  g i v e n  by an i n d e x  and h a b i t .  Each o f  th e  f o rm  i n d i c e s  w i l l  
g i v e  r i s e  t o  a number o f  f a c e t  i n d i c e s ,  r e l a t e d  t o  t h e  f o rm  by t h e
symmetry  o p e r a t i o n s  o f  t h e  c l a s s .  T h e r e f o r e  t o  expand th e  fo rm
i n d i c e s  we r e q u i r e  a s o f t w a r e  r e p r e s e n t a t i o n  t h a t  d e f i n e s  t h e  symmetry 
o p e r a t i o n s  o f  t h e  s e l e c t e d  c r y s t a l  c l a s s .  T h i s  r e p r e s e n t a t i o n  
i n t e r a c t s  w i t h  t h e  f o rm  i n d i c e s  t o  expand t h e  l i s t  o f  i n d i c e s  t o  a 
f u l l  l i s t  d e s c r i b i n g  th e  c o m p le te  c r y s t a l .  The symmetry  o p e r a t i o n s  
r e l e v a n t  t o  a c r y s t a l  c l a s s  a re  g i v e n  by a c o m b i n a t i o n  o f  r o t a t i o n ,  
r e f l e c t i o n  and c e n t r a l  i n v e r s i o n  o p e r a t i o n s  (see c h a p t e r  one s e c t i o n  
1 . 2 ) .  Each o f  t h e s e  e le m e n t a r y  o p e r a t i o n s  can be r e p r e s e n t e d  by t h e  
p o w e r f u l  m a t h e m a t i c a l  t o o l  o f  m a t r i c e s ,  w h ic h  a re  a l s o  i d e a l  f o r  th e  
s o f t w a r e  r e p r e s e n t a t i o n ,  so f o r  each o f  t h e  t h i r t y  two c r y s t a l  c l a s s e s  
we compute a g roup  o f  g e n e r a t i n g  m a t r i c e s  w h ic h  w i l l  be t h e i r  s o f t w a r e  
r e p r e s e n t a t i o n .
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When th e  u s e r  s e l e c t s  one o f  t h e  c r y s t a l  c l a s s e s ,  t h e  d e f i n i t i o n  
module  w i l l  s e l e c t  t he  c o r r e s p o n d i n g  g roup  o f  g e n e r a t i n g  m a t r i c e s .  
Given a fo rm  i n d e x  th e  module uses t h e s e  m a t r i c e s  t o  compute a l i s t  o f  
i n d i c e s ,  each r e l a t e d  to  th e  i n i t i a l  fo rm  by some s y m m e t r ic  o p e r a t i o n .
0 . 5 . 2  C o n v e r s i o n  f r om  c r y s t a l l o g r a p h i c  a x i a l  systems t o  s ta n d a r d  
r i g h t - h a n d e d  C a r t e s i a n  axes
The u s e r  d e s c r i b e s  t h e  f a c e t s  ( u s i n g  i n d i c e s  and h a b i t s )  r e l a t i v e  
t o  t h e  p e c u l i a r  c r y s t a l l o g r a p h i c  a x i a l  sys tem o f  t h e  s e l e c t e d  c r y s t a l  
sys te m.  These a x i a l  sys tems s i m p l i f y  t h e  method o f  d e s c r i b i n g  th e  
c r y s t a l ,  however ,  t o  f a c i l i t a t e  t h e  i m p l e m e n t a t i o n  o f  t h e  s o l u t i o n ,  
p a r t i c u l a r l y  i n  t h e  c o n s t r u c t i o n ,  m o d i f i c a t i o n  and d i s p l a y  m od u les ,  
t h e  a l g o r i t h m s  a re  more e f f i c i e n t l y  d ev e lo pe d  r e l a t i v e  t o  a s t a n d a r d  
C a r t e s i a n  sys tem w h i c h  we s h a l l  c a l l  t h e  A b s o l u t e  a x i a l  s y s t e m .
To map between two a x i a l  sys tem we use a m a t r i x  t r a n s f o r m a t i o n  
(see c h a p t e r  one s e c t i o n  1 . 1 ) r e p r e s e n t e d  by t h e  mapping m a t r i x ,  M, 
c o n s t r u c t e d  f r o m  t h e  m a t h e m a t i c a l  p r o p e r t i e s  f o r  t h e  c r y s t a l  systems 
and th e  s p e c i f i c  u s e r  d e f i n e d  a x i a l  p a r a m e t e r s .  T h i s  m a t r i x  w i l l  be 
t h e  s o f t w a r e  r e p r e s e n t a t i o n  o f  t h e  c r y s t a l l o g r a p h i c  a x i a l  sys tem and 
w i l l  i n t e r a c t  w i t h  t h e  l i s t  o f  f a c e t s  i n d i c e s  t o  c o n s t r u c t  t he  
s t a n d a r d i s e d  l i s t  o f  p l a n a r  e q u a t i o n s .
0 . 5 . 3  S t a n d a r d i s a t i o n  o f  f a c e t  i n d i c e s  i n t o  p l a n a r  e q u a t i o n s
So t h a t  t h e  f a c e t s  i n f o r m a t i o n  can be used w i t h i n  the  
c o n s t r u c t i o n  module  we must c o n v e r t  t h i s  l i s t  i n t o  a s t a n d a r d  n o t a t i o n  
r e l a t i v e  t o  t h e  A b s o l u t e  a x i a l  sys tem (see c h a p t e r  one s e c t i o n  1 . 5 ) .  
A t  p r e s e n t  t h e  l i s t  o f  f a c e t s  c o n s i s t s  o f  f a c e t  i n d i c e s  and h a b i t  
v a l u e s  each s p e c i f i e d  r e l a t i v e  t o  t h e  c r y s t a l l o g r a p h i c  a x i a l  sys tem.  
We use t h e  a n a l y t i c a l  i n t e r p r e t a t i o n s  o f  t h e  c r y s t a l l o g r a p h i c  i n d i c e s
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and t h e  mapping m a t r i x  t o  c o n v e r t  th e  i n d e x  and h a b i t  v a l u e s  o f  each 
f a c e t  i n t o  a p la n e  e q u a t i o n s  r e l a t i v e  to  th e  A b s o l u t e  a x i a l  sys tem.  
T h i s  i n f i n i t e  p la n e  c o n t a i n s  th e  f a c e t  g i v e n  by th e  p a r t i c u l a r  i n d e x  
and h a b i t .
From each i n i t i a l  f o rm  we can g e n e r a t e  a l i s t  o f  p l a n a r  
e q u a t i o n s ,  each s t a n d a r d i s e d  t o  have an i n s i d e  and o u t s i d e  vo lume .  
These p l a n a r  e q u a t i o n s  d e f i n e  t h e  c r y s t a l  i n  i t s  SETUP p o s i t i o n  and
a re  t h e  r e q u i r e d  i n t e r f a c e  t o  th e  c o n s t r u c t i o n  mod ule .  The c r y s t a l  i s  
t h e  vo lume i n  A b s o l u t e  space l y i n g  i n s i d e  a l l  t h e  p la n e s  and i s  
bounded by th e  p o l y g o n a l  f a c e t s  t h a t  l i e  on one p la n e  and i n s i d e  a l l  
t h e  o t h e r s .
F i g u r e  0 .17  summar ises t h e  m in i m a l  d e f i n i t i o n  n o t a t i o n  f o r  a 
f u n d a m e n t a l  c e l l ,  i t s  e x p a n s io n  and s o f t w a r e  r e p r e s e n t a t i o n  i n  the  
d e f i n i t i o n  mod ule .
0 . 6  CONSTRUCTION MODULE TO BUILD DATA STRUCTURE MODEL (POLYGONAL MESH) 
FOR EACH FUNDAMENTAL CELL.
We have d e v e lo p e d  an e l e g a n t  and e f f i c i e n t  method o f  c r e a t i n g  th e  
d a t a  s t r u c t u r e  r e p r e s e n t a t i o n  f r om  t h e  l i s t  o f  p l a n a r  e q u a t i o n s  u s in g  
t h e  l a t e s t  t e c h n i q u e s  i n  d a ta  s t r u c t u r e  d e s i g n  and m a n i p u l a t i o n  
[ H o r o w i t z ,  1982; K n u t h , 1 9 8 9 ;  W i r t h , 1 9 8 1 ] .  G iven th e  l i s t  o f
s t a n d a r d i s e d  p la n e  e q u a t i o n s  we can g e n e r a t e  t h e  convex h u l l  o f  t h e
c r y s t a l  u s in g  a c o n s t r u c t i o n  t e c h n i q u e  f u l l y  o u t l i n e d  i n  c h a p t e r  two.  
The d a t a  s t r u c t u r e  does n o t  r e p r e s e n t  t h e  s o l i d  o b j e c t  b u t  c o n t a i n s
t h e  d e f i n i t i o n  f o r  each p o l y g o n a l  f a c e t  bou nd in g  th e  c r y s t a l ,  i . e .  
th e  convex h u l l  o f  th e  c r y s t a l  and i s  hence te rmed th e  p o l y g o n a l  mesh.
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F ig  0 .17
The m i n i m a l  d e f i n i t i o n  n o t a t i o n  f o r  a f u n d a m e n t a l  c e l l  and i t s  
s o f t w a r e  r e p r e s e n t a t i o n .
NOTATION
c r y s t a l  c l a s s
and h a b i t
c r y s t a l  i n d i c e s
Mapping m a t r i x
m a t r i c e s
Group g e n e r a t i n g
and
a x i a l  p a r a m e t e r s
c r y s t a l  sys tem
c o m p le te  l i s t  o f
and h a b i t
f a c e t  i n d i c e s
l i s t  o f  p l a n a r
t o  A b s o l u t e  axes
e q u a t i o n s  r e l a t i v e
c o n s t r u c t i o n  module
i n t e r f a c e  t o
SOFTWARE REPRESENTATION
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We commence w i t h  a ‘ l a r g e ’ t e t r a h e d r o n  and t a k e  each p la n e  o f  th e  
c r y s t a l  i n  t u r n .  F i g u r e  0 .18 d e m o n s t r a t e s  th e  s l i c i n g  o f  th e  i n i t i a l  
t e t r a h e d r o n  t o  p ro duce  a cube. The t e t r a h e d r o n  must  encompass th e  
who le  o f  th e  convex h u l l  o f  th e  c r y s t a l  f o r  the  a l g o r i t h m  t o  c o n s t r u c t  
th e  p o l y g o n a l  mesh c o r r e c t l y .  Us ing c o - o r d i n a t e  g eo m e t r y ,  we s l i c e  
th e  t e t r a h e d r o n ,  and remove th e  volume o f  t h e  t e t r a h e d r o n  o u t s i d e  the  
c r y s t a l  (as d e f i n e d  i n  i t s  SETUP p o s i t i o n ) .  T h i s  i s  r e p e a t e d  w i t h  a l l  
t h e  p la n e s  i n  th e  l i s t  u n t i l  th e  d a ta  model  c o n s i s t s  o f  t h e  d a ta  f o r  
t h e  c r y s t a l  i n  i t s  SETUP p o s i t i o n .  The d a ta  i s  h e ld  i n  a n e t w o rk  o f  
i i
d a ta  s t r u c t u r e  m a n i p u l a t i o n .
n t e r - l i n k e d  d a ta  s t r u c t u r e s ^ s e e  f i g u r e  D . 1 9 and r e l i e s  on e f f i c i e n t
From f i g u r e  0 .19  we can see t h a t  t h e  p o l y g o n a l  mesh f o r  a c e l l  
c o n s i s t s  o f  a l i n k e d  l i s t  o f  f a c e t s  ( LIST-OF-FACETS) each f a c e t  
d e f i n e d  by an o r d e r e d  l i s t  o f  v e r t i c e s  around th e  bou nd a ry  o f  t h e  
p o l y g o n a l  f a c e t ,  and a c o m p le te  l i s t  o f  v e r t i c e s  t h a t  o c c u r  i n  th e  
c e l l  (L IST -O F-VERTIC ES) . Each e le m e n t  i n  t h e  LIST-OF-FACETS c o n t a i n s  
a p o i n t e r  t o  t h e  l i s t  o f  d e f i n i n g  v e r t i c e s  and an i n d e x  t o  t h e  p l a n a r  
e q u a t i o n  w h ic h  g e n e r a t e d  th e  f a c e t .
T h i s  s t r u c t u r e  i s  c o m p le te  f o r  th e  s o f t w a r e  d e s c r i p t i o n  o f  th e  
f u n d a m e n t a l  c e l l s ,  however  i t  w i l l  r e q u i r e  e x t e n s i o n  f o r  t h e  
r e p r e s e n t a t i o n  o f  n on -c onvex  c r y s t a l  c o m b i n a t i o n s .  For  th e s e  
s t r u c t u r e s  we use t h i s  d e f i n i t i o n  module t o  c o n s t r u c t  t h e  d a ta  model  
f o r  each f u n d a m e n t a l  c e l l .  These i n d i v i d u a l  models ( p o l y g o n a l  mesh) 
a re  co nn ec te d  by t h e  a d d i t i o n  o f  a f u r t h e r  l i n k e d  l i s t  t o  t h e  mesh 
s t r u c t u r e  (see f i g u r e  0 . 2 0 ) .  T h i s  l i s t  i s  t h e  LIST-OF-CRYSTALS and 
c o n t a i n s  p o i n t e r s  t o  each p o l y g o n a l  mesh o f  each f u n d a m e n t a l  c e l l .
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f i g u r e  0 . 1 8
s l i c i n g  o p e r a t i o n  on the  i n i t i a l  t e t r a h e d r o n  t o  p ro duce  a cube
F i g u r e  0 . 1 9
Summary o f  da ta  s t r u c t u r e  o r g a n i s a t i o n  f o r  p o l y g o n a l  mesh
LIST-OF-PLANES
-
-  - ILIST-OF-FACETS i
_ J
-  r i
LIST-OF-VERTICES
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f i g  0 . 2 0
E x t e n s i o n  t o  p o l y g o n a l  mesh f o r  th e  r e p r e s e n t a t i o n  o f  n on -c onvex  
c r y s t a l  c o m b in a t i o n s
r- LIST-OF-CRYSTALS
POLYGONAL MESH POLYGONAL MESH
.......... .......................  .
POLYGONAL MESH
f o r  c r y s t a l  1 f o r  c r y s t a l  2 f o r  c r y s t a l  X
0.7  DEFINITION OF NON-CONVEX CRYSTALS BY COMBINING OPERATIONS
The c r y s t a l l o g r a p h i c  n o t a t i o n  f o r  t h e  d e f i n i t i o n  o f  co m p o s i t e  
n o n -c o n v e x  c r y s t a l s  i s  complex  and p r o b l e m a t i c  f o r  a compute r  
i m p l e m e n t a t i o n  [Donnay and Donna y,196 9]  b u t  we can e x ten d  o u r  m in i m a l  
d e f i n i t i o n  n o t a t i o n  f o r  t h e  p u r p o s e .  These e x t e n s i o n s  a re  c l o s e l y  
based on t h e  s t a n d a r d  c r y s t a l l o g r a p h i c  n o t a t i o n  so t h a t  i t  w i l l  be 
f a m i l i a r  enough f o r  c r y s t a l l o g r a p h e r s  t o  d e s i g n  t h e i r  own complex  
c r y s t a l  s t r u c t u r e s .  The t e r m i n o l o g y  p r o v i d e s  a method o f  d e f i n i n g  
such m u l t i p l e s  w i t h  ease and can be c o n v e r t e d  i n t o  a s u i t a b l e  
r e p r e s e n t a t i o n  f o r  c o m p u t e r i s a t i o n  and f u r t h e r  m a n i p u l a t i o n .
When c o n s t r u c t i n g  t h i s  n o t a t i o n ,  we f i r s t  d e v e lo p  an i n t u i t i v e  
f e e l  f o r  t h e  p ro b le m  and then  t i g h t e n  up our  u n d e r s t a n d i n g  by e v o l v i n g  
a more f o r m a l  m a t h e m a t i c a l  d e s c r i p t i o n  [ B a l z e r , Go lman, and W i l e , 1978 ] .  
I n i t i a l l y  any a b s t r a c t i o n  o f  a non convex c o m b in a t i o n  o f  c r y s t a i 5 (see 
f i g u r e  0 . 2 1 )  app ea rs  t o o  complex  t o  i d e n t i f y .  However we can 
r e p r e s e n t  such a c o m p o s i t e  c r y s t a l  s t r u c t u r e  as a c o n c a t e n a t i o n  o f  
f u n d a m e n t a l  c e l l s .  The r e l a t i o n s h i p  between each c e l l  i s  g i v e n  by a 
c o m b i n a t i o n  o f  r o t a t i o n ,  r e f l e c t i o n  and t r a n s l a t i o n .  Each o f  t h e  
f u n d a m e n t a l  c e l l s  o f  a co m p o s i t e  c r y s t a l  i s  a convex c r y s t a l  d e f i n e d  
by t h e  s t a n d a r d  c r y s t a l l o g r a p h i c  n o t a t i o n .  The d e f i n i t i o n  f o r  each
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c e l l  i s  passed t o  t h e  d e f i n i t i o n  m od ule ,  c o n v e r t e d  i n t o  a l i s t  o f  
s t a n d a r d  p la n e  e q u a t i o n s  w h ic h  are  used i n  th e  c o n s t r u c t i o n  module  to  
b u i l d  t h e  d a ta  mode l  f o r  t h a t  c e l l ,  see f i g u r e  0 . 1 9 ,  0 . 2 0 .  Each c e l l  
i s  c r e a t e d  i n  i t s  SETUP p o s i t i o n ,  a bou t  th e  c o - o r d i n a t e  o r i g i n ,  u s in g  
t h e  e x te n de d  m i n i m a l  d e f i n i t i o n  n o t a t i o n  we are  a b l e  t o  t r a n s f o r m  each 
component c e l l  i n t o  d e s i r e d  p o s i t i o n  and o r i e n t a t i o n  o r  ACTUAL 
p o s i t i o n .
The ACTUAL p o s i t i o n  i s  p rodu ced  i n  t h r e e  s ta ge s  each o f  w h i c h  are  
d e f i n e d  r e l a t i v e  t o  t h e  c r y s t a l l o g r a p h i c  axes.
1. I f  t h e  c r y s t a l  i s  n o t  t h e  c o r r e c t  s i z e  t h en  u n i f o r m l y  s c a l e
t o  th e  c o r r e c t  p r o p o r t i o n s .
2. I f  t h e  c r y s t a l  i s  n o t  i n  t h e  d e s i r e d  o r i e n t a t i o n  t h e n  e i t h e r
r e f l e c t  t h e  c r y s t a l  a bo u t  a p la n e  o r  r o t a t e  a b o u t  an a x i s .
3. I f  t h e  c r y s t a l  i s  n o t  i n  t h e  c o r r e c t  p o s i t i o n  t h en  t r a n s l a t e
t o  d e s i r e d  p o s i t i o n .
These changes can be r e p r e s e n t e d  as a c o m b i n a t i o n  o f  m a t r i c e s  o f  
s c a l i n g ,  r e f l e c t i o n ,  r o t a t i o n  and t r a n s l a t i o n  each r e l a t i v e  t o  t h e  
c r y s t a l l o g r a p h i c  axes (see c h a p t e r  t h r e e ) .  The c o m b i n a t i o n  o f  t h e s e  
m a t r i c e s ,  w i l l  be c o n v e r t e d  i n t o  an e q u i v a l e n t  o p e r a t i o n  r e l a t i v e  t o  
t h e  A b s o l u t e  a x i a l  sy s tem by p r e - m u l t i p l i c a t i o n  by t h e  mapping m a t r i x
M. To move th e  c r y s t a l  f r om  i t s  SETUP p o s i t i o n  t o  i t s  ACTUAL p o s i t i o n
we use t h i s  m a t r i x  c o m b i n a t i o n  t o  a l t e r  t h e  c o - o r d i n a t e s  o f  each 
v e r t e x  and p l a n a r  e q u a t i o n  i n  t h e  p o l y g o n a l  mesh f o r  t h e  f u n d a m e n t a l
c e l l .  T h i s  a l t e r a t i o n  does n o t  a f f e c t  t h e  s t r u c t u r e  o f  t h e  mode l ,
o n l y  t h e  v a lu e s  o f  a r r a y s .
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f i g u r e  0 . 2 1
N on -convex c o m b i n a t i o n  o f  r u t i l e
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0 . 8  MANIPULATION MODULE
F u r t h e r  i n t e r a c t i o n  w i t h  t h e  p o l y g o n a l  mesh w i l l  e x te n d  th e  
v a r i e t y  o f  images we can produ ce  f rom  the  i n i t i a l  d e s c r i p t i o n .  As 
w e l l  as th e  u n io n  o f  f u n d a m e n t a l  c e l l s  we can a l s o  c o n s t r u c t  c o n t a c t  
c r y s t a l s  w h ic h  c o n t a i n  s u b - s e t s  o f  th e  o r i g i n a l  mode l .  Th i s  w i l l  
r e q u i r e  q u i t e  s p e c i f i c  p r e - p r o c e s s i n g  on th e  p o l y g o n a l  mesh, r e s u l t i n g  
i n  t h e  c o n s t r u c t i o n  o f  an ex ten de d  p o l y g o n a l  mesh (see c h a p t e r  f o u r ) .  
The m a n i p u l a t i o n  module
1 . expands th e  d a ta  model  by d i v i d i n g  t h e  f a c e t s  t o  remove 
n o n - c o n v e x i t y  between i n t e r s e c t i n g  f a c e t s
2 . a l l o c a t e s  a p p r o p r i a t e  b i n a r y  codes ( s u p p r e s s / n o n - s u p p r e s s ) 
f o r  each l i n e  i n t r o d u c e d  i n  p r e v i o u s  s t e p
3. s e l e c t s  s u b - s e t s  o f  t h e  i n t e r s e c t i o n  l i n e s  and computes  t he  
c o n t a c t  p la n e s  between p a i r s  o f  f u n d a m e n t a l  c e l l s .  These 
c o n t a c t  p la n e s  are  used t o  su pp re s s  v a r i o u s  e le m e n ts  i n  th e  
ex te nded  p o l y g o n a l  mesh.
0 . 8 . 1  Removal  o f  n o n - c o n v e x i t v
Once th e  c e l l s  o f  a compound c r y s t a l  have been p o s i t i o n e d  by th e  
c o m b in i n g  o p e r a t i o n s ,  t h e r e  w i l l  n a t u r a l l y  be i n t e r s e c t i o n s  between 
f a c e t s  f r o m  d i f f e r e n t  f u n d a m e n t a l  c e l l s .  I f  t h e  m a n i p u l a t i o n  module 
i s  a c t i v a t e d ,  t he  p o l y g o n a l  mesh w i l l  be ex te n de d  t o  make th ese  
i n t e r s e c t i o n s  e x p l i c i t  i n  t h e  mode l .  To c o n s t r u c t  t h i s  ex ten de d  
p o l y g o n a l  mesh we compare each f a c e t  i n  a c e l l  w i t h  t h e  f a c e t s  f rom  
a l l  o t h e r  c e l l s .  N o n - c o n v e x i t y  o c c u rs  when two f a c e t s  i n t e r s e c t  on a 
l i n e  o t h e r  t han  th e  common edge. We remove t h i s  n o n - c o n v e x i t y  by 
d i v i d i n g  each f a c e t  a lo n g  t h i s  l i n e  o f  i n t e r s e c t i o n .  Such a d i v i s i o n ,
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as w e l l  as r e p l a c i n g  p a i r s  o f  f a c e t s  w i t h  f o u r  s u b - f a c e t s  w i l l  
i n t r o d u c e  new l i n e s .
In  t h e  p o l y g o n a l  mesh s t r u c t u r e  o f  f i g u r e  0 .19  and 0 .20  th e
f a c e t s  were  c o m p a c t l y  d e f i n e d  by v e r t i c e s .  However ,  i n  th e  ex ten de d  
p o l y g o n a l  mesh we d e s c r i b e  t h e  s u b - f a c e t s  by l i s t s  o f  l i n e  segments ,  
and each l i n e  segment i s  d e f i n e d  by a p a i r  o f  v e r t i c e s  (see f i g u r e
0 . 2 2 ) .  So t h a t  we can r e t u r n  t o  t h e  o r i g i n a l  mode l ,  we copy th e
p o l y g o n a l  mesh r e p r e s e n t a t i o n  and use t h i s  copy d a t a  t o  compute th e  
e x te n d e d  p o l y g o n a l  mesh. As we s u b - d i v i d e  t h e  f a c e t s ,  each o r i g i n a l
f a c e t  w i l l  e x te n d  t o  a l i s t  o f  s u b - f a c e t s ,  SUBFACETS. Each o f  t he
s u b - f a c e t s  i s  a convex p a r t i t i o n  o f  t h e  o r i g i n a l  f a c e t  and t h e  un ion  
o f  t h e  s u b - f a c e t s  i s  th e  o r i g i n a l  f a c e t .
0 .’*8 .2 B i n a r y  code f o r  l i n e  segments
To remove th e  n o n - c o n v e x i t y  we i n t r o d u c e  new l i n e  segments .  On
d i s p l a y  i t  may be n e c e s s a r y  t o  su pp re ss  some o f  t h e s e  l i n e s ,  w h i c h  we
a c h i e v e  by a l l o c a t i n g  each l i n e  segment a b i n a r y  code 
s u p p r e s s / n o n - s u p p r e s s .
W i t h i n  t h e  e x te n de d  p o l y g o n a l  mesh s t r u c t u r e  t h e r e  a re  two 
r e a s o n s  f o r  s u p p r e s s i n g  l i n e  segments .
1. When two f a c e t s  i n t e r s e c t  new l i n e s  a re  i n t r o d u c e d  i n t o  th e  
mesh, n o t  a l l  o f  w h ic h  must  be v i s i b l e .  On ly  t h e  l i n e  
segment common t o  b o th  f a c e t s  i s  n o t  s u p p re s s e d .  The l i n e
segments  t h a t  l i e  o n l y  i n  one f a c e t ,  w h i c h  a re  used t o  d i v i d e
t h e  f a c e t  i n t o  convex r e g i o n s ,  a re  s u p p re s s e d .
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F i g u r e  0 . 2 2
Ex tende d  p o l y g o n a l  mesh
LIST-OF-CRYSTALS 
1
LIST-OF-PLANES- B I c D o| 3 Q D_0J
LIST-OF-FACETS
I--------------- AM
. . 4 a B c D /
1
0 0 6 /
o I oZ|_-^  0 |o4—  . . .  —y  I /( ( d a t a  f o r  f a c e t  i n
o r i g i n a l  f o r m a t  o f
SUBFACETSHEX  o)  ------





^  L IST-OF-LINES ,
o
LIST-OF-VERTICES
|x Y Z ?
; 1
X Y Z /
a l i s t  o f  d e f i n i n g  
v e r t i c e s )
(each f a c e t  
i s  d i v i d e d  
i n t o  l i s t  
o f  s u b f a c e t s ,  
each s u b f a c e t  
d e f i n e d  by a 
l i s t  o f  l i n e  






• • • 9T9 IM
/  0 (e x te n d e d  p o l y g o n a l  mesh as above f o r  a n o t h e r  c r y s t a l )
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2. Combin ing  f a c e t s  f r om  d i f f e r e n t  c e l l s  may i n t r o d u c e  c o - p l a n a r  
f a c e t s .  A l l  l i n e s  on th e  b o u n d a r i e s  o f  a re as  o f  common 
i n t e r s e c t i o n  are  a l s o  supp re s s ed .
Once we have compared a l l  t he  f a c e t s  and g i v e n  each l i n e  segment 
t h e  a p p r o p r i a t e  code th e  ex tende d  p o l y g o n a l  mesh i s  c o m p le t e .  The 
o r i g i n a l  p o l y g o n a l  mesh c o n s i s t s  o f  LIST-OF-CRYSTALS, LIST-OF-FACETS, 
L IST-OF-VERTICES.  The ex tende d  p o l y g o n a l  mesh has a d d i t i o n a l  l i s t s ;  
f o r  each o r i g i n a l  f a c e t  t h e r e  i s  now a l i s t  o f  SUBFACETS, each e le m e n t  
i n  t h e  s u b - f a c e t  l i s t  i s  d e f i n e d  by an o rd e r e d  l i s t  o f  l i n e  segments .  
There  i s  a l s o  a L IST-OF-LINES f o r  each c e l l ,  each l i n e  d e f i n e d  by a 
p a i r  o f  v e r t i c e s  and a BINARY-CODE.
0_8 .3  C o n t a c t  p la ne s
The e x tended  p o l y g o n a l  mesh p e r m i t s  th e  c o n s t r u c t i o n  o f  c o n t a c t  
t w i n s  (see c h a p t e r  f i v e ) .  To f i n d  t h e  c o n t a c t  p la n e s  o r  i n t e r s e c t i o n  
p la n e s  between p a i r  o f  f u n d a m e n t a l  c e l l s ,  we c o n s i d e r  t h e  l i n e s  o f  
i n t e r s e c t i o n  between th e  f a c e t s  o f  b o th  c e l l s .  I f  a s u b - s e t  o f  t h e s e  
l i n e s  p ro duces  a c l o s e d  f a c e t  wh ich  l i e s  i n s i d e  b o th  c e l l s  t hen  t h i s
f a c e t  ( c o n t a c t  f a c e t ) l i e s  on an i n f i n i t e  c o n t a c t  p l a n e  between t h e
c e l l s .  From the  v e r t i c e s  o f  th e  c o n t a c t  f a c e t  we can compute th e
p l a n a r  e q u a t i o n  o f  t h e  i n f i n i t e  c o n t a c t  p l a n e .  T h i s  p l a n e  w i l l  d i v i d e
each f u n d a m e n t a l  c e l l  i n t o  two vo lumes ,  p o s i t i v e  and n e g a t i v e .
To compute th e  c o n t a c t  t w i n  between th e  two c e l l s  t h e  p o s i t i v e  
vo lume o f  one c e l l  i s  j o i n e d  t o  t he  n e g a t i v e  vo lume o f  t h e  o t h e r ,  th e  
r e m a i n i n g  vo lumes a re  supp ressed  by a l t e r i n g  t h e  b i n a r y  codes f o r  each 
l i n e  on th e  s u r f a c e  o f  t h e  unwanted vo lume s .  To f i n d  t h e  complement  
o f  t h i s  c o n t a c t  t w i n ,  we r e t a i n  th e  p r e v i o u s l y  s u pp re ssed  vo lumes and 
s u pp re s s  t h e  r e m a i n d e r .  Th is  a l t e r e d  ex ten de d  p o l y g o n a l  mesh i s  i n  a
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f o rm  s u i t a b l e  f o r  d i r e c t  i n t e r f a c e  w i t h  t h e  d i s p l a y  modu le .
0■9 DISPLAY MODULE
To c o n c e p t u a l i s e  a v i e w  o f  an o b j e c t  i n  t h r e e  d im e n s io n s  r e q u i r e s  
a sequence o f  o p e r a t i o n s  as shown i n  f i g u r e  0 .23  [Hearn  and Baker ,  
1 9 8 5 ] .  The model  p r e s e n t e d  i n  f i g u r e  0 .23  i s  u s e f u l  as a p ro g ra m m e r 's  
mode l  t o  t h e  d i s p l a y  o p e r a t i o n .  However , t o  p r o v i d e  e f f i c i e n c y ,  t he  
a c t u a l  i m p l e m e n t a t i o n  p ro duce s a v a r i e t y  o f  d i s p l a y  o p e r a t i o n s  
[ M i c h e n n e r  and Car l bom,  1980; P a v l i d i s ,  198 2 ] ,  w h ic h  we d i s c u s s  i n  
c h a p t e r  s i x .
0 . 9 . 1  D i s p l a V  m a t r i x
We s h a l l  c o n s i d e r  each s e c t i o n  i n  t u r n .  We have a l r e a d y  pro du ced  
th e  d a t a  s t r u c t u r e  mode l  f o r  th e  c r y s t a l  w i t h  a p o l y g o n a l  mesh ( o r  
e x te n d e d  p o l y g o n a l  mesh ) .  The model  e i t h e r  r e p r e s e n t s  a s i n g l e  convex 
c r y s t a l ,  o r  a c r y s t a l  c o m b i n a t i o n .  The d i s p l a y  m a t r i x  t r a n s f o r m s  th e  
v e r t e x  c o - o r d i n a t e  o f  t h e  f u n d a m e n t a l  c e l l s  f r om  t h e i r  ACTUAL p o s i t i o n  
t o  t h e i r  OBSERVER p o s i t i o n .  The o b s e r v e r  p o s i t i o n  i s  s e l e c t e d  by t h e  
u s e r  and d e f i n e s  t h e  o r i e n t a t i o n  and p o s i t i o n  i n  w h i c h  t o  v i e w  th e  
o b j e c t  by s e l e c t i n g
1. t h e  p o s i t i o n  o f  t h e  eye r e l a t i v e  t o  t h e  A b s o l u t e  axes and
2 . t h e  d i r e c t i o n  o f  v i e w .
We decompose t h i s  i n t o  a s e r i e s  o f  e l e m e n t a r y  m a t r i x  t r a n s f o r m a t i o n s  
w h i c h  c a l c u l a t e  t h e  c o - o r d i n a t e s  o f  t h e  v e r t i c e s  r e l a t i v e  t o  a t r i a d  
o f  a xes ,  c a l l e d  t h e  OBSERVER s v s t e m . The O b se rve r  sys tem has t h e  eye 
a t  t h e  o r i g i n  and th e  d i r e c t i o n  o f  v i e w  a lo n g  t h e  p o s i t i v e  y - a x i s .  
The new c o - o r d i n a t e  v a lu e s  a re  c a l l e d  t h e  o bs e rv ed  c o - o r d i n a t e s  o f  th e  
v e r t i c e s .
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f i g u r e  0 . 2 3
T r a n s f o r m a t i o n  o f  p o l y g o n a l  mesh i n t o  d e v i c e  c o - o r d i n a t e s
C l i p  t o  v i e w  window
S e l e c t  p r o j e c t i o n  t e c h n i q u e
T r a n s f o r m  t o  two d i m e n s i o n a l  
v i e w  p o r t
T r a n s f o r m  t o  Dev i ce  
c o - o r d i n a t e s  and GKS commands
Use d i s p l a y  modu le  t o  t r a n s f o r m  
t o  two d i m e n s i o n a l  v iew  p la n e
T r a n s f o r m  t o  o bs e rv ed  c o - o r d i n a t e s  
u s i n g  d i s p l a y  m a t r i x
Three d i m e n s i o n a l  c o - o r d i n a t e s  s t o r e d  
i n  d a ta  model  ( p o l y g o n a l  mesh)
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0 . 9 . 2  P r o j e c t i o n s
There  a re  two b a s i c  methods f o r  p r o j e c t i n g  t h r e e  d i m e n s i o n a l  
o b j e c t s  o n to  a two d i m e n s i o n a l  v i e w  p la n e .  A l l  p o i n t s  o f  t h e  o b j e c t  
can be p r o j e c t e d  a lo n g  p a r a l l e l  l i n e s  . o r  t he  p o i n t s  can be p r o j e c t e d  
a lo n g  l i n e s  t h a t  c o nve rg e  t o  a p o s i t i o n  c a l l e d  t h e  c e n t r e  o f  
p r o j e c t i o n . The two methods c a l l e d  p a r a l l e l  p r o j e c t i o n s  and 
p e r s p e c t i v e  p r o j e c t i o n  r e s p e c t i v e l y  a re  i l l u s t r a t e d  i n  f i g u r e  0 . 2 4 .  
f i g  0 .24




In  b o t h  cases t h e  i n t e r s e c t i o n  o f  t h e  p r o j e c t i o n  l i n e  w i t h  t h e  v i e w  
p la n e  d e t e r m i n e s  th e  c o - o r d i n a t e s  o f  t h e  p r o j e c t e d  p o i n t s .  We have 
im p le m e n te d  a number o f  p r o j e c t i o n  t e c h n i q u e s  i n c l u d i n g  th e  
o r t h o g r a p h i c ,  p e r s p e c t i v e  and c l i n o g r a p h i c  p r o j e c t i o n  (see c h a p t e r  
s i x ) .  Once t h e  u s e r  s e l e c t s  a p a r t i c u l a r  p r o j e c t i o n  i t s  g e o m e t r i c a l  
p r o p e r t i e s  w i l l  be used t o  p e r f o r m  th e  h id de n  l i n e  and h id d e n  s u r f a c e  
c o m p u t a t i o n .
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The module  used t o  p ro c e s s  a e v e n t u a l l y  d raw t h e  p i c t u r e  depends 
f i r s t l y  on w h e t h e r  th e  model  r e p r e s e n t s  a s i n g l e  convex c r y s t a l ,  and 
s e c o n d l y  on th e  g r a p h i c s  d e v i c e  s e l e c t e d .  For  a s i n g l e  c r y s t a l  we can 
use s p e c i f i c  h id d e n  l i n e  and h i d d e n  s u r f a c e  re m o v a l  w h i c h  u t i l i s e  th e  
s t a n d a r d  o r i e n t a t i o n  imposed on t h e  d e f i n i t i o n  o f  t h e  c e l l  w i t h i n  t h e  
p o l y g o n a l  mesh [ W e i l e r  and A t h e r t o n , 1 9 7 7 ] .  For  t h e  n o n -c o nv e x  
c o m b i n a t i o n s  t h e  p ro b le m  i s  more comp lex  and r e q u i r e s  g e n e r a l  h id d e n  
l i n e  and h i d d e n  s u r f a c e  a l g o r i t h m s .
For  a d e v i c e  t h a t  can o n l y  s u p p o r t  l i n e  d r a w i n g s  (such  as 
monochrome m i c r o f i l m )  t h e  c o m p l e x i t y  i s  g r e a t e r  s t i l l  s i n c e  th e  
i n t e r s e c t i o n  l i n e s  between f a c e t s  must  be c a l c u l a t e d  e x p l i c i t l y  by a 
p o l y g o n a l  mesh d i s p l a y  (see c h a p t e r  s e v e n ) .  O t h e r w i s e  a h i d d e n  
s u r f a c e  e l i m i n a t i o n  can be used w h i c h  p e r m i t s  t h e  use o f  a r a t h e r  
d i f f e r e n t  t e c h n i q u e  q u a d - t r e e  d i s p l a y . t h a t  n o t  o n l y  removes h id d e n  
l i n e s  b u t  a u t o m a t i c a l l y  c o n s t r u c t s  t h e  i n t e r s e c t i o n  l i n e s  between 
f a c e t s .  T h i s  a l g o r i t h m  can a l s o  be combined w i t h  s u r f a c e  s h a d in g  
mode ls  t o  p ro du c e  a more r e a l i s t i c  d i s p l a y .  F i g u r e  0 .2 5  i s  an 
o r t h o g r a p h i c  p r o j e c t i o n  o f  r u t i l e  p ro du c e  by t h e  p o l y g o n a l  mesh 
d i s p l a y  and f i g u r e  0 .2 6  i s  t h e  same p r o j e c t i o n  p ro d u c e d  by t h e  
q u a d - t r e e  d i s p l a y  where  t h e  c o l o u r  h i g h l i g h t s  t h e  c l a s s  sym metr y ,  and 
f i g u r e  0 .27  i s  t h e  q u a d - t r e e  d i s p l a y  w i t h  c o s i n e  s h a d i n g .
0 . 9 . 3  P o l y g o n a l  mesh d i s p l a y
P r i o r  t o  t h e  s e l e c t i o n  o f  t h e  v i e w  p o s i t i o n  o r  t h e  p r o j e c t i o n ,  a 
c e r t a i n  amount o f  p r e - p r o c e s s i n g  i s  r e q u i r e d  on t h e  p o l y g o n a l  mesh. 
T h i s  e x p a n s i o n  t o  t h e  d a ta  mode l  i s  i d e n t i c a l  t o  t h e  e x ten de d  
p o l y g o n a l  mesh p ro duced  by t h e  m a n i p u l a t i o n  module  (see f i g u r e  0 . 2 2 ) .  
I f  t h e  m a n i p u l a t i o n  module  has a l r e a d y  been a c t i v a t e d ,  t h e  d a t a  mode l  
i s  a l r e a d y  i n  a f o r m a t  s u i t a b l e  f o r  p r o j e c t i o n ,  o t h e r w i s e  we a c t i v a t e
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f i g u r e  0 . 2 5  O r t h o g r a p h i c  p r o j e c t i o n  o f  r u t i l e  by p o l y g o n a l  mesh d i s p l a y
f i g u r e  0 .26  O r t h o g r a p h i c  p r o j e c t i o n  o f  r u t i l e  by q u a d - t r e e  d i s p l a y
I
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f i g u r e  0 . 2 7
O r t h o g r a p h i e  p r o j e c t i o n  o f  r u t i l e  by q u a d - t r e e  d i s p l a y  and c o s in e  
s h a d in g
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t h e  m a n i p u l a t i o n  module .
Once th e  mesh has been expanded we use th e  d i s p l a y  m a t r i x  t o
t r a n s f o r m  th e  v e r t i c e s  i n t o  t h e i r  obse rv ed  p o s i t i o n ,  s e l e c t  the
r e q u i r e d  p r o j e c t i o n  and p e r f o r m  a h id de n  l i n e  r e m o v a l  a l g o r i t h m  
[ A t h e r t o n ,  1983; F r i e d e r ,  Gordon and Reyno ld ,  1 9 8 5 ] .  S in ce  each l i n e  
i n  t h e  mesh has a code s u p p r e s s / n o n - s u p p r e s s  we need o n l y  c o n s i d e r  
t h o s e  w i t h  a n o n -s u p p re s s  code.  These l i n e s  a re  compared w i t h  t he  
s u b - f a c e t s  t o  see w h ic h  l i n e  segments o f  t h e  p r o j e c t e d  l i n e s  wou ld  be 
o b s c u re d  i n  t h r e e  d i m e n s i o n a l  space and t h e r e f o r e  s h ou ld  n o t  be 
p r o j e c t e d  t o  t h e  two d i m e n s i o n a l  v i e w  p la n e .  When we have checked th e
l i n e  w i t h  e v e ry  s u b - f a c e t  we a re  l e f t  w i t h  a l i s t  o f  v i s i b l e
( n o n - s u p p r e s s e d ) l i n e  segments .  Each o f  th e s e  i s  t r a n s f o r m e d  t o  t h e  
two d i m e n s i o n a l  p i x e l s  c o - o r d i n a t e s  o f  th e  d e v i c e  and drawn u s in g  th e  
a p p r o p r i a t e  d e v i c e  p r i m i t i v e s .
0 . 9 . 4  Q u a d - t r e e  d i s o l a v
In  t h e  p o l y g o n a l  mesh d i s p l a y  we c o n s t r u c t  t h e  ex t en de d  d a ta  
s t r u c t u r e  o f  t h e  s u b - f a c e t s  b e f o r e  u s in g  t h e  d i s p l a y  m a t r i x .  When 
u s i n g  q u a d - t r e e  e n c o d i n g ,  i t  i s  u n n e c e s s a ry  t o  p e r f o r m  any o f  t h i s  
p r e - p r o c e s s i n g ,  and t h e  d i s p l a y  m a t r i x  i s  used t o  t r a n s f o r m  t h e  c e l l s  
o f  t h e  compound c r y s t a l  d i r e c t l y  i n t o  t h e i r  o bs e rv ed  p o s i t i o n  p r i o r  t o  
i n i t i a t i n g  th e  q u a d - t r e e  e n c o d in g .
The q u a d - t r e e  d i s p l a y  a l g o r i t h m  i s  a m o d i f i e d  app roach  t o  t h e  
g e n e r a l  q u a d - t r e e  a l g o r i t h m  [C a r l b o m ,  C h a k r a v a r t y ,  and
V a n d e r s c e l ,1 985 ; S idhu and Bo ute ,  1 972;  T a n im o to ,  1 977 ; H u n te r  and 
S t e i g l i z ,  1979; Woodwark, 1984 ] .  T h i s  t e c h n i q u e  r e l i e s  on the  
f a m i l i a r  schemes o f  r e c u r s i o n  t o  p e r f o r m  s p a t i a l  e n u m e ra t i o n  and 
d e c o m p o s i t i o n  as d e m o n s t r a te d  by th e  more g e n e r a l  q u a d - t r e e  and
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o c t - t r e e  app roach  [Meagher .  1982; Yamaguchi ,  K u n i i ,  and F u j i m u r a , 
1 984 ] .
I n i t i a l l y ,  a l l  th e  f a c e t s  are  s t o r e d  i n  a l i s t  and t h e  sc reen
encoded i n t o  squa re  r e g i o n s  o r  w in d o w s . Each f a c e t  i n  t h e  l i s t  i s
compared w i t h  t he  squa re  w indow r e g i o n  on the  v i e w  p l a n e .  Any f a c e t  
t h a t  when p r o j e c t e d ,  l i e s  o u t s i d e  t h e  r e g i o n  o f  th e  w indow i s  d e l e t e d  
f r om  th e  l i s t ,  th os e  t h a t  i n t e r s e c t  o r  l i e  t o t a l l y  i n s i d e  are
r e t a i n e d .  The window i s  th en  d i v i d e d  i n t o  f o u r  s m a l l e r  sq ua re  windows 
o f  e q u a l  s i z e  and th e  p ro cess  r e p e a t e d  u n t i l  we a re  l e f t  w i t h  z e ro  or  
one f a c e t  i n  t h e  l i s t ,  o r  th e  w indow e qua te s  w i t h  a p i x e l  on t h e  v i e w  
p o r t .  I f  no f a c e t s  are  l e f t  i n  th e  l i s t  then  no p a r t  o f  th e  c r y s t a l  
l i e s  i n  t h a t  p a r t  o f  t h e  v ie w  p o r t  d e f i n e d  by t h e  w indow and so
n o t h i n g  i s  d rawn.  I f  one f a c e t  r e m a in s ,  t h e  w indow i s  c a l l e d  
homogeneous and a w indow s i z e d  sq ua re  o f  p i x e l s  i s  d rawn on th e  v iew  
p o s t  i n  th e  c o r r e c t  p o s i t i o n  and c o l o u r .  The c o l o u r  can be a s i n g l e  
hue o r  can be computed by a s h ad in g  model  [ P h o n g , 1975; Cook and
T o r r a n c e ,  1982; Cook 1984; B l i n n ,  1977, 1978, and 1982; B l i n n  and
N e w e l l , 1 97 6 ] .  I f  more t han  one f a c e t  rem a ins  when th e  p ro c es s  has
re ached  p i x e l  l e v e l ,  th en  th e  c o r r e s p o n d i n g  w indow must be o v e r  an 
edge i n  t h e  c r y s t a l ,  and i s  h i g h l i g h t e d  by a b l a c k  p i x e l .
The main advantage  o f  t h i s  a l g o r i t h m  i s  t h a t  no p r e - p r o c e s s i n g  i s  
r e q u i r e d  on th e  c e l l s  and i t  a u t o m a t i c a l l y  p ro duce s th e  l i n e s  o f
i n t e r s e c t i o n .  However , i t  i s  a r e c u r s i v e  t e c h n i q u e  and i s  v e r y
demanding on co mpu t i ng  power ,  p a r t i c u l a r l y  when u s in g  h ig h  r e s o l u t i o n
g r a p h i c s  d e v i c e s  w i t h  a l a r g e  number o f  i n t e r s e c t i n g  f a c e t s  where  the
m u l t i p l e  co mpar isons  c o n t i n u e  down t o  p i x e l  l e v e l .
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0 . 1 0  IMPLEMENTATION
By d i v i d i n g  ou r  s o l u t i o n  i n t o  c o h e r e n t  modu les  we can e nsu re  t h a t  
t h e  f i n a l  a l g o r i t h m s  can be r e a d i l y  t e s t e d ,  v e r i f i e d  and c o n f i r m e d  as 
c o r r e c t  and c o n s i s t e n t  w i t h  th e  o r i g i n a l  s p e c i f i c a t i o n s  [ Z e l k o w i l t z ,  
1 9 7 8 ] .   ^ We have d e s ig n e d  s u i t a b l e  s t r u c t u r e s  t o  r e p r e s e n t  th e  
i n f o r m a t i o n  e f f i c i e n t l y ,  b u t  have y e t  t o  im p lem en t  t h e s e  so t h a t  t h e y  
a re  a l s o  e f f i c i e n t  i n  s t o r a g e  r e q u i r e m e n t s  and p r o c e s s i n g  [Me Cra ck en ,  
1 9 7 3 ] .  T h i s  r e q u i r e s  th e  d ev e lo pm e n t  o f  a v a r i e t y  o f  dyna mic  d a ta  
s t r u c t u r e s  w i t h  e f f i c i e n t  garbage c o l l e c t i o n  i n  a s p e c i f i c  l an guage  
s e l e c t e d  t o  m in i m i s e  t h e  e x p l o s i v e  s t o r a g e  r e q u i r e m e n t s  o f  c o n t i n u a l l y  
c h a n g in g  s t r u c t u r e s  [ D a h l ,  D i j k s t r a  and Hoare ,  1 97 2 ] .
S in c e  we have t e n t a t i v e l y  s e l e c t e d  t h e  i n f o r m a t i o n  s t r u c t u r e s  f o r  
t h e  r e p r e s e n t a t i o n  [ B a r d r e ,  1982]  we a re  r e a d y  t o  commence 
i m p l e m e n t i n g  them i n  an a p p r o p r i a t e  l a n g u a g e .  The l a n g u a g e  we s e l e c t  
must  s a t i s f y  s e v e r a l  c r i t e r i o n ;
1 . e f f i c i e n t  c o n s t r u c t i o n  and m a n i p u l a t i o n  o f  dyna mic  d a ta  
s t r u c t u r e s
2. s u p p o r t  t h e  mach ine i n d e p e n d e n t  g r a p h i c s  s o f t w a r e  (GKS)
3.  e f f i c i e n t l y  p ro c es s  m a t r i c e s
4. a v a i l a b l e  on th e  v a r i o u s  h o s t  mach ines r e q u i r e d  t o  p ro duce  
t h e  hard  c o p ie s  (such as t h e  CRAY f o r  t h e  c o l o u r  m i c r o f i l m ) .
We s h a l l  c o n s i d e r  each o f  t h e s e  i n  t u r n .  The l a n g u a g e  we s e l e c t  
must  p r o v i d e  s u f f i c i e n t  t o o l s  t o  e x p re s s  th e  s o l u t i o n  [B oo ch ,  198 3 ] ,  
and i n  p a r t i c u l a r  t o  im p lem en t  t h e  dynamic  d a ta  s t r u c t u r e s .  We can 
e i t h e r  im p lem en t  th e  a l g o r i t h m s  i n  a la n gu ag e  w h i c h  p r o v i d e s
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p r i m i t i v e s  f o r  p o i n t e r s ,  heap s t o r a g e  and gar bage  c o l l e c t i o n ,  o r
o t h e r w i s e  use a l a n gu ag e  w h ic h  does n o t  have such f a c i l i t i e s  
e x p l i c i t l y  d e f i n e d .  W i th  th e  f o r m e r  t h e  programmed s o l u t i o n  te n d s  t o  
r e f l e c t  t h e  s t r u c t u r e  o f  t h e  s o l u t i o n  and r e s u l t s  i n  an i m p l e m e n t a t i o n  
more r e a d i l y  u n d e r s t a n d a b l e ,  howeve r ,  we a re  encumbered w i t h  a
p r e - d e f i n e d  d a ta  s t r u c t u r e  m e th o d o lo g y  and th e  o v e rhe ad s  o f  the  
l a n g u a g e s ' s  h o u s e - k e e p i n g  o p e r a t i o n s .  Because o f  t h e  c o m p l e x i t y  o f
o u r  s t r u c t u r e s  t h e  p r o c e s s i n g  c o u ld  be overwhe lmed  by t h e  t remendous
h o u s e - k e e p i n g  r e q u i r e m e n t s .
I f  we choose a l a n g u a g e  w i t h o u t  d a ta  s t r u c t u r e  p r i m i t i v e s  d e f i n e d  
we w i l l  have t o  a d a p t  t h e  l an guage  t o  t h e  s o l u t i o n  by d e s i g n i n g  th e  
s o f t w a r e  t o o l s  s p e c i f i c a l l y  f o r  t h e  p ro b le m  i n  hand. We a re  
c o m p l e t e l y  f r e e  t o  d e s i g n  s t r u c t u r e s  based on t h e  i n f o r m a t i o n  we w i s h  
t o  r e p r e s e n t ,  so t h e y  can be t a i l o r e d  t o  o u r  need,  r e s u l t i n g  i n  
e f f i c i e n t  s t r u c t u r e s  w i t h  l i t t l e  h o u s e - k e e p i n g  and m i n i m a l  s t o r a g e .  
Such s t r u c t u r e s  w i l l  e n f o r c e  o u r  a b s t r a c t i o n  o f  t h e  p ro b le m  b u t  th e  
prog ram m in g  i s  more complex  t o  d e s i g n  and m a i n t a i n .
We must  s e l e c t  a l a n g u a g e  t h a t  i s  c o m p a t i b l e  w i t h  t h e  G r a p h i c a l
k e r n e l  sys te m  (GKS).  The s t a n d a r d  g r a p h i c s  f u n c t i o n s  o f  GKS a re  
d e f i n e d  as a s e t  o f  a b s t r a c t  s p e c i f i c a t i o n s  i n d e p e n d e n t  o f  any 
p a r t i c u l a r  p rogram ming  la n gu ag e  [Hopgood,  e t  a l .  1983; E n d e r l e ,  Kansy
and P f a f f ,  1984; Mehl  and N o l l ,  1 9 8 4 ] .  To im p le m e n t  t h e  g r a p h i c s
s t a n d a r d  i n  a p a r t i c u l a r  p rogramming l a n g u a g e ,  a l a n gu ag e  b i n d i n g  must  
be d e f i n e d .  T h i s  b i n d i n g  d e f i n e s  t h e  s y n t a x  f o r  a c c e s s i n g  t h e  v a r i o u s  
g r a p h i c s  f u n c t i o n s  s p e c i f i e d  w i t h i n  t h e  s t a n d a r d .  GKS l an guage  
b i n d i n g  has been d e f i n e d  f o r  a number o f  l a n gu ag e  i n c l u d i n g  FORTRAN, 
P a s c a l ,  C and Ada.
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S in c e  t h e  i m p l e m e n t a t i o n  must  p ro c es s  m a t r i c e s  e f f i c i e n t l y  and be 
a b l e  t o  run  on th e  CRAY an o b v io u s  c o n t e n d e r  i s  FORTRAN. The m a jo r  
p ro b le m  w i t h  i m p l e m e n t i n g  th e  s o l u t i o n  i n  FORTRAN i s  n o t  t h e  d e s i g n  o f  
t h e  d a t a  s t r u c t u r e s  w h ich  can be e f f i c i e n t l y  c o n s t r u c t e d  u s i n g  a r r a y  
p o i n t e r s  [Day,  1977 ] ,  b u t  t h e  i m p l e m e n t a t i o n  o f  t h e  q u a d - t r e e  
a l g o r i t h m  w h ic h  i s  i n h e r e n t l y  r e c u r s i v e  [ C r e u t z b u r g ,  1 98 2 ] .  Th is  
a l g o r i t h m  must be t r a n s f o r m e d  i n t o  an i n t e r a c t i v e  r e p r e s e n t a t i o n  u s in g  
s t a c k s  t o  s t o r e  d a ta  f o r  each l e v e l  o f  r e c u r s i o n .
W i th  th e  added advan ta ges  o f  t h i s  la n g u a g e  b e in g  t h e  main 
s c i e n t i f i c  l an guage  (hence a l g o r i t h m s  u n d e r s t a n d a b l e  t o  
c r y s t a l l o g r a p h e r s ) ,  as w e l l  as a p o p u l a r  g r a p h i c s  l a n g u a g e  ( p r o v i d i n g  
access  t o  many w e l l  d ev e lo p e d  i n t e r f a c e s  t o  ha rdc o py  d e v i c e s ) ,  we have 
im p lem en te d  t h e  r o u t i n e s  i n  FORTRAN 77 on t h e  VAX 11/780 a t  RHBNC and 
f o r  m i c r o f i l m  on th e  Amdahl  and Cray mach ines a t  ULCC.
U s ing  FORTRAN means t h a t  a f u r t h e r  module must  be added t o  th e  
i n f o r m a l  d e s i g n  o f  f i g u r e  0 . 9 ;  namely an i n i t i a l i s a t i o n  m od ule ,  w h ich  
i n i t i a l i s e s  a l l  th e  a r r a y s  t o  be used i n  th e  d a ta  s t r u c t u r e  d e s i g n .  
T h i s  modu le  i s  a c t i v a t e d  once b e f o r e  any c e l l s  a re  d e f i n e d  by th e  
u s e r .
0 .11 LIBRARY AND DATABASE
A s s o c i a t e d  w i t h  t h e  i m p l e m e n t a t i o n  a re  v a r i o u s  l i b r a r y  f a c i l i t i e s  
and d a ta baseow A h e lp  l i b r a r y ,  w h ic h  g u id e s  t h e  u s e r  t h r o u g h  the  
programmed s o l u t i o n ,  e x p l a i n i n g  th e  t y p e  o f  i n f o r m a t i o n  r e q u i r e d  and 
p r o v i d i n g  example i n p u t s .  I t  i s  o r g a n i s e d  t o  e n a b le  t h e  u s e r  t o  f i n d  
a g e n e r a l  message d e s c r i b i n g  t h e  t y p e  o f  i n f o r m a t i o n  r e q u i r e d ,  and 
t h en  o p t i o n a l l y  t o  s e l e c t  s u b - t o p i c s  t h a t  p r o v i d e  a d d i t i o n a l  
i n f o r m a t i o n  and examples (see c h a p t e r  e i g h t  s e c t i o n  8 . 1 ) .
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The amount o f  i n f o r m a t i o n  r e q u i r e d  t o  g e n e r a t e  a c r y s t a l  i s  o f t e n  
l a r g e ,  i f  i t  i s  r e q u i r e d  r e g u l a r l y ,  o r  i t  i s  a common c r y s t a l ,  i t  
wou ld  be more c o n v e n i e n t  t o  o r g a n i s e  t h e  i n f o r m a t i o n  i n  a s t r u c t u r e d  
f o r m a t  w i t h i n  a d a ta ba s e  [ M a r t i n ,  1977] .  The d a ta b a s e  i s  c o m p i l e d  
d u r i n g  t h e  o p e r a t i o n  o f  t h e  programs and c o n t a i n s  d a ta  f o r  th e  u se r  
d e f i n e d  c r y s t a l s  i n  t h e i r  SETUP p o l y g o n a l  mesh. Each t im e  a new 
c r y s t a l  i s  g e n e r a t e d  th e  u s e r  can e l e c t  t o  have p o l y g o n a l  mesh 
s t r u c t u r e  f o r  th e  c r y s t a l  r e t a i n e d  w i t h i n  t he  d a ta b a s e .
S u b s e q u e n t l y ,  whenever  a u s e r  d e f i n e s  a c r y s t a l  t h e  d e f i n i t i o n  
module  w i l l  s e l e c t  th e  key f i e l d s  o f  t h e  d e f i n i t i o n  t o  s e l e c t  r e c o r d s  
f r o m  t h e  d a t a b a s e .  I f  t h e  c r y s t a l  d e f i n e d  i s  a l r e a d y  w i t h i n  t h e
d a t a b a s e ,  th en  th e  p o l y g o n a l  mesh f o r  t he  s i n g l e  c r y s t a l  i s  r e t r i e v e d
and added t o  t h e  d a ta  s t r u c t u r e  mode l  w i t h o u t  t h e  a c t i v a t i o n  o f  t h e
c o n s t r u c t i o n  module  see f i g u r e  0 . 2 8 .  Whether t h e  p o l y g o n a l  mesh f o r  a
c e l l  i s  g e n e r a t e d  v i a  t h e  c o n s t r u c t i o n  module o r  r e t r i e v a l  f r o m  th e
d a t a  base ,  i t  w i l l  be r e - o r i e n t e d  i n t o  i t s  r e q u i r e d  obs e rv e d  p o s i t i o n  
by t h e  c o m b in i n g  m od ule .
The keyed access i s  e i t h e r  by a c r y s t a l  name e . g .  G o ld ,  o r  a 
c o m b i n a t i o n  o f  c r y s t a l  s y s t e m / c l a s s / a x i a l  p a r a m e t e r s ,  see f i g u r e  0 . 2 9 .  
In  f i g u r e  0 . 2 9 ,  t h e  d o u b le  a r r o w  den o te s  t h a t  t h e r e  may be s e v e r a l  
p o l y g o n a l  mesh s t r u c t u r e s  w h ic h  s a t i s f y  th e  key f i e l d  r e q u i r e m e n t s ,  
t h e s e  a re  c r y s t a l s  o f  t h e  same key f i e l d  t y p e  b u t  d i s p l a y i n g  v a r i o u s  
f a c e t s  o r  fo rm  and h a b i t  v a r i a t i o n s  e . g .  th e  p o l y g o n a l  mesh f o r  
f i g u r e s  0 .7  and 0 .9  w h ic h  are  b o th  Gold c r y s t a l s .  To a l l o w  f o r  t h i s  
t y p e  o f  i n v e s t i g a t i o n  t h e  f i l e s  a re  o r g a n i s e d  u s in g  ISAM ( In d e x e d  
S e q u e n t i a l  Access M e th o d ) .  T h i s  t y p e  o f  f i l e  s t r u c t u r e  i s  i d e a l  as
keys can be used t o  s e l e c t  a s p e c i f i c  r e c o r d  u s in g  d i r e c t  a c c es s .
N a t u r a l l y ,  r e c o r d s  w i t h  d u p l i c a t e  key f i e l d s  w i l l  o c c u r ,  b u t  once a
V  c o v A V w v v  - W  ^  V i  4  ^
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F i g u r e  0 . 2 8
I n t e r a c t i o n  between modules  and t h e  da ta base
key f i e l d  access 
t o  d a ta  base
no r e c o r d  found 
a c t i v a t e  c o n s t ­
r u c t i o n  module
u s e r  r e q u e s t s  
s t o r a g e  i n  
d a t a . base
r e t r i e v e  p o l y g o n a l  
mesh
P o l y g o n a l
Mesh
Data Base
User  d e f i n i t i o n
D e f i n i t i o n  Module C o n s t r u c t i o n  Module
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key i s  s e l e c t e d  any r e c o r d  w i t h  a d u p l i c a t e  key w i l l  be accessed 
s e q u e n t i a l l y  i n  a FIFO ( F i r s t  In F i r s t  Out)  b a s i s .  The c o r r e c t  r e c o r d  
can be r e t r i e v e d  by compar i son  o f  u s e r  d e f i n e d  fo rm  i n d i c e s  and h a b i t  
v a l u e s  w i t h  t he  r e c o r d ' s  v a l u e s ,  o r  d i r e c t  s e l e c t i o n  by th e  u s e r .
I
I t  wou ld  be m i s l e a d i n g  t o  su g g e s t  t h a t  we have c ove red  a l l  th e  
s u b t l e t i e s  o f  g e n e r a t i n g  c r y s t a l s .  However th e  d e s i g n  c o u ld  be 
e x te n de d  t o  accomodate  o t h e r  modules  and i n c r e a s e  th e  scope o f  th e  
sys te m,  
f i g u r e  0 .29
C a n d id a t e  keys f o r  d a ta b a s e  access
key f i e l d
C r y s t a l  Name
P o l y g o n a l  mesh
ISAM f i l e s
Database
key f i e l d  c o m b in a t i o n
System name, C lass  name, A x i a l  p a ra m e t e r s
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CHAPTER ONE
DEFINITION OF FUNDAMENTAL CELLS 
AND ANALYTIC COMPUTATIONS OF DEFINITION MODULE
Each u se r  d e f i n e d  f u n d a m e n t a l  c e l l  i s  d e s c r i b e d  by a s u b - s e t  o f  
th e  m i n i m a l  d e f i n i t i o n  n o t a t i o n ,  d e r i v e d  f r om  th e  e s t a b l i s h e d  
c r y s t a l l o g r a p h i c  n o t a t i o n  [Nye,  1964; E l l i o t  and Dawber,  1979; 
Sh u b n ik o v ,  19513.  We s h a l l  d i s c u s s  t h i s  s y m b o l i c  n o t a t i o n  and e x t r a c t  
f r om  i t  t h e  r e l e v a n t  m a t h e m a t i c a l  p r o p e r t i e s  r e q u i r e d  by t h e  
d e f i n i t i o n  module  t o  c o n s t r u c t  t h e  i n t e r f a c e  t o  t h e  c o n s t r u c t i o n  
mod u le .  The s u b - s e t  o f  t h e  ex te nded  m i n i m a l  d e f i n i t i o n  n o t a t i o n  used 
t o  d e s c r i b e  f u n d a m e n t a l  c e l l s  i s  a h i e r a r c h i c a l  d e s c r i p t i o n  c o n s i s t i n g  
o f  :
f i g u r e  1.1 H i e r a r c h i c a l  d e s c r i p t i o n  o f  f u n d a m e n t a l  c e l l  by m in i m a l  
d e f i n i t i o n  n o t a t i o n
C r y s t a l  sys tem 
A x i a l  p a r a m e t e r s  
C r y s t a l  C lass
I
E i t h e r
Forms o f  r e g u l a r  c r y s t a l F ace ts  o f  n o n - r e g u l a r  c r y s t a lI i
h a b i t h a b i t
T h i s  n o t a t i o n  i s  t h e  i n t e r f a c e  between th e  u s e r  and th e  d e f i n i t i o n  
mod ule ,  a l l  d a ta  i n p u t  i s  v a l i d a t e d  t o  a v o id  u n d e t e c t e d  e r r o r s  o r
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o m i s s i o n s  b e in g  c a r r i e d  f o r w a r d  i n t o  t h e  c o m p u t a t i o n s  o f  th e  
d e f i n i t i o n  mod ule .  I n c o r r e c t l y  d e f i n e d  d a ta  i s  i m m e d i a t e l y  r e p o r t e d  
t o  t h e  u s e r  who i s  p rompted t o  r e - e n t e r  t h e  p a r t i c u l a r  c o r r e c t i o n s .
W i t h i n  t h e  d e f i n i t i o n  module  we use th e  f o r m a l  m a t h e m a t i c a l  
co n c e p ts  th e  m i n i m a l  d e f i n i t i o n  t o  expand i t  i n t o  a s u i t a b l e
g e o m e t r i c a l  d a t a < ^  c o n t a i n i n g  s u f f i c i e n t  i n f o r m a t i o n  f o r  th e  
c o n s t r u c t i o n  module t o  i d e n t i f y  and compute t h e  s p a t i a l  o r i e n t a t i o n  o f  
th e  p o l y g o n  s u r f a c e s .  The p r e c i s e  d e s c r i p t i o n  o f  t h e  f u n d a m e n t a l  c e l l  
i n  te rm s  o f  w e l l  d e f i n e d  p o l y g o n a l  s u r f a c e s  i s  r e p r e s e n t e d  i n  a d a ta  
s t r u c t u r e  model  d e s c r i b e d  as a p o l y g o n a l  mesh (see c h a p t e r  t w o ) .
F i g u r e  1 .2  summar ises  t h e  a n a l y t i c  c o m p u t a t i o n  o f  t h e  d e f i n i t i o n  
module  and th e  g e o m e t r i c  d a ta  o u t p u t  t o  t h e  c o n s t r u c t i o n  m od ule .  The 
m i n i m a l  d e f i n i t i o n  above i s  t h e  c r y s t a l l o g r a p h e r ' s s y m b o l i c  
n o m e n c l a t u r e ,  an a b s t r a c t i o n  o f  t h e  f o r m a l  m a t h e m a t i c a l  p r o p e r t i e s  o f  
t h e  c r y s t a l  g e o m e t r y .  As we d i s c u s s  t h i s  n o t a t i o n  t h e  p r e c i s e  
m a t h e m a t i c a l  i n t e r p r e t a t i o n  used w i t h i n  t h e  d e f i n i t i o n  module t o  
compute t h e  g e o m e t r i c  d a ta  r e q u i r e d  by t h e  c o n s t r u c t i o n  module  w i l l  
become c l e a r .  In f i g u r e  1 .2  t h e  i n t e r a c t i o n  between th e  symmetry 
o p e r a t i o n s  o f  t h e  c l a s s  and th e  f o rm  i n d i c e s  o f  a r e g u l a r  c r y s t a l  
p ro duce  th e  c o m p le te  l i s t  o f  f a c e t  i n d i c e s ,  f o r  n o n - r e g u l a r  c r y s t a l s  
such i n t e r a c t i o n  i s  n o t  r e q u i r e d  s i n c e  t h e  u s e r  s p e c i f i e s  t h e  c o m p le te  
l i s t .
1.1 CRYSTAL SYSTEM. AXIAL PARAMETERS AND MATRIX REPRESENTATION
C r y s t a l l o g r a p h e r s  choose t o  d e f i n e  c r y s t a l s  r e l a t i v e  t o  seven 
s e t s  o f  c r y s t a l l o g r a p h i c  axes,  th e  seven c r y s t a l  s y s t e m s . Each o f  
th e s e  systems possesses a c h a r a c t e r i s t i c  symmetry .  These d i v i s i o n s  
s i m p l i f y  th e  measurement  and c l a s s i f i c a t i o n  o f  c r y s t a l s .  The u s e r  can
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f i g u r e  1 . 2
A n a l y t i c  c o m p u t a t i o n s  o f  t h e  d e f i n i t i o n  module
USER DEFINITION 
( s y m b o l i c  
n o t a t i o n  o f  
c r y s t a l l o g r a p h y
DEFINITION MODULE
i n t e r m e d i a t e  data
DEFINITION MODULE
G e o m e t r i c  d a ta  
I n t e r f a c e  t o  
C o n s t r u c t i o n
H a b i tC r y s t a l
c l a s s
I n d i c e sC r y s t a l
sys tem
Mapping 
M a t r i x  M
Paramete rs
S e l e c t
Symmetry
o p e r a t i o n s
e q u a t i o n s
Comple te  l i s t  
o f  f a c e t  i n d i c e s  
and h a b i t  v a lu e s
module
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s e l e c t  any o f  t h e s e  sys tem names, th e  c h o i c e  depends e n t i r e l y  upon th e  
symmetry o f  the  r e q u i r e d  f u n d a m e n t a l  c e l l .  The seven c r y s t a l  sys tems 








The d e f i n i t i o n  module w i l l  o n l y  a c c e p t  one o f  t h e  v a l i d  sys tems above, 
and once c o r r e c t l y  s e l e c t e d ,  t h e  module  w i l l  a u t o m a t i c a l l y  p ro mp t  th e  
u s e r  t o  s u p p l y  v a r i o u s  a x i a l  p a r a m e t e r s  n e c e s s a r y  t o  p r e c i s e l y  d e f i n e  
t h e  c r y s t a l l o g r a p h i c  space used i n  t h e  c r y s t a l l o g r a p h i c  n o m e n c la t u re  
t o  d e f i n e  th e  c r y s t a l  f a c e t s .  Both  t h e  sys tem name and i t s  a t t r i b u t e s  
o r  a x i a l  p a r a m e t e r  a re  v a l i d a t e d  on i n p u t .
A l l  seven c r y s t a l  sys tems r e f e r  t o  r i g h t  handed axes (see f i g
0 . 1 1 ) ,  howeve r ,  t h e  c r y s t a l l o g r a p h i c  axes v a r y  f r o m  t h e  GKS s t a n d a r d  
r i g h t  handed C a r t e s i a n  axes used i n  t h e  c o n s t r u c t i o n  and d i s p l a y  
modu le s .  For  c r y s t a l l o g r a p h e r s  t h e  s u b - d i v i s i o n  o f  c r y s t a l s  i n t o  
sys tems and a x i a l  p a ra m e t e r s  i s  i n d i s p e n s a b l e ,  b u t  f o r  e f f i c i e n t
i m p l e m e n t a t i o n  o f  t h e  c o n s t r u c t i o n  and d i s p l a y  o p e r a t i o n s ,  and t o  
e nsu re  a c o h e r e n t  module d e s i g n  m e t h o d o lo g y ,  i t  i s  n e c e s s a r y  t o  
t r a n s f o r m  t h e  u se r  d e f i n i t i o n  t o  a s t a n d a r d  g e o m e t r i c a l  da ta  
r e p r e s e n t a t i o n  r e l a t i v e  t o  a s t a n d a r d  t r i a d  o f  o r t h o g o n a l  C a r t e s i a n
axes te rmed th e  A b s o l u t e  a x i a l  s v s t e m . T h is  e nsu re s  t h a t  t h e
r e m a i n i n g  modules  are  i n d e p e n d e n t  o f  t h e  d e f i n i t i o n  mod ule ,  so we can 
ex te n d  th e  range o f  convex d i s c r e t e  s u r f a c e  p o l y h e d r a  we can produ ce  
by i n s e r t i n g  new d e f i n i t i o n  modules  w i t h  an i d e n t i c a l  i n t e r f a c e  t o  t h e
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c o n s t r u c t i o n  module .
S ince  t h e  m i n i m a l  d e f i n i t i o n  n o t a t i o n  f o r  a f u n d a m e n t a l  c e l l  i s  
a lways d e s c r i b e d  r e l a t i v e  t o  t h e  c r y s t a l l o g r a p h i c  space,  w i t h i n  t he  
d e f i n i t i o n  module t h e r e  must  be some mapping o p e r a t i o n  t o  c o n v e r t  t h e  
u s e r  d e f i n i t i o n  i n t o  th e  s t a n d a r d  g e o m e t r i c  d a ta  r e q u i r e d  by t h e  
c o n s t r u c t i o n  mod ule .  Hence, t h e  l o g i c a l  a b s t r a c t i o n  o f  th e  
c r y s t a l l o g r a p h i c  a x i a l  sys tem i s  t h a t  o f  a mapping m a t r i x  w h ic h  we 
c a l l  M t h r o u g h o u t .  T h i s  m a t r i x  c o n v e r t s  t h e  u s e r  d e f i n e d  c r y s t a l  
r e l a t i v e  t o  th e  c r y s t a l l o g r a p h i c  space t o  an e q u i v a l e n t  c r y s t a l  
d e f i n i t i o n  r e l a t i v e  t o  t h e  A b s o l u t e  a x i a l  sys tem used w i t h i n  th e  
c o n s t r u c t i o n  and d i s p l a y  modu le s .
The mapping m a t r i x  i s  c o n s t r u c t e d  f r o m  th e  g e o m e t r i c a l  p r o p e r t i e s  
o f  each c r y s t a l  sys te m and i t s  a t t r i b u t e s  ( a x i a l  p a r a m e t e r s ) .  The 
a x i a l  p a ra m e t e r s  a s s o c i a t e d  w i t h  each c r y s t a l  sys tem p r e c i s e l y  d e f i n e  
t h e  o r i e n t a t i o n  o f  th e  c r y s t a l l o g r a p h i c  axes ,  t h e  l i n e s  p a s s in g  
t h r o u g h  th e  m id d l e  o f  t h e  i d e a l  ( r e g u l a r )  c r y s t a l ,  c r o s s i n g  a t  t h e  so 
c a l l e d  c e n t r e  o f  t h e  c r y s t a l .  In t h e  s y m b o l i c  n o m e n c l a t u r e  o f  
c r y s t a l l o g r a p h y  t h e  p o s i t i o n s  o f  c r y s t a l  f a c e t s  a re  measured r e l a t i v e  
t o  t h i s  c r y s t a l l o g r a p h i c  a x i a l  sys tem.
There  are  two t y p e s  o f  p a r a m e t e r s :
1 . d e f i n i t i o n  o f  a n g le s  between axes ,  a x i a l  ang le s
2 . d e f i n i t i o n  o f  u n i t  l e n g t h s  a lo n g  axes,  a x i a l  r a t i o s
The a x i a l  a n g le s  are  r e q u i r e d  i f  some o r  a l l  o f  th e  c r y s t a l l o g r a p h i c  
axes a re  n o n - o r t h o g o n a l . The a r b i t r a r y  a n g le s  f o r  t he  s e l e c t e d  sys tem 
must  be p r e c i s e l y  d e f i n e d  by t h e  u s e r .  The s t a n d a r d  n o t a t i o n  d e n o t i n g  
t h e  a n g le s  between th e  c r y s t a l s  i s  as f o l l o w s :
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i n t e r a x i a l  a ng le  between t h e  y and z -ax e s  ( y A z ) deno te d  by a
i n t e r a x i a l  a n g le  between th e  z and x - a x e s  ( z A x ) deno te d  by P
i n t e r a x i a l  a n g le  between th e  x and y -a x e s  (xAy)  deno te d  by y
The u n i t  l e n g t h s  a lo ng  th e  axes i n  some sys tems may a l s o  d i f f e r
f r om  th e  u n i f o r m  u n i t  d i s t a n c e  used i n  t h e  C a r t e s i a n  axes o f  A b s o l u t e  
space.  These are  t r a d i t i o n a l l y  d e f i n e d  by t h e  a x i a l  r a t i o s ;  th e  u n i t  
l e n g t h s  a lo n g  th e  x - , y - ,  z -  c r y s t a l l o g r a p h i c  axes,  l a b e l l e d  a, b, c 
r e s p e c t i v e l y .  T h i s  means t h a t  one u n i t  a lo n g  t h e  c r y s t a l l o g r a p h i c  
x - a x i s  i s  e q u i v a l e n t  t o  ' a ' u n i t s  i n  A b s o l u t e  space e t c ,  
C r y s t a l l o g r a p h e r s  choose one o f  t h e  c r y s t a l l o g r a p h i c  axes as t h e  u n i t  
o f  measurement ,  and th e  l e n g t h s  a re  e x p ressed  as a x i a l  r a t i o s .  
However ,  t o  s i m p l i f y  t h e  u s e r  i n t e r f a c e ,  any p r o p o r t i o n a l  r e a l  v a l u e s  
can be i n p u t  and t h e  r a t i o s  w i l l  be e v a l u a t e d  by t h e  d e f i n i t i o n  
m o d u l e .
Ag a in  v a l i d a t i o n  w i t h i n  t h e  d e f i n i t i o n  module ensu re s  t h a t  
i n c o r r e c t l y  d e f i n e d  p a ra m e t e r s  ( e . g .  a x i a l  r a t i o s  o f  z e r o ,  n e g a t i v e  
a n g le s )  a re  d e t e c t e d  and c o r r e c t e d  by t h e  u s e r  b e f o r e  any c o m p u t a t i o n s  
commence.
To i l l u s t r a t e  t h e  d e f i n i t i o n  o f  a x i a l  p a r a m e t e r s  and th e  
c o m p u t a t i o n  o f  t h e  mapping m a t r i x  we s h a l l  d i s c u s s  th e  T r i c l i n i c  
s ys tem.  D e t a i l s  o f  t h e  o t h e r  sys tems a re  o u t l i n e d  i n  APPENDIX I .
TRICLINIC SYSTEM
T h is  has a s e t  o f  n o n - o r t h o g o n a l  axes ,  i n  w h ic h  none o f  t h e  a x i a l  
a n g le s  a ,  P, ‘y i s  90°  and a l l  t h r e e  v a lu e s  o f  t h e  a x i a l  r a t i o  must  be 
s p e c i f i e d . See f i g  1 .3 .
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f i g  1 .3
T r i c l i n i c  a x i a l  sys tem
a x i a l  r a t i o  a : b : c  
a f b f c  f c \
The m a t r i x  M, w i l l  map a p o i n t  ( r , s , t )  r e l a t i v e  t o  t h e  x - , y - ,
z - c r y s t a l l o g r a p h i c  axes,  t o  i t s  e q u i v a l e n t  c o - o r d i n a t e s  ( r ' . s ' . t ' )  
r e l a t i v e  t o  t h e  ABSOLUTE x ' - ,  y ' - ,  z - a x e s  o f  A b s o l u t e  space and i s  
c o n s t r u c t e d  f r o m  th e  p a r a m e t e r s  o f  a x i a l  r a t i o s  and a x i a l  a n g le s  
a s s o c i a t e d  w i t h  each c r y s t a l  sy s tem.  I t s  c o n s t r u c t i o n  can be d i v i d e d  
i n t o  two s t a g e s ;
1. The s c a l i n g  m a t r i x  S w h ic h  t r a n s f o r m s  c r y s t a l l o g r a p h i c  space
so t h a t  th e  u n i t  o f  measurement a lo n g  th e  x - ,  y - ,  z -a x e s  i s
u n i f o r m ,  i . e .  t h e  a x i a l  r a t i o  i s  s c a le d  f r o m  a : b : c  t o  1 : 1 : 1 .
2. The m a t r i x  N w h ic h  maps any p o i n t  r e l a t i v e  t o  t h e  s c a le d
c r y s t a l l o g r a p h i c  axes (now w i t h  a x i a l  r a t i o  1 : 1 : 1 ) t o  i t s  
c o r r e s p o n d i n g  p o i n t  r e l a t i v e  t o  t h e  x ' - ,  y ' - ,  z ' -  axes o f  th e  
A b s o l u t e  C a r t e s i a n  c o - o r d i n a t e  sys tem.
The c o m p le te  mapping m a t r i x  i s  M=NxS. (The symbol  x d e n o te s  m a t r i x
m u l t i p l i c a t i o n ) .
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We can use a 3 by 3 m a t r i x  t o  r e p r e s e n t  t h e  t r a n s f o r m a t i o n s ,  and 




1 .1 . 1  THE SCALING MATRIX S:
I f  a, b, c a re  th e  c r y s t a l l o g r a p h i c  a x i a l  r a t i o s  a lo n g  th e  x - , 
y - ,  and z -  c r y s t a l l o g r a p h i c  axes r e s p e c t i v e l y  th e  th e  s c a l i n g  m a t r i x  S 
i s  :
a 0 0
S= 0 b 0 
0 0 c
We use t h i s  m a t r i x  t o  s c a le  t h e  c r y s t a l l o g r a p h i c  space ,  p r i o r  t o  
c a l c u l a t i n g  t h e  m a t r i x  N. In  t h e  t r i c l i n i c  sys tem (see f i g u r e  1 .3 )  
a l l  t h r e e  r a t i o s  are  d i f f e r e n t  so a l l  t h r e e  v a lu e s  must  be s u p p l i e d  by 
th e  u s e r  b e f o r e  S can be computed.  O th e r  c r y s t a l l o g r a p h i c  systems may 
r e q u i r e  o t h e r  c o m b in a t i o n s  o f  t h e  p a r a m e t e r s  a, b, c t o  be s u p p l i e d  
b e f o r e  t h e  s c a l i n g  m a t r i x  can be computed (see a p p e n d ix  I ) .
1 . 1 . 2  THE MAPPING MATRIX N
The m a t r i x  N i s  more complex and i s  d e t e r m i n e d  by t h e  g e o m e t r i c  
p r o p e r t i e s  o f  t h e  s e l e c t e d  c r y s t a l  sys tem.  I t  maps a g e n e r a l  p o i n t  
( r , s , t  ) i n  t h e  s c a le d  c r y s t a l l o g r a p h i c  sys tem to  a p o i n t  ( r ' , s ' , t ' )  
measured r e l a t i v e  to  th e  x ' - ,  y ' - ,  z ' -  A b s o l u t e  axes .  L e t  us c o n s i d e r  
t h i s  t r a n s f o r m a t i o n  i n  more d e t a i l .  I f  N i s  t h e  m a t r i x  
n i l  n 1 2 n 13
N = n21 n22 ri23 
n31 n32 n33
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and t h e  t r a n s f o r m a t i o n  i s
n 1 1 n 12 n13 r n 1 1 . r  + n l 2 . s + n 1 3 . t ' r ' ~
n 21 n 22 n23 • s = n 2 1 . r + n 2 2 . s+ n 2 3 . t = s '
n3 1 n32 n33 t n 3 1 . r + n 3 2 . s + n 3 3 . t f
We can c a l c u l a t e  the  m a t r i x  N by c o n s i d e r i n g  th e  t r a n s f o r m s  o f  the  
u n i t  v e c t o r s  a lo n g  th e  x,  y , z ,  c r y s t a l l o g r a p h i c  axes s i n c e ,
N . "  r = n 1 1 N. "o ' = n 1 2 N. "o = n13
0 n 21 1 n22 0 n23
^0 n3 1 0 n32 1 _n33_
To d e m o n s t r a t e  t h e  mechanism o f  t h i s  c a l c u l a t i o n  we s h a l l  
r e c o n s i d e r  t h e  T r i c l i n i c  sys tem.  L e t  us assume t h a t  th e  
c r y s t a l l o g r a p h i c  axes have a l r e a d y  been s c a le d  by t h e  m a t r i x  S; ><', 
and z '  r e p r e s e n t  t h e  u n i t  v e c t o r s  a lo n g  t h e  ABSOLUTE a x i a l  sys te m,  and 
X ,  y .  and z r e p r e s e n t  t h e  u n i t  v e c t o r s  a lo n g  t h e  s c a le d  
c r y s t a l l o g r a p h i c  axes.  The p o s i t i o n  o f  t h e  u n i t  v e c t o r s  x ,  y., z 
r e l a t i v e  t o  t h e  ABSOLUTE axes are  fo und  f r o m  t h e  d i r e c t i o n  c o s in e s  
made by th e s e  v e c t o r s  and th e  ABSOLUTE AXES, i . e .
N . x ^ n 1 1 . x ' + n 2 1 . ^ ' + n 3 1 . % '
N . y ^ n 1 2 . x ' + n 2 2 . y / + n 3 2 . % '
N .% =n13 .^ '  +n23 .y,' +n33.%'
where  n i l ,  n 2 1 , n 3 1 are  th e  d i r e c t i o n  c o s in e s  o f  th e  v e c t o r  _x w i t h  the  
X ' - ,  y ' - ,  z ' -  axes ,  n12,  n22,  n32 a re  t h e  d i r e c t i o n  c o s in e s  o f  v e c t o r  
y. w i t h  X ' - ,  y ' - ,  z - a x e s ,  and n13,  n 2 3 , n33 a re  th e  d i r e c t i o n  c o s in e s  
o f  t h e  v e c t o r  z w i t h  x ' - , y ' -  z - a x e s  r e s p e c t i v e l y .
79
In  t h e  t r i c l i n i c  sys tem,  a l l  t h r e e  a x i a l  a n g le s  a . p , *y must  be
s p e c i f i e d  by the  u s e r  b e f o r e  th e  m a t r i x  N can be computed .  By
c o n v e n t i o n ,  t h e  z  re m a in s  unchanged i . e .  t h e  z - a x i s  i n  t h e  s c a le d
c r y s t a l l o g r a p h i c  system maps to  t h e  z ' - a x i s  o f  th e  ABSOLUTE a xes .  So
N.z,= z '
n13 = Q n23 = Q n33 = 1
However ,  f r om  f i g u r e  1.4 we can see t h a t  
N . y ^ c o s ( y A y / ) . y /  + c o s ( y A z / ) . z "
= s i n  (a)  , ) i '  + C O S  (a)  . z ' 
f i g u r e  1.4
R e l a t i o n s h i p  between t h e  a b s o l u t e  a x i a l  sys tem and c r y s t a l l o g r a p h i c  y 
and z -a x e s  i n  t h e  T r i c l i n i c  sys tem
n 1 2 = 0 n 2 2 = s i n ( a ) n3 2 = c o s (a )
N.x r e q u i r e s  f u r t h e r  c o n s i d e r a t i o n ,
N . x = cos ( xAx ' ) . X  ‘ +  C O S  ( xAv^' ) , +cos ( xAz '
u s i n g  t he  f a c t  t h a t
c o s ( x A z ' ) = c o s (xA z )= cos  O )
. z
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n 3 1= c o s (0)  
and
c 0 s ( ÜAy ) = c 0 s ( ^ ) =21. y
= y . ( s i n ( a ) . y ‘ + c o s ( a ) . z ' )
= s i n ( a ) ( x . y " ) + c o s ( a ) c o s ( p )
g i v e s
X . y  ' =cos ( x.Ay ■ ) = ( c o s ( ' Y ) - c o s ( a ) c o s ( p )  ) / s i n ( a )
n21 = ( c o s ( * f ) - c o s ( a )  . c o s ( p )  ) / s i n ( a )
i n  a d d i t i o n  
c o s ( x A x ) = 1= x , X
= ( c o s ( x A x ' ) . X ' + C O S ( x A y ■) . y ' + c o s ( x A z ' ) . % ' )
2 2 2 =( cos  ( x A x ‘ )+cos ( x A y ' ) + c o s  ( y A z ' ) )
so
2 2 n 1 1= c o s ( x A x ' ) = / ( 1 - c o s  ( x A y ' ) - c o s  ( x A z ‘ ))
I f  we s u b s t i t u t e  th e s e  d i r e c t i o n  c o s in e s  i n t o  N 
th e  c o m p le te  m a t r i x  i n c l u d i n g  the  s c a l i n g  i s :  
a r  0 0
ap b s i n ( a )  0M =
a c o s ( 0 ) b c o s ( a ) c
2 2 where r= / ( 1 -p  - cos  ( # ) )
and p= ( cos ( -Y ) - cos  (a ) . cos ( P ) ) /  s i n  (a )
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The c o m p u t a t i o n s  f o r  t h e  r e m a i n i n g  sys tems a re  o u t l i n e d  i n  
APPENDIX I and f i g u r e  1 .5  o u t l i n e s  t h e  a x i a l  p a r a m e t e r s  r e q u i r e d  f o r  
each sy s tem.  We s h a l l  d i s c u s s  how t o  use t h e s e  mapping m a t r i c e s  t o  
c o n s t r u c t  t h e  g e o m e t r i c  d a ta  f o r  t h e  c o n s t r u c t i o n  module  i n  s e c t i o n  
1 .5 .  
f i g  1 . 5
A x i a l  i n f o r m a t i o n  r e q u i r e d  f o r  each sys tem
SYSTEM AXIAL RATIOS AXIAL ANGLES
TRICLINIC a f b f c
MONOCLINIC a f b f c a=^=90°  Ap>90°
ORTHORHOMBIC a f b * c 0=3=7=90°
TRIGONAL a = b *c 0=3=90° 7 = 1 2 0 °
RHOMBOHEDRAL a = b = c o=3= Y< t20° , * 9 0 °
TETRAGONAL a = b f c 0=3=7=90°
HEXAGONAL a = b f c 0=3=90° 7 = 1 2 0 °
CUBIC a = b = c 0=3=7=90°
1 .2 THE THIRTY-TWO CRYSTAL CLASSES. SYMMETRY OPERATIONS AND GENERATING 
MATRICES
A more f u n d a m e n t a l  d i v i s i o n  t h a n  t h e  seven c r y s t a l  sys tems i s  
t h a t  o f  t h e  t h i r t y - t w o  c r y s t a l  c l a s s e s  [ P h i l l i p s ,  1 9 6 0 ; p i  05-  1 57 ] based 
on t h e  g ro up  symmetry and l a t t i c e s  d e m o n s t r a te d  i n  each c r y s t a l  sys tem 
[Donnay and Donnay, 1 969;  p 8 -11 ;  Z h e lu d e v ,  1 983 ]., The c o n c e p t  o f
p o i n t  g ro up s i s  used i n  th e  a n a l y s i s  o f  t h e  symmetry o f  f i n i t e  b o d ie s  
[ C o x e t e r ,1938 and 1969; B u r c h a r d t ,  1947; Be lowa,  Below and Schubn ikow,  
194 8 ] ,  h e re  we a re  o n l y  conce rned  w i t h  t h e  c r y s t a l l o g r a p h i c  p o i n t  
g roups  w h ich  l i m i t s  us t o  axes o f  1 - ,  2 - ,  3 - ,  4-  and 6 - f o l d  r o t a t i o n  
symmetry  w i t h  o r  w i t h o u t  i n v e r s i o n .
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Each p o i n t  g roup  i s  c o n s t r u c t e d  o u t  o f  a f i n i t e  g roup  o f  
c o n g r u e n t  t r a n s f o r m a t i o n s .  There are  t h r e e  b a s i c  symmetry o p e r a t i o n  
a p p r o p r i a t e  t o  p o i n t  g roup  a n a l y s i s :
1. ROTATION
2. ROTATION-INVERSION
3. REFLECTION ACROSS A PLANE
The t h i r t y - t w o  g roup s whose r o t a t i o n s  a l l  have p e r i o d  2. 3. 4, o r  5
a re  c a l l e d  th e  c r y s t a l l o g r a p h i c  p o i n t  g ro u p s ,  o r  c r y s t a l  c l a s s e s .
By i n v e s t i g a t i n g  t h e  c h a r a c t e r i s t i c  symmetry i n  a r ra n g e m e n t  o f  
f a c e t  i n  a c r y s t a l  i t  i s  p o s s i b l e  t o  c l a s s i f y  each c r y s t a l  i n t o  one o f  
t h e  c r y s t a l  c l a s s e s .  C r y s t a l l o g r a p h e r s  have a b s t r a c t e d  t h e  
m a t h e m a t i c a l  p o i n t  g roup  n o t a t i o n  i n t o  a s y m b o l i c  n o t a t i o n  used t o  
d e n o te  each o f  t h e  t h i r t y - t w o  c r y s t a l  c l a s s e s .  For  t h e  i m p l e m e n t a t i o n  
o f  t h e  d e f i n i t i o n  module we s h a l l  a b s t r a c t  t h e  c r y s t a l l o g r a p h i c  
n o t a t i o n  i n t o  a f o r m a l  m a t h e m a t i c a l  r e p r e s e n t a t i o n  w h i c h  can be used 
w i t h i n  th e  programmed s o l u t i o n  t o  compute th e  f a c e t s  o f  a c r y s t a l .  
G iven a p a r t i c u l a r  fo rm  i n d e x  we can use t h e  symmetry o p e r a t o r s  o f  t h e  
c r y s t a l  c l a s s  t o  g e n e r a t e  a l l  th e  r e l a t e d  f a c e t  i n d i c e s .
F ig  1 . 6  g i v e s  a more d e t a i l e d  l i s t  o f  th e  symmetry o p e r a t i o n s  and 
th e  w r i t t e n  symbol  g i v e n  t o  each symmetry o p e r a t o r  i n  c r y s t a l l o g r a p h y .  
In  a r o t a t i o n  axes th e  f a c e t  i s  t u r n e d  t h r o u g h  th e  a n g le  g i v e n  u n t i l  
th e  o r i g i n a l  p o s i t i o n  i s  r e a c h e d .  In a r o t a t i o n - i n v e r s i o n  axes th e  
f a c e t  i s  r o t a t e d  t h r o u g h  th e  g i v e n  a n g le  and t h en  i n v e r t e d ;  t h i s  
p ro c e d u r e  i s  r e p e a te d  u n t i l  th e  o r i g i n a l  i s  reached a g a i n .  F i g u r e  1.7 
shows how t h e s e  symbols a re  used t o  c o n s t r u c t  t h e  c o m p le te  c l a s s  
sym bo l .  Each c l a s s  symbol  i s  d e r i v e d  by co m b in in g  t h e  e le m e n ts  o f
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F i g  1 . 6
Symmetry o p e r a t i o n s  and c r y s t a l l o g r a p h i c  s y m b o l i c  n o m e n c la t u r e  
o f  t he  t h i r t y - t w o  c r y s t a l  c l a s s e s
SYMMETRY OPERATOR WRITTEN SYMBOL
ROTATION-AXIS 1 - f o l d (monad) 1
2 - f o l d ( d i a d  ) 2
3 - f o l d ( t r i a d  ) 3
4 - f o l d ( t e t r a d  ) 4
6 - f o l d ( hexad ) 6
ROTATION-INVERSION 1 - f o l d (monad) 1
AXIS 2 - f o l d ( d i a d  ) 2
3 - f o l d ( t r i a d  ) 3
4 - f o l d ( t e t r a d  ) 4
6 -  f o l d ( hexad ) 6
REFLECTION PLANE m i r r o r p la n e m
INVERSION c e n t r e 1 -
f i g u r e  1 . 7 :  C o m b in a t io n s  o f  symbols  t o  p ro duce  c l a s s  symbol  n o t a t i o n
R o t a t i o n  a x i s  X
I n v e r s i o n  a x i s  X
R o t a t i o n  a x i s  w i t h  m i r r o r  p la n e  no rm a l  t o  i t  X/m
R o t a t i o n  a x i s  w i t h  d ia d  no rma l  t o  i t  X2
R o t a t i o n  a x i s  w i t h  m i r r o r  p la n e  p a r a l l e l  t o  i t  Xm
I n v e r s i o n  a x i s  w i t h  d i a d  a x i s  no rma l  t o  i t  X2
I n v e r s i o n  a x i s  w i t h  m i r r o r  p la n e  p a r a l l e l  t o  i t  Xm
R o t a t i o n  a x i s  w i t h  a m i r r o r  p la n e  no rm a l  t o  i t  
and m i r r o r  p la n e  p a r a l l e l  t o  i t  Xmm
84
symmetry l i s t e d  i n  f i g u r e  1.B and are  g rouped  i n t o  c r y s t a l  sys tems 
a c c o r d i n g  to  the  s e t  o f  c o - o r d i n a t e  axes to  w h ic h  t h e y  are  most  
c o n v e n i e n t l y  r e f e r r e d .  In  f i g u r e  1,7 t h e  X can s ta nd  f o r  1 , 2 ,  3, 4
o r  6 i f o l d  r o t a t i o n  axes .  APPENDIX I I  l i s t s  th e  symbols  f o r  a l l  
t h i r t y - t w o  c l a s s e s  a c c o r d i n g  to  t h e i r  r e l e v a n t  c r y s t a l  sys tems.
To e x p l a i n  th e  c r y s t a l  c l a s s  n o t a t i o n ,  c o n s i d e r  the  symmetry 






s i x - f o l d  r o t a t i o n  abo ut  z - a x i s  
p lu s  p e r p e n d i c u l a r  m i r r o r  p la n e  
t w o - f o l d  r o t a t i o n  a bou t  y - a x i s  
p lu s  p e r p e n d i c u l a r  m i r r o r  p la n e  
t w o - f o l d  r o t a t i o n  abo u t  x - a x i s  
p lu s  p e r p e n d i c u l a r  m i r r o r  p la n e
T h i s  has th e  e q u i v a l e n t  s h o r t  n o t a t i o n  o f  6 /mmm s i n c e  s i x - f o l d  
r o t a t i o n  abo ut  the  z - a x i s  p l u s  m i r r o r  p la n e s  p e r p e n d i c u l a r  to  the  x -  
y -  and z - a x e s  produces  th e  same p o i n t  g roup  and hence th e  same c r y s t a l  
c l a s s  see f i g u r e  1 . 8 .
F i g u r e  1.8
c l a s s  6 /mmm; th e  e lemen ts  o f  symmetry and
he xagona l  c r y s t a l l o g r a p h i c  axes
^  S\x ft>+aKon
0  hoo f&tti+Ton
1
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We have f o r m u l a t e d  a s t r a t e g y  t o  r e p r e s e n t  th e  g e o m e t r i c  c o nc e p ts  
den o te d  by th e  symbols i n  a s o f t w a r e  e n v i r o n m e n t  s u i t a b l e  f o r
i m p l e m e n t a t i o n .  J u s t  as t h e  c r y s t a l l o g r a p h e r s  a b s t r a c t  t h e  symmetry 
g ro ups  by symbols ,  we can a b s t r a c t  them by r e p r e s e n t i n g  each symmetry 
o p e r a t o r  r o t a t i o n ,  r o t a t i o n  i n v e r s i o n  and r e f l e c t i o n ,  by a m a t r i x ;  
such an a b s t r a c t i o n  a l s o  f a c i l i t a t e s  i m p l e m e n t a t i o n  s i n c e  t h e y  can be 
i n c o r p o r a t e d  d i r e c t l y  i n t o  th e  programmed s o l u t i o n .  These m a t r i c e s  
r e p r e s e n t  c o n g ru e n t  t r a n s f o r m a t i o n s ,  by c o m b in i n g  th e  m a t r i c e s  
a p p r o p r i a t e  t o  th e  s e l e c t e d  c l a s s  w i t h  t h e  u s e r  d e f i n e d  fo rm  i n d i c e s
o f  a c r y s t a l  we can g e n e r a t e  a c o m p le te  l i s t  o f  i n d i c e s  f o r  a l l  th e
p o s s i b l e  f a c e t s  i n  a c r y s t a l .  T h e r e f o r e  t h e  s o f t w a r e  r e p r e s e n t a t i o n  
o f  t h e  c r y s t a l  c l a s s  w i l l  be den oted  by a l i s t  o f  m a t r i c e s  
r e p r e s e n t i n g  th e  g ro up  symmetry o f  t h e  c l a s s  (see f i g u r e  1 . 2 ) .
APPENDIX I I I  d e s c r i b e s  i n  d e t a i l  th e  symmetry o p e r a t o r  o f  each c l a s s  
and t h e i r  c o r r e s p o n d i n g  m a t r i x  r e p r e s e n t a t i o n .  T h i s  d a ta  i s  r e t r i e v e d  
by t h e  d e f i n i t i o n  module when th e  u se r  s e l e c t s  a p a r t i c u l a r  c l a s s .
I t  i s  u nn ece ssa ry  t o  e x p l i c i t l y  s t o r e  e v e r y  symmetry o p e r a t o r  o f  
a c l a s s ,  j u s t  as th e  c r y s t a l l o g r a p h i c  n o t a t i o n  can be s h o r t e n e d ,  e .g  
6 /mmm i s  e q u i v a l e n t  t o  6 /m 2 /m 2 /m; so t h e  m a t r i x  r e p r e s e n t a t i o n  o f  
each c r y s t a l  c l a s s  can be m in im i s e d  by s e l e c t i n g  a s e t  o f  g e n e r a t o r s  
f o r  t h e  g ro u p .  To m in i m i s e  t h e  number o f  m a t r i c e s  r e q u i r e d  by th e  
d e f i n i t i o n  module t o  r e p r e s e n t  t he  c r y s t a l  c l a s s  we must s e l e c t  a 
m i n i m a l  n o n - r e d u n d a n t  s e t  o f  g e n e r a t o r s .  T h i s  i s  a lways p o s s i b l e  
because each c r y s t a l  c l a s s  deno te s  a f i n i t e  symmetry .g roup,  and eve ry  
f i n i t e l y  g e n e r a t e d  g roup  6 can a lways be exp ressed  as g e n e r a t o r s  
CLedermann, 1 9 7 3 ] .  For  example ,  we can t r i v i a l l y  r e g a r d  a l l  e le men ts  
o f  G as g e n e r a t o r s  and s u b s e q u e n t l y  remove re d u n d a n t  g e n e r a t o r s  to  
l e a v e  an n o n - r e d u n d a n t  s e t .
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To c o n s t r u c t  th e  m in i m a l  s e t  o f  g e n e r a t o r s  f o r  each c l a s s ,  we 
c o n s i d e r  a l l  th e  symmetry o p e r a t o r s  o f  r e f l e c t i o n ,  r o t a t i o n ,  and 
r o t a t i o n  i n v e r s i o n  d em o n s t ra te d  by th e  c l a s s  and e l i m i n a t e  symmetry 
o p e r a t i o n s  t h a t  can be expr essed  i n  te rms o f  o t h e r  g e n e r a t o r s .  For  
exam ple ,  t h e  f u l l  symmetry o f  t he  c l a s s  6 /m 2 /m 2 /m (see f i g u r e  1 . 8 ) 
c o n s i s t s  o f  the  f o l l o w i n g  symmetry o p e r a t o r :
s i x - f o l d  r o t a t i o n  about  z - a x i s
two s e t s  o f  t h r e e  v e r t i c a l  p la ne s
two s e t s  o f  t h r e e  d ia d  axes no rm a l  t o  t h e  p la n e s
m i r r o r  p la n e  norma l  t o  z - a x i s
c e n t r a l  i n v e r s i o n .
By e l i m i n a t i n g  symmetry o p e r a t o r s  w h ic h  can be e xp resse d  i n  te rms o f  
o t h e r  g e n e r a t o r s  we are  l e f t  w i t h
1 . s i x - f o l d  r o t a t i o n  abo u t  z - a x i s  (d e no te d  by m a t r i x  g l )
2 . m i r r o r  p la n e  p e r p e n d i c u l a r  t o  z - a x i s  ( deno te d  by m a t r i x  g 2 )
3. m i r r o r  p la ne  p e r p e n d i c u l a r  t o  y - a x i s  ( deno te d  by m a t r i x  g 3 ) .
Each o f  th ese  o p e r a t o r s  can be r e p r e s e n t e d  by th e  3 by 3 m a t r i c e s  g l  
g2, g3 where :
1 1 0
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0 0 - 1








0 - 1  0 
0 0 1
Sin c e  6 /m 2/m 2/m i s  a c l a s s  i n  th e  h exagona l  sys tem,  g3 den o te s  a 
m i r r o r  p la n e  p e r p e n d i c u l a r  t o  th e  y - a x i s  o f  t he  h ex a g o n a l  sys tem.  In 
g e n e r a l ,  any c l a s s  can be r e p r e s e n t e d  by a s e t  o f  g e n e r a t o r s  g l ,  g 2 , 
. . . ,  gn .  Each o f  th e s e  g e n e r a t o r s  pro du ces  a s u b - g r o u p  Gi 
Gi= { g i  " b
where  = I  ( u n i t  m a t r i x )
and 1< k i < l i +1
We can r e c o n s t r u c t  t h e  comp le te  symmetry g ro up  G u s in g  th e  d i r e c t  
p r o d u c t  o f  th e s e  subgroups 
G= G1xG2x, . . xGn
I f  t h e  p e r i o d  o f  G i s  p and th e  u s e r  s p e c i f i e s  m fo rm  i n d i c e s  t h en  th e  
c o m p le te  l i s t  o f  f a c e t  i n d i c e s  w i l l  be a t  most  p.m, how eve r ,  some o f  
t h e  i n d i c e s  may be d u p l i c a t i o n s  wh ich  a re  removed on g e n e r a t i o n .
The o r d e r  i n  w h ich  th e  m a t r i c e s  are  m u l t i p l i e d  i s  i m p o r t a n t  
s i n c e ,  i n  g e n e r a l ,  m a t r i c e s  are  n o n -c o m m u ta t i v e  under  m u l t i p l i c a t i o n ,
i . e .
R x S f S x R
However ,  f o r  symmetry m a t r i c e s  o f  p e r i o d  two ,  RxR=I,  t h e  o r d e r  o f  
m u l t i p l i c a t i o n  does n o t  m a t t e r .  By g e o m e t r i c  c o n s i d e r a t i o n  we can see 
t h a t  i l p  B i s  a m a t r i x  o f  p e r i o d  two th en  
AxB=BxA ^
In  p a r t i c u l a r  i f  A i s  a l s o  o f  o r d e r  two th en
- 1
AxB=BxA s i n c e  A=A 
Hence f o r  g roup s composed o f  m a t r i c e s  o f  o r d e r  two ( i . e .  r e f l e c t i o n ,  
c e n t r a l  i n v e r s i o n  and t w o - f o l d  r o t a t i o n )  t he  o r d e r  o f  m u l t i p l i c a t i o n  
i s  i r r e l e v a n t ,  however,  f o r  th e  r e m a i n i n g  m a t r i c e s  o f  t h r e e - f o l d ,
88
f o u r - f o l d  and s i x - f o l d  r o t a t i o n  t h e  o r d e r  i s  i m p o r t a n t  and t h e y  s h ou ld  
o n l y  be used i n  t h e  o r d e r  g i v e n  i n  APPENDIX I I I .
W i t h i n  t h e  d e f i n i t i o n  module we r e p r e s e n t  each c l a s s  as an
o r d e r e d  l i s t  o f  p o i n t e r s  to  t he  a p p r o p r i a t e  m a t r i x  g e n e r a t o r s .  The 
i n t e r f a c e  between the  e x t e r n a l  c r y s t a l l o g r a p h i c  c l a s s  n o t a t i o n  and th e  
m a t r i x  g e n e r a t o r s  i s  a many to  one mapping where  s e v e r a l  e q u i v a l e n t  
c l a s s  symbols  (see Ap pend ix  I I )  map t o  t h e  same m a t r i x  g e n e r a t o r s .
Whenever a c o r r e c t  c l a s s  i s  s e l e c t e d  by th e  u s e r  ( i . e .  a c l a s s
a p p r o p r i a t e  t o  t h e  c r y s t a l  sys tem)  t h e  g e n e r a t o r s  c o r r e s p o n d i n g  t o
t h i s  c l a s s  are  r e t r i e v e d  and used t o  expand t h e  f a c e t  d e f i n i t i o n  
s u p p l i e d  by t h e  u se r  (see s e c t i o n  1 . 4 ) .
1.3 FORMS AND HABITS OF FACETS
So f a r  we have co ve red  th e  d e f i n i t i o n  and s o f t w a r e  r e p r e s e n t a t i o n  
o f  t h e  sys tem and c l a s s  symmetry o p e r a t o r s ,  b u t  as y e t ,  hav^  no way o f  
d e f i n i n g  a g i v e n  f a c e t  o f  t h e  c r y s t a l .  T h i s  i s  g r e a t l y  s i m p l i f i e d  by 
t h e  Law o f  r a t i o n a l  i n d i c e s  [Dana, 1948, p 4 6 ] .  The s t u d y  o f  c r y s t a l s  
has l e a d  t o  t h e  d ev e lo pm e n t  o f  t h e  g e n e r a l  l a w  t h a t  t h e  r a t i o s  between 
i n t e r c e p t s  on the  c r y s t a l l o g r a p h i c  axes f o r  t h e  d i f f e r e n t  f a c e s  o f  th e  
c r y s t a l  can a lways be e x p ressed  by r a t i o n a l  numbers o f  i n d i c e s .  The 
use o f  i n d i c e s  i n  d e f i n i n g  fa c es  was p o p u l a r i s e d  by t h e  work  o f  W. H. 
M i l l e r  [ P h i l l i p s ,  M i l l e r  and B r o o k e , 18523 and a re  known as M i l l e r  
i n d i c e s .
The i n d i c e s  are  th e  r e c i p r o c a l s  o f  t h e  i n t e r c e p t s  o f  t h e  p la n e  
w i t h  t h e  t h r e e  c r y s t a l l o g r a p h i c  x - ,  y - ,  z -a x e s  e x p res s e d  i n  who le
numbers .  I f  t h e  i n t e r c e p t s  are  a / h ,  b / k ,  c / 1  where  a , b , c  a re  t he  
a x i a l  r a t i o s  a lo ng  th e  x - ,  y - ,  z -axe s  r e s p e c t i v e l y ,  t h en  th e  M i l l e r
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i n d i c e s  o f  t h e  p la n e  are  h k 1, I f  t he  f a c e t  i s  p a r a l l e l  t o  one o f  the  
axes,  t h e  i n d e x  f o r  t h a t  a x i s  i s  z e r o .  For  example 0 k 0 means t h a t  
t h e  p la n e  i s  p a r a l l e l  t o  t he  x - a x i s  and z - a x i s .  The f i g u r e s  are  
w r i t t e n  w i t h o u t  i n t e r v e n i n g  commas u n - e n c l o s e d  as h k 1 , o r  e n c lo s e d  
i n  smooth b r a c k e t s  (h k 1 ) ,
In  two o f  th e  c r y s t a l l o g r a p h i c  sys tems,  namely t h e  h e x a g o n a l  and 
t r i g o n a l  sys tems th e  M i l l e r  i n d i c e s  have been adapted  t o  r e f e r  t o  th e  
X  y u z axes (see f i g u r e  1 .9 )  and are  known as M i l l e r - B r a v a i s  i n d i c e s ,  
d en o te d  by (h k i  1 ) where  i  i s  th e  r e c i p r o c a l  i n t e r c e p t  a lo n g  th e  
u - a x i s .  The f i r s t  t h r e e  i n d i c e s  a re  n o t  i n d e p e n d e n t  s i n c e  t h e y  r e f e r  
t o  t h e  i n t e r c e p t s  o f  t h r e e  c o p l a n a r  axes.  The r e l a t i o n s h i p  i s :
h + k + i =0
( t h i s  p r o p e r t y  used t o  v a l i d a t e  t h e  M i l l e r - B r a v a i s  i n d i c e s . )  These 
f o u r  n o n - i n d e p e n d e n t  axes were i n t r o d u c e d  so t h a t  t h e  f a c e t s  p roduced 
by th e  s i x  f o l d  symmetry o f  th e  hexagona l  sys tem c o u l d  be foun d  by 
p e r m u t a t i o n  o f  th e  M i l l e r - B r a v a i s  i n d i c e s  e . g .  t h e  s i x  f a C e t  i n d i c e s  
r e l a t e d  t o  t h e  fo rm  {h k i  1 } by a s i x - f o l d  r o t a t i o n  a bou t  t h e  z - a x i s  
a r e :  
h k i  1
i  h k 1 .)
k i  h 1 
h k i  1 
i  h k 1 
k i  h 1
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H e x a g o n a l  c r y s t a l l o g r a p h i c  a x i a l  s y s t e m
A l t h o u g h  th e  u - a x i s  i s  r e d u n d a n t  i t  i s  n o t  o m i t t e d  i n  th e  
c r y s t a l l o g r a p h i c  n o m e n c la t u re  because i t  c l a r i f i e s  t h e  c o n n e c t i o n  
between t h e  i n d i c e s .  However i n  t h e  s o f t w a r e  e n v i r o n m e n t  t h i s  d e t a i l  
i s  i r r e l e v a n t  and th e  u - a x i s  i s  removed f r om  th e  r e p r e s e n t a t i o n .  
Hence e v e r y  f a c e t  i n d e x  can be r e p r e s e n t e d  w i t h o u t  a m b i g u i t y  by th e  
i n t e g e r s  (h k 1 ) and c r y s t a l l o g r a p h i c  space i s  u n i q u e l y  d e f i n e d  by t h e  
o r i e n t a t i o n  o f  t h e  x -  y -  and z - a x e s .
W h i l s t  c r y s t a l s  o f  a g i v e n  s p e c ie s  b e lo n g  t o  t h e  same sys tem and 
c l a s s  t h e  e x t e r n a l  appearance may be e x c e e d i n g l y  d i v e r s e .  F i g u r e  
1 . 1 0 - 1 . 1 4  are  examples o f  t h e  s u bs ta nc e  ZIRCON d e m o n s t r a t i n g  a v a r i e t y  
o f  f o r m s .  T h i s  w ide  d i v e r s i t y  i s  n o t  o n l y  due t o  t he  d i f f e r e n t  
numbers o f  f a c e t s  and fo rm s w h ich  may o c c u r ,  b u t  a l s o  t h e i r  r e l a t i v e  
s i z e ,  o r  h a b i t  changes.  Such changes i n  h a b i t  cause q u i t e  d i f f e r e n t  
c r y s t a l s  t o  be fo rm e d .  F i g u r e s  1 . 1 5 - 1 . 2 0  a re  p i c t u r e s  o f  a c u b e - l i k e  
c r y s t a l  w i t h  s m a l l  e q u i l a t e r a l  t r i a n g u l a r  f a c e s  d e v e lo p e d  i n  each 
c o r n e r  o f  t h e  s im p le  cube,  t h a t  i s ,  a cube w i t h  i t s  c o r n e r s  c u t  away 
by a n o t h e r  fo rm .  As th e  h a b i t  o f  th e  fo rm  i s  a l t e r e d  v a r i o u s  c r y s t a l s
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F i g u r e  1 . 1 0 - 1 . 1 4
Examp l es  o f  t h e  s u b s t a n c e  z i r c o n
1 f  ^ 1=00
I  1 0  1 .0 0
I i I rig
C LIN O G R A P H IC
9 2 ( i )
F i g u r e  1 . 1 0 - 1 . 1 4
Examp l es  o f  t h e  s u b s t a n c e  z i r c o n
REGULAR 
H K L 0
I I ?
A rw
-  4 ,
Z IRCO N
TETRAGONAL A= 1 .0 0 0  
REGULAR
l i l i 00
9 2 ( i i )
F i g u r e  1 . 1 0 - 1 . 1 4
Examp l es  o f  t h e  s u b s t a n c e  z i r c o n
ZIR C O N
TETRAGONAL A :  1 .0 0 0
REGULAR
C LIN O G R A P H IC
9 2 ( i i i )
F i g u r e  1 . 1 5 - 1 . 2 0
Change o f  c u b i c  c r y s t a l  t o  o c ta h e d r o n  by v a r i a t i o n  o f  h a b i t  f o r  fo rm  
i n d i c e s
H K L D
I ?
C LIN O G R A P H IC
I ? i l k
9 3 ( i )
F i g u r e  1 . 1 5 - 1 . 2 0
Change o f  c u b i c  c r y s t a l  t o  o c t a h e d r o n  by v a r i a t i o n  o f  h a b i t  f o r  f o r m




CLIN O G R A P H IC
REGULAR
A= 1 .0 0 0
CLIN O G R A P H IC
9 3 ( i i )
F i g u r e  . 1 . 1 5 - 1 . 2 0
Change o f  c u b i c  c r y s t a l  t o  o c ta h e d r o n  by v a r i a t i o n  o f  h a b i t  f o r  fo rm  
i n d i c e s
REGULAR
A :  I .0 0 0
C L IN O G R A P H IC
A= 1 .0 0 0
REGULAR
CLIN O G R A P H IC
9 3 ( i i i )
are  p ro du c ed .
The h a b i t  o f  a c r y s t a l  i s  t h e  g e n e r a l  a s p e c t  c o n f e r r e d  by t he  
r e l a t i v e  d eve lo pm en t  o f  th e  d i f f e r e n t  f o rm s .  No p o s s i b l e  v a r i a t i o n  o f  
h a b i t  can change a c r y s t a l  c l a s s  and sys tem t o  w h ic h  a g i v e n  s u bs ta nc e  
i s  a l l o c a t e d .  V a r i a t i o n s  o f  h a b i t  cause d i s t o r t e d  and i r r e g u l a r  
l o o k i n g  c r y s t a l s ,  w i t h  f a c e s  v a r y i n g  i n  s i z e  and shape.  F i g u r e s  
1 . 2 1 - 1 . 2 2  are  c r y s t a l s  o f  LAZULITE and QUARTZ d e m o n s t r a t i n g  
i r r e g u l a r i t y  o f  fo rm .
Eve ry  f a c e t  i n d e x  w i t h i n  t h e  d e f i n i t i o n  module  w i l l  have i t s  own 
h a b i t  v a l u e .  For  r e g u l a r  c r y s t a l s  each f a c e t  o f  th e  same fo rm  w i l l
have an i d e n t i c a l  h a b i t  v a l u e ,  f o r  n o n - r e g u l a r  c r y s t a l s  t h e  u s e r  w i l l  
i n p u t  each f a c e t  and h a b i t  i n d i v i d u a l l y .  E v e n t u a l l y  t h e  l i s t  o f  
i n d i c e s  and t h e  h a b i t  v a l u e s  w i l l  be c o n v e r t e d  i n t o  t h e  r e q u i r e d
g e o m e t r i c  d a ta  f o r  th e  c o n s t r u c t i o n  module  (see s e c t i o n  1 . 5 ) .
1.4 EXPANSION OF FORM NOTATION BY MATRIX GENERATORS
When th e  u s e r  d e s c r i b e s  a n o n - r e g u l a r  c r y s t a l  each f a c e t  o f  t h e  
c r y s t a l  i s  e x p l i c i t l y  d e f i n e d  by i t s  f a c e t  i n d e x  and h a b i t .  The 
d e s c r i p t i o n  r e q u i r e s  no e x p a n s io n ,  and t h e  f a c e t  i n d i c e s  and h a b i t  
v a l u e s  a re  s t o r e d  d i r e c t l y  i n t o  a L IS T -O F - IN D I  CES f o r  th e  c e l l .
However , t h e  r e g u l a r  c r y s t a l s  are  d e s c r i b e d  by a number o f  fo rm
i n d i c e s  and a s s o c i a t e d  h a b i t s .  Th is  d e s c r i p t i o n  r e q u i r e s  e x p a n s io n  so
t h a t  e v e r y  f a c e t  o f  t h e  c r y s t a l  i s  e x p l i c i t l y  g i v e n  by an i n d e x  and
h a b i t .  Each o f  the  fo rm  i n d i c e s  w i l l  g i v e  r i s e  t o  a number o f  f a c e t  
i n d i c e s ,  r e l a t e d  to  th e  fo rm  by th e  symmetry o p e r a t i o n s  o f  th e  c l a s s .  
The a l g o r i t h m  t o  produce t h i s  l i s t  o f  f a c e t  i n d i c e s  i s  a p ro cess  o f
e x p a n s io n  and r e d u c t i o n .  The L I S T - O F - I N D I CES f o r  each fo rm
c r e a t e d  i n  t u r n  and r e t a i n e d  as d i s t i n c t  s e t s  so t h a t  each s e t  r e l a t e s
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C r y s t a l s  o f  L a z u l i t e  d i s p l a y i n g  v a r i a t i o n  o f  h a b i t  and i r r e g u l a r i t y
o f  f o r m
*= 0.000 C= 0 . 0 0 0
1 0:80
C LIN O G B A P H IC
-  Y
L A Z U L IT E
M O N O C LIN IC
2 /M
IRREGULAR
A= 0 . 0 0 0 8% 0.000 
B E T A : 8 1 . 7 8 0
C= 0 . 0 0 0
CLIN O G R A P H IC
9 5 ( i )
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C r y s t a l s  o f  Q u a r t z  d i s p l a y i n g  v a r i a t i o n  o f  h a b i t  and i r r e g u l a r i t y
o f  f o r m
1 0 - t  00 - 1 1 0  - 110 0
'o ?, g
r  g  I I  ?
? l l '  ! '
I
.  ! ; i g
0  -1  0 . 9 0  
0 1 - 1 - 1  1. 00 
- 1 0  1 -1 1. 10 
0 1 - 1 1  1. 20
i  : |  ?  I i  ? : g g
r i 9i l:?8
1 5  - 6  -1  0 . 9 0
C L IN O G H A P H IC
C= 1 .1 0 0
IRREGULAR
HI
C LIN O G H A P H IC
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F i g u r e  1 . 2 2
C r y s t a l s  o f  Q u a r t z  d i s p l a y i n g  v a r i a t i o n  o f  h a b i t  and i r r e g u l a r i t y
o f  f o r m
A= t .0 0 0 C= 1 ,1 0 0
0 . 7 0
Î Î
C L IN O G R A P H IC
9 5 ( i i i )
t o  one f o rm .  We can use t h i s  a s s o c i a t i o n  i n  th e  d i s p l a y  t o  h i g h l i g h t  
th e  symmetry o f  t h e  f u n d a m e n t a l  c e l l  (see c h a p t e r  s e v e n ) .  A s s o c i a t e d  
w i t h  t h e  i n d e x  i n  each s e t  i s  th e  h a b i t  v a l u e  f o r  t h e  p a r t i c u l a r  fo rm .
Given th e  fo rm  i n d e x  i t  i s  s t o r e d  i n  L IST-OF-INDICES and can be 




The g e n e r a t i n g  m a t r i c e s  f o r  t h e  s e l e c t e d  c l a s s  a re  r e p r e s e n t e d  by g 1 ,
g2,  . . .  gn.  We p r e - m u l t i p l y  th e  i n d e x  by th e  f i r s t  s u b - g r o u p  o f
m a t r i c e s  G1 c o n s t r u c t e d  f r om  g 1 : 
k 1
g1 X  LIST-OF- INDICES
U k K l l
g l  ' I ' - ' ' : !
From t h i s  11 new f a c e t  i n d i c e s  w i l l  be p roduced  and s t o r e d  i n  t h e
L IS T -O F - I ND IC ES . However ,  f r om  each m a t r i x  m u l t i p l i c a t i o n  -some o f  t h e
a d d i t i o n a l  i n d i c e s  may be d u p l i c a t i o n s  o f  i n d i c e s  a l r e a d y  w i t h i n  th e
l i s t ,  so b e f o r e  a p p l i c a t i o n  o f  th e  n e x t  s u b - g r o u p ,  t h e  L IST-OF-INDICES
i s  reduce d  t o  remove d u p l i c a t i o n s .  We th en  p r e - m u l t i p l y  each i n d e x  i n
the  expanded l i s t  by th e  second s u b - g r o u p  o f  m a t r i c e s  G2 c o n s t r u c t e d
f r om  g 2 
k 9g2 x L IS T -O F - I N D IC E S( j  )
U k 2 < 1 2  
92 1 1 2 »'
U j < ( 1 1 M )
T h is  p ro duces a maximum o f  ( 1 1 + 1 ) . 1 2  a d d i t i o n a l  i n d i c e s  w h ich  are  
added to  th e  LIST-OF INDICES. Thus th e  l i s t  c o n t a i n s  a t  most  
( 1 1 + 1 ) . ( 1 2 + 1 )  f a c e t  i n d i c e s .  T h i s  p ro cess  o f  e xp a n s io n  and r e d u c t i o n  
i s  r e p e a t e d  f o r  t he  r e m a i n i n g  s u b -g ro u p s  (see f i g u r e  1 . 2 3 ) .  I f  th e
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c r y s t a l  i s  r e g u l a r  then we can h i g h l i g h t  th e  r e g u l a r i t y  by a s s i g n i n g  
to  each s e t  o f  L IST-OF-INDICES a un iqu e  c o l o u r  t o  be used on d i s p l a y  
( see f i g u r e  1 . 2 4 ) .
To d e m o n s t r a t e  t h i s  e x p a n s io n  and r e d u c t i o n  a l g o r i t h m s  l e t  us 
r e c o n s i d e r  t h e  c r y s t a l  c l a s s  6 /m 2/m 2/m. T h i s  c l a s s  has th e
f o l l o w i n g  m a t r i x  g e n e r a t o r :
1 . s i x - f o l d  r o t a t i o n  about  t h e  z - a x i s ;  r e p r e s e n t e d  by t h e  m a t r i x
g 1 :
■^1 1 0
g l  = - 1  0 0
0 0 1
2 . m i r r o r  p la n e  no rm a l  t o  t h e  z - a x i s ;  r e p r e s e n t e d  by t h e  m a t r i x  
g 2 :
"  1 0 0
g 2 = 0 1 0
0 0 - 1
2
g 2 =I
3 . m i r r o r  p la n e  nor ma l  t o  t h e  y - a x i s  o f  t h e  h ex a go na l  sys tem 
r e p r e s e n t e d  by t h e  m a t r i x  g 3 :
1 1 0




The u s e r  d e f i n e d  fo rm  i n d e x  (h k i  1) can be r e p r e s e n t e d  w i t h o u t  
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R e g u la r  c r y s t a l  o f  t o p a z ,  c o l o u r  h i g h l i g h t s  th e  c l a s s  symmetry
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N o t e ;  t h e  M i l l e r - B r a v a i s  n o t a t i o n  i s  used b e c a u s e  t h i s  c l a s s  b e l o n g s
t o  t h e  h ex a go na l  sys tem (see Appe nd i x  I I ) ,  and h+k+i=Q.
T h is  i n d e x  i s  s t o r e d  i n  th e  LIST-OF-INDICES and a f t e r  t h e  a p p l i c a t i o n  
o f  t h e  f i r s t  g e n e r a t o r  f i v e  new i n d i c e s  w i l l  be c o n s t r u c t e d  and s t o r e d
i n  t h e  L IST-OF- INDICES.  So th e  c o m p le te  l i s t  w i l l  c o n t a i n :
L IST-OF- INDICES M i l l e r - B r a v a i s  E q u i v a l e n t
h k 1 h k i  1
I h 1 I h k 1
k i  1 k i  h 1
h k 1 h k I 1
i  h 1 i  h k 1
k I 1 k I h 1
These new i n d i c e s  are  found by p r e - m u l t i p l y i n g  th e  i n d e x  (h k 1) by 
g 1 ^ ( K i < 6 ) and u s in g  t h e  r e l a t i o n s h i p  (h + i  + k = 0 ) .  I f  none o f  t h e
i n d i c e s  a re  d u p l i c a t i o n s  th en  we p r e - m u l t i p l y  each i n d e x  i n  t he  l i s t  
by t h e  second g e n e r a t o r  g2.  T h i s  r e s u l t s  i n  a f u r t h e r  s i x  i n d i c e s  
w h i c h  a re  added t o  t h e  L IST-OF-INDICES t o  g i v e  t h e  f o l l o w i n g  d a t a :  
L IST-OF- INDICES M i l l e r - B r a v a i s  E q u i v a l e n t
h k 1 h k i  1
i  h 1 I h k 1
k i  1 k i  h 1
h k 1 h k I 1
i  h 1 i  h k 1
k I 1 k i  h 1
h k Î h k i  i
I h Ï I h k i
k i  i  k i  h Î
h k 1 h k i  I
i  h Ï i  h k 1
k i  Î k I h i
A f t e r  r em ov ing  d u p l i c a t i o n s  we p r e - m u l t i p l y  e v e ry  i n d e x  i n  t h e  l i s t  by 
th e  f i n a l  g e n e r a t o r  g3,  t h i s  w i l l  r e s u l t  i n  a f u r t h e r  12 i n d i c e s  
r e s u l t i n g  i n  t h e  f o l l o w i n g  L IST-OF- INDICES:
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LIST-OF- INDICES M i l l e r - B r a v a i s  E q u i v a l e n t
h k 1 h k i  1
I h 1 I h k 1
k i  1 k i  h 1
h k 1 h k Ï  1
i  h 1 i  h k 1
k I 1 k i  h 1
h k 1 h k i  1
i  h i  I h k Ï
k i  1 k i  h i
h k Ï h k i  Ï
i  h Ï i  h k i
k i  1 k I h I
i  k 1 i  k h 1
k h 1 k h i  1
h I 1 h I k 1
i  k 1 i  k h 1
k h 1 k h i  1
h i  1 h i  k 1
i  k Ï i  k h Ï
k h Ï k h i  Ï
h i  Ï h i  k i
i  k 1 i  k h Ï
k h Ï k h I Ï
M i l  h i  k Ï
O b v i o u s l y  i f  h k and 1 have d i f f e r e n t  i n t e g e r  v a lu e s  g r e a t e r  th an  0 
th e n  a l l  t w e n t y  f o u r  i n d i c e s  w i l l  be i n  t h e  l i s t ,  howeve r ,  i f  th e  
i n i t i a l  fo rm  i n d e x  was f o r  example ( 0  0 0 1 ) t h e n -  a f t e r  t h e  
a p p l i c a t i o n  o f  t h e  f i r s t  g e n e r a t o r  g l  and th e  subse qu en t  r e d u c t i o n  
o p e r a t i o n  t he  l i s t  wou ld  c o n t a i n  o n l y  th e  i n i t i a l  i n d e x  • s i n c e  the  
s i x - f o l d  r o t a t i o n  about  th e  z - a x i s  g e n e r a t e d  no new i n d i c e s ,  a f t e r  t h e  
a p p l i c a t i o n  o f  g 2 and subsequ en t  r e d u c t i o n  t h e r e  wou ld  be two i n d i c e s  
nam ely ,  ( 0 0 0 1 ) and ( 0  0 0 1 ) ;  and a p p l i c a t i o n  o f  t h e  t h i r d  
g e n e r a t o r  wou ld  c r e a t e  no f u r t h e r  i n d i c e s  so th e  L IST-OF-INDICES 
i n s t e a d  o f  c o n t a i n i n g  th e  f u l l  2 4 i n d i c e s  wou ld  c o n t a i n  o n l y  two.
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J U l  INTERACTION BETWEEN MAPPING MATRIX AND FORM INDICES TO CONSTRUCT 
LIST OF PLANAR EQUATIONS
For  e v e r y  use r  d e f i n e d  fo rm  i n d e x  we c r e a t e  th e  expanded 
L IST-OF- INDICES;  and a s s o c i a t e d  w i t h  ev e ry  i n d e x  i s  a h a b i t  v a l u e .  By 
u s i n g  t h e  g e o m e t r i c a l  p r o p e r t i e s  o f  t h e  i n d e x  n o t a t i o n  we can c o n v e r t  
each f a c e t  i n d e x  i n t o  a i n f i n i t e  p la ne  c o n t a i n i n g  t he  p a r t i c u l a r  
f a c e t .  The f a c e t  i n d i c e s  are  d e f i n e d  r e l a t i v e  t o  th e  u s e r  s p e c i f i e d  
c r y s t a l l o g r a p h i c  space b u t  we can s t a n d a r d i s e  each p la n e  i n t o  an 
e q u i v a l e n t  e q u a t i o n  r e l a t i v e  t o  th e  A b s o l u t e  a x i a l  sys tem by 
a p p l i c a t i o n  o f  th e  mapping m a t r i x .  These s t a n d a r d i s e d  p l a n a r
e q u a t i o n s  a re  t h e  g e o m e t r i c  da ta  w h ich  i s  s e n t  t o  t h e  c o n s t r u c t i o n
module  t o  b u i l d  th e  d a ta  model  ( p o l y g o n a l  mesh) o f  th e  c r y s t a l .
We can r e p r e s e n t  any f a c e t  f r om  any system i n  t h e  n o t a t i o n  o f  a
c r y s t a l l o g r a p h i c  i n d e x  ( h k 1) w i t h  an a s s o c i a t e d  h a b i t , d .  We s h a l l  
assume t h a t  t h e  v a lu e  o f  d > 0 r e p r e s e n t s  t he  p e r p e n d i c u l a r  d i s t a n c e  o f  
t h e  i n f i n i t e  p la n e  4>. c o n t a i n i n g  th e  f a c e t ,  f r o m  th e  o r i g i n  o f  t h e  
A b s o l u t e  and c r y s t a l l o g r a p h i c  axes .  The v a lu e s  o f  h , k  and 1 a re  th e
r e c i p r o c a l  o f  th e  i n t e r c e p t s  o f  t h i s  p la n e  4» a lo n g  t h e  x , y , and z
c r y s t a l l o g r a p h i c  - a x e s .  There are  t h r e e  p o s s i b i l i t i e s :
1 . h , k , l  a re  a l l  n o n -z e ro
2 . one o f  h , k , l  i s  z e ro ,  and th e  f a c e t  i s  p a r a l l e l  t o  t h e  a x i s
w i t h  z e ro  v a lu e .
3 . o n l y  one o f  h , k , l  i s  n o n - z e r o ,  and th e  f a c e t  i s  p a r a l l e l  t o
b o th  t he  axes w i t h  zero  v a l u e s .
(Any fo rm  i n d i c e s  s p e c i f i e d  w i t h  h=k= l=0 w i l l  be r e j e c t e d  by t h e  
d e f i n i t i o n  module on i n p u t . )
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The a n a l y t i c  r e p r e s e n t a t i o n  o f  i|) r e l a t i v e  t o  t h e  A b s o l u t e  axes
I S  :
f ( x ’ , y ' , z ' ) = A . x ' + B . y ' + C . z ' + D
where (A .B .C )  i s  a u n i t  v e c t o r  ( i . e .  ( A . A+B. B + C . C= 1 ) and D = -d  where  d
i s  t h e  h a b i t  a s s o c i a t e d  w i t h  t h e  f a c e t  (d>0)  see f i g u r e  1 .2 5 .  The 
u n i t  v e c t o r  (A ,B ,C )  can be foun d  f r om  t h e  c ro s s  p r o d u c t  o f  two 
n o n - c o l l i n e a r  v e c t o r s  i n  A b s o l u t e  space w h ich  a re  p a r a l l e l  t o  the  
p la n e  yl>. These v e c t o r s  can be found  f r om  th e  f a c e t  i n d e x  ( h k 1 ) .  
th e  method t o  c a l c u l a t e  t h e  u n i t  v e c t o r  (A ,B ,C )  depends on w h e th e r  t h e  
f a c e t  i n d e x  i s  o f  t y p e  1, 2, o r  3 above,  
f i g u r e  1 .25
S t an da rd  a n a l y t i c  r e p r e s e n t a t i o n  o f  a p la n e
X
1 . W i th  t h r e e  n o n -z e ro  v a lu e s  th e  i n f i n i t e  p la n e  o f  th e  f a c e t  
c u t s  t h e  c r y s t a l l o g r a p h i c  axes a t  t h e  p o i n t s
f i l = ( 1 / h . 0 , 0 )
£ 2 = ( 0 , 1 / k , 0 )
£ 3 = ( 0 . 0 . 1 / 1 )
In  th e  A b s o l u t e  sys tem,  th e s e  p o i n t s  are  p i " .  p 2 ' .  p 3 ' where :
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P 1 ' ^=M .
D l '










Where M i s  th e  mapping m a t r i x  (see s e c t i o n  1 .1 )  and i s  th e  
i s  th e  t r a n s p o s e  o f  £ .
We can c a l c u l a t e  two n o n - c o l l i n e a r  v e c t o r s  r ,  s. p a r a l l e l  t o  
t h e  p la n e  as f o l l o w s :  
r = £ l * ■
s=n2 ' - m "
2. W i th  one ze ro  i n d e x ,  we can c a l c u l a t e  one p a r a l l e l  v e c t o r  r,
f r om  th e  i n t e r c e p t s  o f  t h e  two n o n -z e ro  i n d i c e s .  The o t h e r
p a r a l l e l  l i n e  s., i s  a v e c t o r  a lo n g  th e  a x i s  w i t h  t h e  z e ro
i n d e x ,  so
i f  h=Q then s = M.
i f  k = 0 th en  s = M.
and i f  1 = 0  th en  s = M.
3. W i th  o n l y  one n o n -z e ro  v a l u e ,  th e  v e c t o r s  s., and _r a re  th e  
u n i t  v e c t o r s  a lo ng  th e  axes w i t h  z e ro  i n d i c e s  ( g i v e n  as 
a b o v e ) .
Given th e  two v e c t o r s  x  and s. we can c a l c u l a t e  a v e c t o r  nor ma l  to  the  
f a c e t  f r om  th e  c ros s  p r o d u c t  x x j . .  The v e c t o r  c r o s s  p r o d u c t  i s  d e f i n e d
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a s f o l l o w s  :
I f
X =  ( X 1 . y  1 , z 1 )
X = ( x 2 , y 2 , z 2 )
t h en  n,=xxs= ( y 1 . z 2 - z 1 . y 2 , z 1 . x 2 - x 1 . z 2 . x 1 . y 2 - y 1 . x 2 )
T h i s  v e c t o r  n i s  no rm a l  t o  t h e  p la n e  \\) b u t  t h e  d i r e c t i o n  o f  t h e  v e c t o r  
may n o t  be s t a n d a r d ,  and i t  i s  u n l i k e l y  t o  be a u n i t  v e c t o r  so i t  
c a n n o t  be used t o  d e f i n e  t h e  i n s i d e  and o u t s i d e  p r o p e r t y  o f  th e  
p o l y h e d r o n  b e f o r e  s t a n d a r d i s a t i o n .  However ,  once s t a n d a r d i s e d  t h i s  
p r o p e r t y  i s  used w i t h i n  t h e  c o n s t r u c t i o n  module  t o  p ro du c e  th e  
p o l y g o n a l  mesh d e f i n i n g  t h e  c r y s t a l .
The v e c t o r  i s  s t a n d a r d i s e d  such t h a t :
( A , B , C ) . 2 > 0  and ( A . B . C) . ( A , B , C)=1 
where  £ = £ i ‘ i f  hAO
ü t O I . '  i f  kAO, h = 0 "
£=X3.' i f  I f O ,  h = k = 0 
so i f  n . £ > 0  t h en  ( A , 8 , C) = n / 1x 1 and i f  x - x <0  t h en  ( A , B , C) = - n / | x l  where  
1x 1= / ( n . x )
th en  t h e  a n a l y t i c  r e p r e s e n t a t i o n  o f  t h e  p la n e  i s  
f ( x '  , y ' , z ' ) = A x ’ f B y ' + C z ' + 0 - 0
D=-d,  and d>0 i s  t h e  h a b i t  a s s o c i a t e d  w i t h  th e  i n d i c e s .
Each f a c e t  i n d e x  p ro duces  a new p l a n a r  e q u a t i o n  w h ic h  i s  s t o r e d  
i n  t h e  L IST-OF-PLANES. T h i s  l i s t  w i l l  be s e n t  t o  t h e  c o n s t r u c t i o n  
module  t o  b u i l d  t he  p o l y g o n a l  mesh f o r  th e  c r y s t a l .
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To d e m o n s t r a t e  t h e  c o n v e r s i o n  o f  t h e  f a c e t  i n d e x  n o t a t i o n  i n t o  a
p l a n a r  e q u a t i o n  l e t  us c o n s i d e r  a f a c e t  o f  a c r y s t a l  i n  th e  t r i c l i n i c
sys tem w i t h  a x i a l  r a t i o  0 . 6 : 1 : 1 . 1  ( i . e .  a = O.B. b = 1 , c = 1 . 1 ) and a x i a l  
a n g le s  a = 5 7 ° ,  p= 8 Q°, ^ =65°  w i t h  i n d e x  (1 1 1) and h a b i t  1 . 2 .  The
f o r m u l a  f o r  th e  mapping m a t r i x  f o r  t h e  t r i c l i n i c  sys tem i s  g i v e n  i n
s e c t i o n  1 . 1 , and by s u b s t i t u t i n g  t h e  v a lu e s  f o r  a, b, c and a , 3 , -y th e  
p a r t i c u l a r  m a t r i x  f o r  t h i s  c r y s t a l  i s
M =
0 .5422 789  
0 .2346 876  
0 .1041889
0 . 0  0 . 0
0.83 86 706  0 .0
0.5446391 1.1
S in ce  a l l  t h r e e  i n d i c e s  h , k ,  and 1 a re  n o n - z e r o  t h e n  
X l ' = ( 0 . 5 4 2 2 7 8 9 , 0 . 2 3 4 6 8 7 6 , 0 . 1 0 4 1 8 8 9 )
& 2 ' = ( 0 . 0 , 0 . 8 3 8 6 7 0 6 , 0 . 5 4 4 6 3 9 1 )
X 3 ' = ( 0 . 0 , 0 . 0 , 1 . 1 )
so r = x i ‘ - qZ ' = ( 0 . 5 4 2 2 7 8 9 , - 0 . 6 0 3 9 8 3 , - 0 . 4 4 0 4 5 0 2 )
s.=£2’ - q 3 ‘ = ( 0 . 0 , 0 . 8 3 8 6 7 0 6 , - 0 .  5553609)
and n = r x s = ( 0 . 7 0 4 8 2 1 1 , 0 . 3 0 1 1 6 0 4 , 0 . 4 5 4 7 9 3 3 )
S in c e  n . x l " >0 
and 1x1=0.891239
th en  ( A , B , C ) = ( 0 . 7 9 0 8 3 2 8 , 0 . 3 3 7 9 1 2 , 0 . 5 1 0 2 9 3 3 )
and t h e  a n a l y t i c  r e p r e s e n t a t i o n  o f  t h e  f a c e t  i n  A b s o l u t e  space i s :  
f ( x ' , y ' z ) = 0 . 7 9 0 8 3 2 8 . x ' +0 .33 7 9 1 2 . y ' + 0 . 5 1 0 2 9 3 3 . z ' - 1 . 2
I f  we compute t h e  p la n e  f o r  e v e r y  f a c e t  i n  a , c r y s t a l ,  th e s e  
e q u a t i o n s  d e s c r i b e  th e  c r y s t a l  s i n c e  any p o l y h e d r o n  may be d e s c r i b e d  
( i n  t e rm s  o f  c a r t e s i a n  c o o r d i n a t e s )  by a sys te m o f  i n e q u a l i t i e s :
1 0 6
A k x ■+ B k y ’ + C kz■+Dk<0  k = 1 , 2 , . . . . N 2
N2 i s  t h e  number  o f  f a c e t s ,
(A k , B k , C k )  i s  t h e  no rm a l  t o  t h e  k t h  f a c e t  
Ok i s  a c o n s t a n t  d e t e r m i n e d  by th e  
h a b i t  o f  t h e  f a c e t ,  
p r o v i d e d  t h e s e  i n e q u a l i t i e s  a re  c o n s i s t e n t  b u t  n o t  r e d u n d a n t ,  and 
p r o v i d e  a r ange  f o r  a f i n i t e  i n t e g r a l
d x . d y . d z  (w h ic h  measures  t h e  vo lume)
In  o t h e r  w o rd s ,  any r e d u n d a n t  e q u a t i o n s  s h o u ld  be removed and th e
r e m a i n i n g  e q u a t i o n s  must  d e s c r i b e  a c l o s e d  body.  We use t h i s  i n s i d e  
and o u t s i d e  c o n c e p t  t o  c o n s t r u c t  t h e  p o l y g o n a l  mesh f o r  t h e  c r y s t a l  i n  
t h e  c o n s t r u c t i o n  mod u le .  We a re  u n a b le  t o  p r e d i c t  w h e t h e r  t h e  u s e r  
d e f i n i t i o n  p ro du ces  a c l o s e d  body u n t i l  we have used e v e r y  p la n e  i n  
t h e  LIST-OF-PLANES i n  t h e  c o n s t r u c t i o n  m odu le .  Sh ou ld  a n o n - c l o s e d  
c r y s t a l  be g e n e r a t e d  t h e r e  i s  a f e e d - b a c k  c o n t r o l  - f r o m  t h e  
c o n s t r u c t i o n  module  t o  t h e  d e f i n i t i o n  module  t o  r e q u e s t  t h e  u s e r  f o r  
more f a c e t  i n f o r m a t i o n ,  see f i g u r e  1 . 2 6 .
1 . 6  DATA STRUCTURE REPRESENTATION FOR THE LIST-OF-PLANES
Each p la n e  i s  d e f i n e d  by t h e  p a r a m e t e r s  A, B, C, D where  t h e
a n a l y t i c  r e p r e s e n t a t i o n  o f  t h e  p la n e  i s  
f ( x ' , y ' , z ' ) E  A . x ' + B . y ' + C . z ' + D  
The c o e f f i c i e n t s  A, B, C and th e  c o n s t a n t  0 a re  s to re d ,  i n  f o u r  a r r a y s  
A, B, C, D o f  e q u a l  d i m e n s i o n .  The LIST-OF-PLANES f o r  each c e l l  a re
a l l  s t o r e d  i n  th e s e  a r r a y s ,  however  t h e y  a re  d i v i d e d  i n t o  l i s t s ,  each
l i s t  b e l o n g i n g  t o  one f u n d a m e n t a l  c e l l  e . g .  t h e  l i s t  o f  p la n e s  f o r  
t h e  i t h  c e l l  commences i n  th e  a r r a y s  A, B, C, D g i v e n  by th e  l o c a t i o n  
L IST-OF-PLANES( I ) .  To c o n s t r u c t  t h e  l i n k e d  l i s t  o f  p l a n e s ,  a s s o c i a t e d
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F i g u r e  1 , 2 6
F ee d-b ack  c o n t r o l  be tween t h e  d e f i n i t i o n  and c o n s t r u c t i o n  modules
—  USER DESCRIPTION
r e q u e s t  u s e r  
f o r  more d e t a i l s  
c r y s t a l  n o t  




DEFINITION MODULE CONSTRUCTION MODULE
L _
I n t e r f a c e
G e o m e t r i c
d a ta
f e e d - b a c k  c o n t r o l  
—  — i n f o r m  d e f i n i t i o n  
module  c r y s t a l  i s  
n o t  c l o s e d
/ V
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w i t h  each A, B, C. D e le m e n t  i s  a p o i n t e r  ( PLANE-POINTER) w h i c h  i s  y e t  
a n o t h e r  a r r a y .  T h i s  a r r a y  h o l d s  t h e  i n d e x  o f  t h e  n e x t  A, B. C, D 
e le m e n t  i n  t h e  l i s t  o f  p la n e s  o r  a n u l l  p o i n t e r  ( z e r o )  i f  i t  i s  th e  
end o f  th e  l i s t  (see f i g u r e  1 . 2 7 ) .
F i g u r e  1.27
Data s t r u c t u r e  r e p r e s e n t a t i o n  o f  t h e  l i n k e d  LIST-OF-PLANES 
LIST-OF-PLANES( I )
A B Q D B Q ... B D /
So t h a t  t h e  A, B, C, D v a lu e s  can be i n s e r t e d  i n t o  t h e  a r r a y s  w i t h o u t  
d e s t r o y i n g  i n f o r m a t i o n  s t o r e d  i n  l o c a t i o n s  used by o t h e r  l i s t s  o f  
p la n e s  f o r  o t h e r  c e l l s ,  t h e r e  i s  a l s o  a l i s t  o f  FREE-PLANES, w h ic h  i s  
a l i s t  o f  a l l  t h e  A, B, C, D, PLANE-POINTER l o c a t i o n s  t h a t  a re  n o t
d e f i n i n g  any p la n e  e q u a t i o n s .  Eve ry  t i m e  a new p la n e  i s  added t o  a
LIST-OF-PLANES, t h e  i n d e x  o f  t h e  n e x t  f r e e  l o c a t i o n s  i n  t h e  a r r a y s  A, 
B, C, D i s  g i v e n  by r e m o v in g  t h e  f r o n t  e le m e n t  f r om  t h e  FREE-PLANE 
l i s t .
For  exam p le ,  l e t  us suppose th e  LIST-OF-PLANES f o r  c e l l  i  i s
g i v e n  i n  f i g u r e  1 .2 8 ,  and we add a n o t h e r  p la n e  t o  t h e  f r o n t  o f  t h e
l i s t ,  t h e n  t h e  a l t e r a t i o n s  t o  t h e  l i s t s  g i v e n  i n  f i g u r e  1 .2 9 .
In  t h e  i n i t i a l i s a t i o n  module  a r r a y s  A, B, C, D a re  f r e e  o f  a l l  
i n f o r m a t i o n  and th e  l i s t  o f  FREE-PLANES c o n t a i n s  a l l  t h e  e n t r i e s  i n  
t h e  a r r a y s ,  so t h e  FREE-PLANES commence a t  A ( 1 ) ,  B ( 1 ) ,  C( 1 ) ,  D(1)  and 
t h e  PLANE-POINTER f o r  t h e  i t h  e n t r y  A ( I ) ,  B ( I ) ,  C ( I ) ,  D( I )  i s  1+1, 
e x c e p t  f o r  th e  l a s t  e le m e n t  i n  th e  l i s t  w h ic h  has a n u l l  
PLANE-POINTER.
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F i g u r e  1 . 2 8
L in k e d  l i s t  o f  p la n e s  and f r e e  p la n e  l i s t  f o r  a c e l l
L IST-OF-PLANES( I )




F i g u r e  1.29
A l t e r a t i o n s  r e q u i r e d  t o  l i n k e d  l i s t s  o f  f i g u r e  1 .28 t o  
add a new l i n k  t o  t h e  f r o n t  o f  t h e  l i s t  o f  p la n e s
-LIST-OF-PLANES ( I  )
B D 0 1 A B c Di
7 \




When t h e  d e f i n i t i o n  module  has g e n e r a t e d  th e  LIST-OF-PLANES f o r  
t h e  i t h  c r y s t a l  ( c e l l ) ,  t h i s  d a ta  i s  s e n t  t o  t h e  c o n s t r u c t i o n  m od ule .  
A r r a y s  A, B, C, D and PLANE-POINTER can be acc essed  by b o t h  m odu les ,  
so o n l y  t h e  p o i n t e r  t o  t h e  f r o n t  o f  t h e  l i s t  o f  p la n e s  i . e .  
L IST-OF-PLANES( I ) needs t o  be passed t o  t h e  c o n s t r u c t i o n  mod u le .
A l t h o u g h  o n l y  t h e  C a r t e s i a n  p l a n a r  e q u a t i o n s  a re  r e q u i r e d  by t h e  
c o n s t r u c t i o n  mod u le ,  l i n k e d  t o  each A, B, C, D e n t r y  i s  t h e  f a c e t / f o r m  
i n d e x  ( h k 1) w h i c h  g e n e r a t e d  th e  p la n e  and a COLOUR-CODE used w i t h i n  
t h e  d i s p l a y  modu le  (see c h a p t e r  s e v e n ) .  Each f a c e t  c o n s t r u c t e d  f r om  
th e  same fo rm  i s  g i v e n  t h e  same COLOUR-CODE u n iq u e  t o  t h a t  p a r t i c u l a r  
f o rm .
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CHAPTER TWO
CONSTRUCTION MODULE AND DATA STRUCTURE REPRESENTATION OF 
FUNDAMENTAL CELLS I N  SETUP POSITION
2.1 REPRESENTATION OF POLYGONAL SURFACES
A t h r e e  d i m e n s i o n a l  o b j e c t  can be r e p r e s e n t e d  as a s e t  o f  p l a n e ,  
p o l y g o n a l  f a c e s .  In t h i s  i n s t a n c e ,  such a p o l y h e d r o n  p r e c i s e l y  
d e f i n e s  t h e  s u r f a c e  f e a t u r e s  o f  t h e  f u n d a m e n t a l  c e l l  CRequicha and 
V o e l c k e r  1982; T i l o v e ,  1984; W e i l e r ,  198 5 ] .  The p a r a m e t e r s  s p e c i f y i n g  
t h e  s p a t i a l  o r i e n t a t i o n  o f  each p o l y g o n  a re  o b t a i n e d  f r o m  th e  
g e o m e t r i c  d a ta  g e n e r a t e d  by t h e  d e f i n i t i o n  module  ( c h a p t e r  1 ) .  T h i s  
g e o m e t r i c  d a ta  d e f i n e s  t h e  i n f i n i t e  p la n e s  c o n t a i n i n g  t h e  p o l y g o n a l  
f a c e t s  o f  th e  f u n d a m e n t a l  c e l l  i n  i t s  u s e r  d e f i n e d  SETUP p o s i t i o n  and 
we use th e s e  w i t h i n  an e f f i c i e n t  c o n s t r u c t i o n  module  t o  b u i l d  a d a ta  
s t r u c t u r e  r e p r e s e n t a t i o n  o r  p o l y g o n a l  mesh [ C a s a l e  and S t a n t o n .  19853 
w h i c h  p r e c i s e l y  d e f i n e s  each f a c e t  as an o r d e r e d  l i s t  o f  v e r t i c e s .
To compute th e  p o l y g o n a l  mesh we need t o  use t h e  i n s i d e  and 
o u t s i d e  p r o p e r t y  o f  t h e  s t a n d a r d i s e d  p l a n a r  e q u a t i o n s  w h ic h  e n c l o s e  
t h e  f u n d a m e n t a l  c e l l .  The s i d e  o f  t h e  p la n e  t h a t  f a c e s  t h e  c e l l  
i n t e r i o r  i s  c a l l e d  t h e  i n s i d e  and t h e  v i s i b l e  o r  o u tw a rd  s i d e  i s  th e  
o u t s i d e  [ R e q u ic h a ,  1980; Requicha and V o e l c k e r ,  1 9 8 3 ] .  Each p la n e  has 
been s t a n d a r d i s e d  w i t h i n  th e  d e f i n i t i o n  module (see s e c t i o n  1 .6 )  such 
t h a t  t h e  a n a l y t i c a l  r e p r e s e n t a t i o n  o f  t h e  p la n e  i s :  
f ( x , y , z ) E i - A . x  + B.y + C.z + D " ^ 0  
where  x , y,  z i s  a p o i n t  i n  A b s o l u t e  C a r t e s i a n  space,  ( A , 8 , 0  i s  a 
u n i t  v e c t o r  norma l  t o  th e  p la n e  and D=-d < 0, where  d>0 i s  t h e  h a b i t  
o f  t h e  f a c e t  on t h i s  p la n e  (see f i g u r e  1 . 2 5 ) .  Any p o i n t  ( x , y , z )  i n  
C a r t e s i a n  space l i e s  o u t s i d e  th e  p la n e  i f  i t  s a t i s f i e s  t h e  i n e q u a l i t y :
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A.x+B .y+C .z +D >0
S i m i l a r l y ,  any p o i n t  i n s i d e  t h e  p la n e  p ro duces  a n e g a t i v e  v a lu e  f o r  
th e  e x p r e s s i o n  and any p o i n t  on th e  p la n e  r e s u l t s  i n  e q u a l i t y .
The f u n d a m e n t a l  c e l l  i s  th e  volume o f  C a r t e s i a n  space w h ic h  l i e s  
i n s i d e  a l l  th e  p la n e  e q u a t i o n s ,  and th e  p o l y g o n a l  f a c e t s  o f  th e  c e l l  
a re  t h e  w h ich  l i e  on one p la n e  and i n s i d e  a l l  t h e  r e m a i n d e r .
Us ing  t h i s  i n s i d e  and o u t s i d e  c o n c e p t  we have d e s ig n e d  an e f f i c i e n t  
c o n s t r u c t i o n  t e c h n i q u e  t o  g e n e r a t e  t h e  p o l y g o n a l  mesh r e p r e s e n t a t i o n  
w h i c h  p r e c i s e l y  d e f i n e s  th e  convex h u l l  [ A k i  and T o u s s a i n t ,  1978; 
Eddy, 1977]  o f  t h e  c e l l .  We commence w i t h  a f i n i t e  vo lume o f  space 
e n c l o s i n g  t h e  f u n d a m e n t a l  c e l l .  T h i s  vo lume ,  V, i s  d e f i n e d  by a l a r g e  
t e t r a h e d r o n  (see f i g u r e  2 . 1 )  and we i n i t i a l i s e  t h e  p o l y g o n a l  mesh by 
i n s e r t i n g  t h e  d a ta  t o  d e f i n e  t h i s  t e t r a h e d r o n ,  
f i g u r e  2 . 1
I n i t a l  t e t r a h e d r o n  f o r  c o n s t r u c t i o n  module
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Each p la n e  f r om  th e  d e f i n i t i o n  module i s  used t o  ' s l i c e '  th e  
t e t r a h e d r o n .  The s l i c i n g  p la n e  d i v i d e s  V i n t o  two d i s t i n c t  vo lu mes,  
an i n s i d e  vo lume c o n t a i n i n g  th e  c r y s t a l  and an o u t s i d e  vo lu me .  The 
e le m e n t s  w i t h i n  th e  d a ta  s t r u c t u r e  t h a t  l i e  o u t s i d e  t h e  s l i c i n g  p la n e  
a re  removed and r e p l a c e d  by new e le m e n ts  e i t h e r  t o t a l l y  i n s i d e  th e  
p la n e  o r  on th e  p l a n e .  A f t e r  s l i c i n g  w i t h  a l l  t h e  p la n e s  we a re  
f i n a l l y  l e f t  w i t h  th e  convex h u l l  o f  th e  u s e r  d e f i n e d  f u n d a m e n t a l  c e l l  
i n  i t s  SETUP p o s i t i o n  ( c e n t r e d  a bo u t  t h e  C a r t e s i a n  o r i g i n ) .  F i g u r e
2 .2  shows th e  e f f e c t  o f  s l i c i n g  V w i t h  t h e  p la n e s  d e f i n i n g  an 
d o d e c a h e d r o n .  I t  t a k e s  t w e l v e  p la n e s  t o  c o n s t r u c t  a d od ec a he d ro n ,  and 
we have shown t h e  s l i c i n g  o p e r a t i o n  a f t e r  e v e r y  t h i r d  p l a n e .  A f t e r  
each s l i c e  t h e  new volume 7 w i l l  be r e p r e s e n t e d  i n  t h e  mesh and used 
i n  t h e  n e x t  s l i c i n g  o p e r a t i o n .
The a dvan ta ge  o f  t h i s  t e c h n i q u e  i s  a huge d e c r e a s e  i n  t h e  
c o m p u t a t i o n  r e q u i r e d  t o  g e n e r a t e  t h e  mesh. I f  we commence w i t h  
i n f i n i t e  space,  i t  wou ld  be n e c e s s a r y  t o
1. compute i n f i n i t e  i n t e r s e c t i o n  l i n e s  between p la n e s
2. compute l i n e  segments a lo n g  t h e  i n t e r s e c t i o n  l i n e s  i n s i d e  
e v e r y  p la ne
3. j o i n  l i n e  segments i n t o  convex f a c e t s .
W i th  t h i s  c o n s t r u c t i o n  t e c h n i q u e  th e  f a c e t s  and th e  p o l y g o n a l  mesh 
w i l l  be c o m p l e t e l y  c o n s t r u c t e d  a f t e r  s l i c i n g  7 w i t h  e v e r y  p la n e  i n  t h e  
LIST-OF-PLANES. In a d d i t i o n  d e t e c t i o n  o f  n o n - c l o s e d  b o d ie s  w i t h i n  t he  
mesh i s  e x t r e m e l y  e f f i c i e n t ,  c o n s i s t i n g  o f  a s e a rc h  o p e r a t i o n  a lo ng  
th e  l i s t  o f  f a c e t s  i n  th e  mesh.
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F i g u r e  2 . 2
The e f f e c t  o f  s l i c i n g  the  i n i t i a l  t e t r a h e d r o n  t o  p ro duce  a 
do decahedron
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The p o l y g o n a l  mesh f o r  each c e l l  does n o t  c o n t a i n  t h e  d e s c r i p t i o n  
o f  t h e  s o l i d  c e l l ,  b u t  i t s  convex h u l l  [Graham,  1972; P r e p a r a t a  and 
Hong, 1 97 7 ] .  I t  c o n s i s t s  o f  a l i n k e d  l i s t  o f  f a c e t s  d e f i n e d  by an 
o r d e r e d  l i s t  o f  v e r t e x  c o - o r d i n a t e s  (each v e r t e x  measured r e l a t i v e  t o  
t h e  A b s o l u t e  C a r t e s i a n  a x e s ) ,  a round  t h e  bou nd a ry  o f  t h e  f a c e t .  The 
d a t a  s t r u c t u r e  r e p r e s e n t a t i o n  i s  d e s ig n e d  f o r  e f f i c i e n c y  and 
c o n v e n i e n c e  o f  co m p u t i n g  and s t o r i n g  t h e  c o - o r d i n a t e  i n f o r m a t i o n  as 
w e l l  as f a s t  i n f o r m a t i o n  e x t r a c t i o n  d u r i n g  t h e  m a n i p u l a t i o n  and 
d i s p l a y  m od u le s .  B e f o re  any s l i c i n g  o p e r a t i o n s  t h e  p o l y g o n a l  mesh i s  
i n i t i a l i s e d  by i n s e r t i n g  the  d a ta  f o r  t h e  t e t r a h e d r o n ,  and f i g u r e  2 .3  
summ ar i ses  t h e  d a ta  model  f o r  t h e  g e n e r a l  p o l y g o n a l  mesh p ro du ced  by 
t h e  c o n s t r u c t i o n  m od ule .  F i g u r e  2 .4  summar ises  t h e  s t r u c t u r e  o f  th e  
c o n s t r u c t i o n  module .
2 .2  DATA STRUCTURES IN IHE POLYGONAL MESH
The p o l y g o n a l  mesh h o ld s  th e  r e p r e s e n t a t i o n  o f  t h e  convex h u l l  
( b o u n d a ry  p o l y g o n a l  f a c e t s )  o f  a p o l y h e d r o n .  I t  c o n s i s t s  o f  a l i s t  o f  
f a c e t s  w h i c h  a re  e i t h e r  d e f i n e d  by an o r d e r e d  l i s t  o f  l i n e  segm ents ;  
and each l i n e  segment d e f i n e d  by a p a i r  o f  v e r t i c e s  o r  more c o m p a c t l y  
as an o r d e r e d  l i s t  o f  v e r t i c e s  (see f i g u r e  2 . 3 ) .  For  th e  
r e p r e s e n t a t i o n  o f  t h e  f u n d a m e n t a l  c e l l s  we have chosen t h e  l a t t e r ,  
however  f o r  t he  ex ten de d  p o l y g o n a l  mesh (see c h a p t e r  4) we s h a l l  use 
t h e  f o r m e r .
T h i s  r e p r e s e n t a t i o n  r e q u i r e s  a v a r i e t y  o f  d a ta  s t r u c t u r e s ;
1. LIST-OF-FACETS (see f i g u r e  2 . 5 )  T h i s  i s  a l i n k e d  l i s t  i n  
w h i c h  each e le m e n t  o f  t h e  l i s t  h o ld s
1 16
f i g u r e  2 . 3
G e n e r a l  d a t a  s t r u c t u r e  r e p r e s e n t a t i o n  o f  p o l y g o n a l  mesh
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f i g u r e  2 . 4
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f i g u r e  2 . 5
Data s t r u c t u r e  r e p r e s e n t a t i o n  o f  t h e  L I ST-OF-FACETS 
LIST-OF-FACETS
HEAP s t o r a g e
c o n t a i n i n g  l i s t s  o f
INDEXINDEX INDEX
l ^ e f i n i n g  v e r t i c e s  J
f i g u r e  2 .6










a) a p o i n t e r  ( o r  a r r a y  c u r s o r )  t o  a l o c a t i o n  i n  a r r a y  
HEAP where  t h e  d e f i n i n g  l i s t  o f  v e r t i c e s  commences
b) a p o i n t e r  (INDEX) t o  th e  LIST-OF-PLANES t o  a 
p a r t i c u l a r  A ,B ,C ,D  a r r a y  e n t r y  p r o v i d i n g  t he  a n a l y t i c a l  
r e p r e s e n t a t i o n  o f  t h e  p la n e  w h ic h  c o n s t r u c t e d  t h e  f a c e t .  
O b v i o u s l y  f o r  t h e  f a c e t s  o f  t h e  i n i t i a l  t e t r a h e d r o n  V, 
t h i s  i s  a n u l l  p o i n t e r .
c) a FACET-POINTER t o  t h e  n e x t  e le m e n t  i n  t h e  l i n k e d  l i s t
2. L IST-OF-VERTICES. The p o l y g o n a l  mesh f o r  each c e l l  has i t s  
own LIST-OF-VERTICES ( a l t h o u g h  as w i t h  t h e  LIST-OF-PLANES i n  
s e c t i o n  1 .6 ,  t h e y  a re  a l l  s t o r e d  w i t h i n  t h e  same a r r a y s  X, Y, 
Z ) The LIST-OF-VERTICES f o r  t h e  i t h  c e l l  commence i n  a r r a y  X, 
Y , Z a t  L IST-OF-VERTICES( I ) ,  and a s s o c i a t e d  w i t h  each X, Y , Z 
l o c a t i o n  i s  a p o i n t e r ,  VERTEX-POINTER, t o  t h e  n e x t  v e r t e x  i n  
th e  l i s t  ( n u l l  p o i n t e r  i f  i t  i s  t h e  end o f  t h e  l i s t )  see 
f i g u r e  2 . 6 .
3. HEAP. Every  l o c a t i o n  i n  HEAP h o l d s  two v a l u e s ,  t h e  f i r s t  i s  
th e  i n f o r m a t i o n  ( i n  t h i s  i n s t a n c e  an a r r a y  c u r s o r  o r  p o i n t e r  
t o  an X. Y , Z l o c a t i o n  i n  th e  L IST-OF-VERTICES)  and a p o i n t e r  
t o  a n o t h e r  l o c a t i o n  i n  HEAP.
For  each f a c e t  i n  t h e  f u n d a m e n t a l  c e l l  , HEAP h o l d s  th e  
o rd e r e d  l i s t  o f  v e r t i c e s  (see f i g u r e  2 . 7 ) .  Ag a in  HEAP i s  
shared  by a l l  th e  c e l l s  and a n u l l  p o i n t e r  o r  z e ro  i s  used t o  
d e n o te  the  end o f  a l i s t .
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F i g u r e  2 . 7
Use o f  a r r a y  heap t o  s t o r e  t h e  f a c e t  d e t a i l s








X Y Z -------- ^X Y Zy
INDEX
( l i s t  o f  a round  th e
- I -  
1
J
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I
X Y Z X Y Z
LIST-OF-VERTICES
The f a c e t s  a re  d e f i n e d  i n  a s t a n d a r d  a n t i - c l o c k w i s e  o r i e n t a t i o n  around 
t h e  o u t s i d e  o f  th e  f a c e t  and th e  f i r s t  and l a s t  v e r t e x  i n  t h e  l i s t  a re  
t h e  same. T h i s  d u p l i c a t i o n  o f  i n f o r m a t i o n  a l t h o u g h  w a s t e f u l  i n  
s t o r a g e  makes th e  c o m p u t a t i o n s  o f  t h e  c o n s t r u c t i o n  mod ule ,  and l a t e r  
t h e  m a n i p u l a t i o n  mod ule ,  more e f f i c i e n t ,  e s p e c i a l l y  s i n c e  an e x c e p t i o n  
i s  n o t  r e q u i r e d  d u r i n g  co mpar ison  to  r e j o i n  t h e  l a s t  v e r t e x  t o  t h e  
f i r s t  v e r t e x  i n  t h e  l i s t  o f  d e f i n i n g  v e r t i c e s  f o r  a f a c e t .
As w i t h  th e  LIST-OF-PLANES, a l l  th e  a r r a y s  w i l l  be sh ared by th e  
u s e r  d e f i n e d  fu n d a m e n t a l  c e l l s ,  and a s s o c i a t e d  w i t h  each l i s t  
s t r u c t u r e  i s  a n o t h e r  l i s t  o f  f r e e  e n t r i e s .  So f o r  th e  LIST-OF-FACETS 
a r r a y  t h e r e  i s  a FREE-FACET l i s t ,  f o r  t h e  HEAP t h e r e  i s  a FREE-HEAP 
l i s t  and f o r  th e  v e r t i c e s  t h e r e  i s  a FREE-VERTICES l i s t .  Eve ry  t im e  a 
new e le m e n t  i s  added to  one o f  th e  l i s t s ,  i t  i s  s t o r e d  i n  t h e  f i r s t
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f r e e  l o c a t i o n  i n  th e  a p p r o p r i a t e  a r r a y .  T h i s  l o c a t i o n  i s  removed f r om  
th e  f r o n t  o f  t h e  f r e e  l i s t  f o r  th e  When any l o c a t i o n  i s
d e l e t e d  f r o m  a l i s t  th e  l o c a t i o n  i s  added t o  t h e  f r o n t  o f  t h e  
a p p r o p r i a t e  f r e e  l i s t  by an i n - b u i l t  garbage  c o l l e c t i o n  r o u t i n e .
As w e l l  as i n i t i a l i s i n g  t h e  LIST-OF-PLANES (see s e c t i o n  1 . 6 )  t h e  
i n i t i a l i z a t i o n  module ( w h ic h  i s  a c t i v a t e d  o n l y  once b e f o r e  any o t h e r  
o p e r a t i o n  i s  p e r f o r m e d ) ,  i n i t i a l i s e s  t he  l i s t s  f o r  th e  p o l y g o n a l  mesh. 
The a r r a y s  used t o  b u i l d  t h e  l i s t  a re  a l l  empty a t  i n i t i a l i z a t i o n  and 
t h e  f r e e  l i s t s  a re  t h e  c o m p le te  a r r a y ,  so th e  p o i n t e r s  f o r  each a r r a y  
l o c a t i o n  p o i n t s  t o  t h e  n e x t  a r r a y  l o c a t i o n  and t h e  end o f  t h e  l i s t  i s  
d en o te d  by a n u l l  p o i n t e r .
2 .3  I N I T I A L  TETRAHEDRON
When a new c e l l  i s  d e f i n e d  i t s  LIST-OF-PLANES ..jS passed t o  t h e  
c o n s t r u c t i o n  mod ule ,  and b e f o r e  t h e  s l i c i n g  o p e r a t i o n  can commence th e  
convex h u l l  o f  t h e  i n i t i a l  t e t r a h e d r o n  i s  i n s e r t e d  i n t o  t h e ^ f i r s t  f r e e  
e le m e n ts  o f  t h e  p o l y g o n a l  mesh. To d e t e c t  w h e t h e r  a u s e r  d e f i n e d  c e l l  
i s  c l o s e d  th e  i n i t i a l  t e t r a h e d r o n  must  be l a r g e  enough t o  e n c l o s e  th e  
c e l l .  C r y s t a l s  v a r y  immense ly  i n  s i z e  and shape,  b u t
c r y s t a l l o g r a p h e r s  u s u a l l y  measure i n  r e l a t i v e  te rm s  r a t h e r  t h an  
a b s o l u t e  t e r m s ,  i . e .  one h a b i t  i s  chosen as u n i t y  and th e  o t h e r s  a re  
measured r e l a t i v e  t o  i t .  A c c o r d i n g l y  i t  i s  r a r e  f o r  a c r y s t a l  t o  
possess any h a b i t  g r e a t e r  th an  10. To a l l o w  f o r  some i n c r e a s e  i n  s i z e  
t h e  i n i t i a l  ' l a r g e '  volume 7, i s  a t e t r a h e d r o n  w i t h  v e r t i c e s :
1 . ( 2 0 , 2 0 , 2 0 )
1 22
2 . ( - 2 0 , - 2 0 , 2 0 )
3. ( - 2 0 , 2 0 , - 2 0 )
4 . ( 2 0 , - 2 0 , - 2 0 )
Shou ld  a t  a n y t im e  a c r y s t a l  be r e q u i r e d  l a r g e r  t h an  t h i s  t h e  u s e r  can 
e a s i l y  a l t e r  t h e  s i z e  o f  V, by i n c r e a s i n g  i t s  o r i g i n a l  c o - o r d i n a t e s .
The d a ta  s t r u c t u r e  r e p r e s e n t a t i o n  f o r  t he  i n i t i a l  t e t r a h e d r o n  i s  
r e t r i e v e d  and s t o r e d  w i t h i n  th e  p o l y g o n a l  mesh each t i m e  a new c e l l  i s  
d e f i n e d  by t h e  u s e r .  L e t  us c o n s i d e r  how t o  i n i t i a l i z e  th e  p o l y g o n a l  
mesh f o r  t h e  I t h  c e l l .  The LIST-OF-VERTICES f o r  t h e  t e t r a h e d r o n  a re
p la c e d  i n  t h e  f i r s t  f o u r  f r e e  l o c a t i o n s  i n  a r r a y s  X, Y, Z, t h i s  i s  t h e
i n i t i a l  LIST-OF-VERTICES f o r  t h e  I t h  c e l l .  The d e f i n i n g  l i s t s  o f  
v e r t i c e s  f o r  each f a c e t  a re  i n s e r t e d  i n t o  HEAP, and each e n t r y  i n  HEAP 
(see f i g u r e  2 . 8 )  r e f e r s  t o  a v e r t e x  i n  t h e  L IST-OF-VERTICES( I ) .  Each 
f a c e t  o f  t h e  t e t r a h e d r o n  i s  added t o  th e  LIST-OF-FACETS( I ) . S in c e  th e  
i n i t i a l  t e t r a h e d r o n  V does n o t  c o n t a i n  any f a c e t s  on any o f  t h e  p la n e s  
i n  L IST-OF-PLANES, each INDEX i n  th e  LIST-OF-FACETS has a n u l l  
r e f e r e n c e .  For  ease o f  e x p l a n a t i o n  we have l a b e l l e d  t h e  v e r t i c e s  
s e q u e n t i a l l y  commencing w i t h  th e  f i r s t  v e r t e x  i n  t h e  
L IST-OF-VERTICES( I ) ,  d u r i n g  th e  o p e r a t i o n  o f  t h e  c o n s t r u c t i o n  module
t h e y  w i l l  n o t  n e c e s s a r i l y  be th e  f i r s t ,  second,  t h i r d  and f o u r t h
e le m e n ts  i n  a r r a y s  X, Y , and Z.
Each f a c e t  i s  d e f i n e d  i n  an a n t i - c l o c k w i s e  o r i e n t a t i o n ,  i f  th e  
v e r t i c e s  a re  s p e c i f i e d  i n  an a n t i - c l o c k w i s e  o r i e n t a t i o n  when v iewed 
f r o m  t h e  o u t s i d e  o f  th e  f a c e t  i n  a r i g h t - h a n d e d  c o - o r d i n a t e  sys tem,  
t h en  t h e  d i r e c t i o n  o f  th e  nor ma l  found  f r om  th e  c r o s s - p r o d u c t  o f  two 
d i r e c t i o n  v e c t o r s ,  p a r a l l e l  and i n  t h e  same sense as t h e  o r d e r e d  l i n e  
segments  around  t h e  f a c e t ,  w i l l  be f r o m  i n s i d e  t o  o u t s i d e .  To
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F i g u r e  2 . 0
P o l y g o n a l  mesh s t r u c t u r e  f o r  t h e  i n i t i a l  t e t r a h e d r o n






















LIST-OF-VERTICES ( f o r  t h e  i t h  c r y s t a l )
VERTEX-POINTER
- 2 0 - 2 0
- 2 0 - 2 0
20 20 20
20 - 2 0 - 2 0
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d e m o n s t r a t e  t h i s  l e t  us c o n s i d e r  t h e  shaded f a c e t  i n  f i g u r e  2 .9  
f i g u r e  2 .9
I n i t i a l  t e t r a h e d r o n  w i t h  v e r t i c e s  l a b e l l e d  t o  d e m o n s t r a t e  t h e  
a n t i - c l o c k w i s e  o r i e n t a t i o n
T h i s  f a c e t  c u t s  t h e  n e g a t i v e  y - a x i s  and i s  d e f i n e d  by t h e  o r d e r e d  l i s t  
o f  v e r t i c e s  D_1,R2,2l  where  
2 1 = ( - 2 0 , - 2 0 , 2 0 )
£ 2 = ( - 2 0 , 2 0 , - 2 0 )
£ 3 = ( 2 0 , - 2 0 , - 2 0 )
The two d i r e c t i o n  v e c t o r s  a r e :
(b 2.-B_L) and ( £ l - £ l )  i . e .  ( 0 , 4 0 , - 4 0 ) ,  ( 4 0 , - 4 0 , 0 )  and t h e  c r o s s  p r o d u c t
i s :  ( 0 , 4 0 . - 1 0 ) x ( 4 0 , - 1 0 , 0 ) = ( - 1 6 0 , - 1 6 0 , - 1 6 0 )
w h ic h  i s  a v e c t o r  no rma l  t o  th e  p la n e  f r o m  th e  i n s i d e  t o  t h e  o u t s i d e  
as r e q u i r e d .
Once one f a c e t  i s  i n  t h e  c o r r e c t  o r i e n t a t i o n ,  th e  o r d e r  o f  th e  
r e m a i n i n g  f a c e t s  can be^ s y s t e m a t i c a l l v  f ound.  T h i s  o r d e r i n g  p r o p e r t y  
w i l l  be m a i n t a i n e d  t h r o u g h o u t  t h e  s l i c i n g  o p e r a t i o n s  so t h a t  each new 
f a c e t  and each r e c o n s t r u c t e d  f a c e t  w i t h i n  th e  mesh r e t a i n s  th e  
a n t i - c l o c k w i s e  o r i e n t a t i o n .  T h i s  can be u t i l i s e d  i n  s t a n d a r d
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o r i e n t a t i o n  t e c h n i q u e s  w i t h i n  t h e  d i s p l a y  modules  t o  e l i m i n a t e  h id d e n  
f a c e t s  [ A n g e l l  and G r i f f i t h s , 1987] (see c h a p t e r  7 ) .
Once th e  mesh i s  i n i t i a l i s e d  we can commence th e  s l i c i n g  
o p e r a t i o n  by s e l e c t i n g  th e  f i r s t  p la n e  f r om  th e  LIST-OF-PLANES. At  
each s l i c e  o p e r a t i o n  we commence w i t h  th e  LIST-OF-VERTICES and remove 
a l l  v e r t i c e s  i n  t h i s  l i s t  t h a t  a re  o u t s i d e  th e  p la n e  and i n s e r t  them 
i n t o  a t e m p o r a ry  l i s t  o f  REDUNDANT-VERTICES. Once th e
LIST-OF-VERTICES has been r e c o n s t r u c t e d  we se a rch  t h r o u g h  t h e  o r d e r e d  
l i s t  o f  v e r t i c e s  i n  HEAP. A l l  r e f e r e n c e s  t o  t h e  r e d u n d a n t  v e r t i c e s  
a re  removed and r e p l a c e d  by p o i n t e r s  t o  new v e r t i c e s  fo un d  a t  t h e  
i n t e r s e c t i o n  between t h e  f a c e t  bou nd ar y  and t h e  s l i c i n g  p l a n e .  Each 
f a c e t  w i l l  be r e c o n s t r u c t e d  i n  an a n t i - c l o c k w i s e  o r i e n t a t i o n ,  and any 
new v e r t i c e s  fo un d  are  added t o  t h e  LIST-OF-VERTICES. When each f a c e t  
i n  t h e  l i s t  has been r e c o n s t r u c t e d ,  o r  removed,  i f  i t  i s  a r e d u n d a n t  
f a c e t  ( i . e .  o u t s i d e  t h e  p l a n e ) ^  <K new f a c e t  i s  added t o  th e  
LIST-OF-FACETS,  t h i s  f a c e t  l i e s  on th e  s l i c i n g  p la n e  and i s - d e f i n e d  by 
t h e  o r d e r e d  l i s t  o f  v e r t i c e s  w i t h i n  t h e  LIST-OF-VERTICES t h a t  l i e  on 
th e  s l i c i n g  p l a n e .  F i g u r e  2 .10  summar ises  th e  s l i c i n g  o p e r a t i o n .
2 . If REMOVAL OF REDUNDANT VERTICES
The s l i c i n g  o p e r a t i o n  commences a t  t h e  l o w e s t  l e v e l  w i t h i n  t h e  
p o l y g o n a l  mesh, t h e  v e r t i c e s .  To compute t h e  r e d u n d a n t  v e r t i c e s  
w i t h i n  t h e  mesh i . e .  t h o s e  o u t s i d e  th e  s e l e c t e d  p l a n e ,  we use th e  
a n a l y t i c  p r o p e r t i e s  o f  t h e  s l i c i n g  p l a n e :  
f ( x , y , 2 )=A .x+B .y + C.z+D  
where  ( A , B , C) i s  a u n i t  v e c t o r  nor ma l  t o  t h e  p la n e  and D<G. For  a 
v e r t e x ,  ( x , y , z ) ,  t o  be i n s i d e  th e  p la n e  f ( x , y , z )  must have t h e  same 
s i g n  as any known p o i n t  w i t h i n  t h e  f u n d a m e n t a l  c e l l .  S in c e  each 
f u n d a m e n t a l  c e l l  i s  d e f i n e d  i n  i t s  SETUP o r i e n t a t i o n  th e  C a r t e s i a n
126
f i g u r e  2 . 1 0
Summary o f  s l i c i n g  o p e r a t i o n
Compute new f a c e t  and 
add t o  LIST-OF-FACETS
Garbage c o l l e c t i o n  
b e f o r e  c o n t i n u i n g  
to  n e x t  s l i c i n g  p la n e
s l i c i n g  p la n e  d e f i n e d  by 
a n a l y t i c a l  r e p r e s e n t a t i o n  
f ( x , y , z ) = A . x + B . y + C . z + D
Search t h r o u g h  LIST-OF-VERTICES 
use f ( X , y , z ) t o  r e c o n s t r u c t  
LIST-OF-VERTICES and remove 
r e d u n d a n t  v e r t i c e s  t o  
l i s t  o f  REDUNOANT-VERTICES
Search t h r o u g h  LIST-OF-FACETS 
Compute v e r t i c e s  a t  t h e  
i n t e r s e c t i o n  o f  t h e  f a c e t  
and th e  s l i c i n g  p l a n e .
S t o r e  i n  LIST-OF-VERTICES 
re - c o m b i n e  LIST-OF-FACETS 
by r e p l a c i n g  r e f e r e n c e s  
t o  r e d u n d a n t  v e r t i c e s  
t o  new v e r t i c e s
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c o - o r d i n a t e  o r i g i n  ( 0 , 0 , 0 )  i s  c e r t a i n l y  i n s i d e  t h e  c e l l .  f ( 0 , 0 , 0 )  = D 
and D<0 so any p o i n t  ( x , y , z ) i s  i n s i d e  o r  on t h e  s l i c i n g  p la n e  
p r o v i d e d  f ( x , y , z )<0,  c o n v e r s e l y  any v e r t e x  w i t h  a p o s i t i v e  r e s u l t  i s  
r e d u n d a n t .
To remove th e  r e d u n d a n t  v e r t i c e s  we s e a rc h  t h r o u g h  th e  
LIST-OF-VERTICES f o r  t h e  c e l l .  Any v e r t i c e s  i n  t h i s  l i s t  s a t i s f y i n g  
f ( x , y , z ) > 0  a re  r e d u n d a n t  and are  added t o  a t e m p o r a r y  l i n k e d  l i s t  o f  
REDUNOANT-VERTICES. These r e d u n d a n t  v e r t i c e s  w i l l  be added t o  t h e  
l i s t  o f  f r e e  v e r t i c e s  d u r i n g  t h e  gar bage  c o l l e c t i o n  (see  s e c t i o n  2 . 9 ) .
For  e f f i c i e n c y  d u r i n g  th e  se a rch  o p e r a t i o n  t h e  l i n k e d  
LIST-OF-VERTICES i s  r e v e r s e d ,  t h i s  r e v e r s a l  makes t h e  m a in t e n a n c e  o f  
t h e  l i s t  e f f i c i e n t  s i n c e  we o n l y  r e q u i r e  t h e  a r r a y  c u r s o r  o f  t h e  l a s t  
n o n - r e d u n d a n t  v e r t e x  t o  r e c o n s t r u c t  t h e  l i s t .  For  exa m p le ,  i f  t h e  
l i n k e d  LIST-OF-VERTICES i s  as shown i n  f i g u r e  2.11 and we a re  s l i c i n g  
w i t h  a p l a n e ,  4i, w h ic h  d i v i d e s  7 such t h a t  t h e  f i r s t  and l a s t  v e r t i c e s  
are  o u t s i d e  t h e  p la n e  ( c u r s o r  v a lu e s  1 and 4 r e s p e c t i v e l y ) .  tde 
t r a v e r s e  t h r o u g h  th e  LIST-OF-VERTICES u s in g  a TEMPORARY-POINTER, as we 
s e a rc h  t h r o u g h  th e  LIST-OF-VERTICES, t h e  f i r s t  v e r t e x  ( 2 0 , 2 0 , 2 0 )  when 
s u b s t i t u t e d  i n t o  t h e  s t a n d a r d i s e d  p la n e  e q u a t i o n  f o r  $ r e t u r n s  a 
p o s i t i v e  v a l u e .  T h i s  v e r t e x  i s  r e d u n d a n t  and added t o  t h e  l i s t  o f  
REDUNDANT-VERTICES (see f i g u r e  2 . 1 2 ) .  The VERTEX-POINTERS f o r  t h e  
REDUNOANT-VERTICES a re  n e g a t i v e  ( n u l l  p o i n t e r z - 9999) and t h e  a b s o l u t e  
v a lu e  o f  th e  VERTEX-POINTER i s  t h e  n e x t  l o c a t i o n  i n  X, Y, Z w h ic h  i s  
r e d u n d a n t .  The VERTEX-POINTER f o r  t h e  LIST-OF-VERTICES a re  p o s i t i v e  
and we s h a l l  use the  VERTEX-POINTERS t o  r e - c o n s t r u c t  th e  f a c e t s  i n  
HEAP (see s e c t i o n  2 . 5 ) .
128
The second v e r t e x  i n  t h e  LIST-OF-VERTICES r e t u r n s  a n e g a t i v e
v a l u e  and hence i s  n o t  r e d u n d a n t ,  and t h e  r e c o n s t r u c t e d
LIST-OF-VERTICES commences a t  t h i s  v e r t e x  (see f i g u r e  2 . 1 3 ) .  The
t h i r d  v e r t e x  i s  n o t  r e d u n d a n t  and i s  added t o  t he  f r o n t  o f  th e
LIST-OF-VERTICES (see f i g u r e  2 . 1 4 ) .  The l a s t  v e r t e x  i s  r e d u n d a n t  and 
i s  added to  t h e  f r o n t  o f  th e  l i s t  o f  REDUNDANT-VERTICES (See f i g u r e  
2 . 1 5 ) .
A l t h o u g h  t h e  c o - o r d i n a t e s  o f  t h e  REDUNDANT-VERTICES a re  n o t  
shown, t h e y  have n o t  been o v e r w r i t t e n ,  so t h e i r  c o - o r d i n a t e s  a re  s t i l l  
s t o r e d  i n  a r r a y s  X, Y, and Z. They a re  k e p t  f o r  use when c a l c u l a t i n g  
t h e  new i n t e r s e c t i o n  p o i n t s  be tween t h e  b o u n d a r i e s  o f  t h e  f a c e t s  o f  V 
and t h e  s l i c i n g  p la n e  .
O c c a s i o n a l l y ,  a f t e r  s e a r c h i n g  t h r o u g h  th e  LIST-OF-VERTICES we may 
f i n d  t h a t  t h e  l i s t  o f  REDUNDANT-VERTICES i s  an empty l i s t .  I f  t h i s  
s i t u a t i o n  a r i s e s  i t  means t h a t  V l i e s  t o t a l l y  i n s i d e  i|) and no f u r t h e r  
a l t e r a t i o n  i s  r e q u i r e d  t o  th e  p o l y g o n a l  mesh, so we s e l e c t  t h e  n e x t  
s l i c i n g  p la n e  i n  t h e  LIST-OF-PLANES. However , i f  t h e  l i s t  o f  
REDUNDANT-VERTICES i s  n o t  empty th en  th e  LIST-OF-FACETS and i n  
p a r t i c u l a r  t h e  HEAP e n t r i e s  must  be a l t e r e d  t o  remove a l l  r e f e r e n c e s  
t o  t h e  r e d u n d a n t  v e r t i c e s .
2 .5  REMOVAL OF REDUNDANT VERTICES FROM THE LIST-OF-FACETS
W i t h i n  th e  p o l y g o n a l  mesh each f a c e t  i n  t h e  LIST-OF-FACETS i s  
d e f i n e d  i n  HEAP by an o r d e r e d  l i s t  o f  p o i n t e r s  t o  th e  
L IST-OF-VERTICES.  A f t e r  rem ov ing  t h e  r e d u n d a n t  v e r t i c e s  f r om  th e  
L IST-OF-VERTICES we must  r e c o n s t r u c t  t he  f a c e t  d e t a i l s  so t h a t  each 
f a c e t  i s  d e f i n e d  by an o rd e r e d  l i s t  o f  v e r t i c e s  w h ic h  l i e  i n s i d e  o r  on 
t h e  s l i c i n g  p l a n e  $.  S ince  th e  f a c e t s  are  c l o s e d  and convex t h e r e  are
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2 0  - 2 0  - 2 0
20  - 2 0
f i g u r e  2 .12
LIST-OF-VERTICES w i t h  f i r s t  r e d u n d a n t  v e r t e x  removed
X Y Z
-  -  - -9999
-20 -20 20
1
-20  20 -20




f i g u r e  2 . 1 3 - 2 . 1 5
C o n t i n u e  s e a r c h i n g  to  r e c o n s t r u c t  t h e  LIST-OF-VERTICES 
F i g u r e  2 .13
X Y Z
1 -9999 •REDUNDANT-VERTICES
2 -20 -20 20 / 4 -  LIST-OF-VERTICES
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TEMPORARY-POINTER
F i g u r e  2 .14
X Y Z
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-20 -20 20 /
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f o u r  p o s s i b i l i t i e s :
1 . t h e  b o u n d a r y  o f  t h e  f a c e t ^ c u t  by t h e  p l a n e  i n  t wo  p o i n t s
2. f a c e t  m isses  o r  j u s t  t o uc h es  th e  p l a n e !  Q o r  1 i n t e r s e c t i o n  
p o i n t s )  and a t  l e a s t  one v e r t e x  o f  t h e  f a c e t  s a t i s f i e s  
f  ( X , y , z )>0
3. f a c e t  m isse s o r  j u s t  t o u c h e s  th e  p la n e  and a t  l e a s t  one 
v e r t e x  o f  t h e  f a c e t  s a t i s f i e s  f ( x , y , z ) < Q
4. f a c e t  l i e s  on t h e  p la n e  cVûdcPci (rt> Gdp Gsv
To d e t e c t  w h i c h  o f  th e  f o u r  cases a f a c e t  s a t i s f i e s  we check th e  
s i g n s  o f  t h e  VERTEX-POINTERS f o r  each v e r t e x  around  t h e  f a c e t .  When 
we r e c o n s t r u c t e d  th e  LIST-OF-VERTICES we a l t e r e d  t h e  VERTEX-POINTERS 
t o  m a i n t a i n  t h e  l i s t s  o f  r e d u n d a n t  and n o n - r e d u n d a n t  v e r t i c e s ,  and 
a s s ig n e d  n e g a t i v e  VERTEX-POINTERS t o  t h e  r e d u n d a n t  v e r t i c e s  and 
p o s i t i v e  VERTEX-POINTERS t o  v e r t i c e s  i n s i d e  t h e  s l i c i n g  p l a n e .  I f  a 
VERTEX-POINTER i s  p o s i t i v e  t hen  th e  v e r t e x  i s  i n  t h e  L IST-OF-VERTICES, 
i f  t h e  VERTEX-POINTER i s  n e g a t i v e  t h e  v e r t e x  i s  r e d u n d a n t .  By 
c h e c k i n g  t h e  s i g n  o f  th e  VERTEX-POINTER f o r  two c o n s e c u t i v e  v e r t i c e s  
around t h e  b oundary  o f  t h e  f a c e t ,  we can d e t e c t  t h e  bou nd a ry  l i n e s  
around t h e  f a c e t  w h ic h  a re  d i v i d e d  by t h e  s l i c i n g  p l a n e ,  and f u r t h e r  
more,  use t h e  a n a l y t i c  p r o p e r t i e s  o f  t h e  p la n e  and t h e  v e r t e x  
c o - o r d i n a t e s  o f  t h e  bou ndary  l i n e  t o  compute th e  i n t e r s e c t i o n  p o i n t .
The sum o f  t h e  s i g n  o f  t h e  sum o f  two VERTEX-POINTERS b e l o n g i n g  
to  two c o n s e c u t i v e  v e r t i c e s  can be e i t h e r
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a) 1+1=2 ( b o t h  v e r t i c e s  i n  t h e  L IST-OF-VERTICES)
b) 1-1=0 (one v e r t e x  i n  t h e  REDUNOANT-VERTICES l i s t  and one
i n  t h e  LIST-OF-VERTICES)
c) - 1 - 1 = - 2  ( b o t h  v e r t i c e s  i n  t h e  l i s t  o f  REDUNDANT-VERTICES)
I f  t h e  sum i s  2 th e  l i n e  between th e  two v e r t i c e s  i s  i n s i d e  t h e
s l i c i n g  p la n e  and re m a in s  i n  t he  d e f i n i n g  l i s t  f o r  t h e  f a c e t ,
i f  t h e  sum i s  - 2 ,  t h e  l i n e  i s  r e d u n d a n t  and w i l l  be removed f r o m  th e
d e f i n i n g  l i s t  f o r  t h e  f a c e t
i f  t h e  sum i s  z e r o ,  we know t h e r e  i s  an i n t e r s e c t i o n  p o i n t  between 
t h i s  b ou nd a ry  l i n e  and t h e  s l i c i n g  p la n e  i|),
by :
As we t r a v e r s e  a f a c e t ,  we r e - c o n s t r u c t  i t s  HEAP r e p r e s e n t a t i o n
( i )  r em ov in g  e n t r i e s  i n  HEAP t o  r e d u n d a n t  v e r t i c e s  as t h e y
o c c u r .  Each d e l e t e d  e n t r y  i s  i n s t a n t l y  added t o  th e  
FREE-HEAP l i s t
( i i )  Compute i n t e r s e c t i o n  p o i n t s  between th e  bou nd a ry  o f  t h e  
f a c e t  and i)). These o c c u r  when t h e  sum o f  t h e  s i g n s  i s  z e r o .
These new v e r t i c e s  ( i f  n o t  a l r e a d y  p r e s e n t  i n  t he
LIST-OF-VERTICES)  a re  added t o  t h e  f r o n t  o f  th e
LIST-OF-VERTICES.
( i i i )  I n s e r t  c u r s o r  number t o  t h e  i n t e r s e c t i o n  p o i n t  i n t o  
HEAP, and l i n k  p r e v i o u s  v e r t e x  i n  th e  d e f i n i n g  l i s t  t o  t h i s  
l o c a t i o n  i n  HEAP.
133
( i v )  s t o r e  l i n e  segment between two i n t e r s e c t i o n  p o i n t s  i n t o  
NEWPAIR, and use l a t e r  t o  c o n s t r u c t  new f a c e t ,  Q, w h i c h  l i e s  
on ( t h e  s l i c i n g  p l a n e ) .
O c c a s i o n a l l y  we may n o t  f i n d  two i n t e r s e c t i o n  p o i n t s  - w h ic h  
means t h a t  t h e  p la n e  e i t h e r  t o uc h es  t h e  f a c e t  o r  m isses  i t  a l t o g e t h e r .  
I f  t h e  f a c e t  i s  i n s i d e  t h e  p l a n e ,  a l l  t h e  VERTEX-POINTERS are  
p o s i t i v e ,  and t h e r e  a re  z e ro  i n t e r s e c t i o n  p o i n t s .  The r e - c o n s t r u c t i o n  
o f  t h i s  f a c e t  i s  unchanged,  and we c o n t i n u e  t o  t h e  n e x t  f a c e t  i n  t h e  
LIST-OF-FACETS. I f  th e  f a c e t  i s  o u t s i d e  t hen  e i t h e r :
1. a l l  th e  VERTEX-POINTERS a re  n e g a t i v e  and t h e r e  a re  z e ro  
i n t e r s e c t i o n  p o i n t s  or
2. t h e  f a c e t  to uch es  th e  p la n e  and t h e r e  i s  one i n t e r s e c t i o n  
p o i n t .  ( A l l  b u t  one VERTEX-POINTER i s  n e g a t i v e ) .
In  b o t h  s i t u a t i o n s  t h e  c o m p le te  f a c e t  i s  r e d u n d a n t  and w i l l *  be removed 
f r o m  t h e  LIST-OF-FACETS (see s e c t i o n  2 . 6 ) .
I f  t h e  f a c e t  l i e s  on the  p l a n e ,  t h en  a l l  t h e  VERTEX-POINTERS a re  
p o s i t i v e  and th e  f ( x , y , z )  f o r  each v e r t e x  i s  z e r o .  In  t h i s  s i t u a t i o n  
t h e  c o m p le t e  s l i c e  i s  d e g e n e r a t e  s i n c e  V a l r e a d y  c o n t a i n s  a f a c e t  on 
4i, so we c o n t i n u e  t o  s e l e c t  t h e  n e x t  s l i c i n g  p l a n e .
2 .8  REMOVAL OF A FACET FROM THE LIST-OF-FACETS
A f a c e t  i s  removed when i t  i s  r e d u n d a n t ,  i . e .  l e s s  t han  two 
i n t e r s e c t i o n  p o i n t s  have been fo un d  and th e  VERTEX-POINTERS are  
n e g a t i v e ,  t h i s  f a c e t  i s  d e l e t e d  f r om  th e  LIST-OF-FACETS. The p o i n t e r  
i n  t h e  p r e v i o u s  e n t r y  i n  th e  LIST-OF-FACETS i s  a s s ig n e d  t o  t h e  p o i n t e r  
o f  t h e  r e d u n d a n t  f a c e t .  The d e l e t e d  e n t r y  i n  LIST-OF-FACETS i s  added 
t o  t h e  FREE-FACET l i s t ,  and a l l  i t s  HEAP e n t r i e s  a re  added t o  t h e
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f i g u r e  2 . 1 6
Data s t r u c t u r e  m a n i p u l a t i o n  f o r  t h e  d e l e t i o n  o f  a f a c e t  f r o m  th e  
LIST-OF-FACETS
LIST-OF-FACETS b e f o r e  r em ov a l  o f  r e d u n d a n t  f a c e t
LIST-OF-FACETS
HEAP V'
p o i n t e r s  
t o  v e r t i c e s  .
* f a c e t  t o  
be d e l e t ed 
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FREE-HEAP l i s t  (see f i g u r e  2 . 1 5 ) .  For  exam ple ,  suppose we have 
i n i t i a l i s e d  th e  d a ta  f o r  t h e  i n i t i a l  t e t r a h e d r o n  V, see f i g u r e  2 . 8 ,  
and a re  a b o u t  t o  s l i c e  V w i t h  th e  f i r s t  p la n e  i n  t h e  LIST-OF-PLANES. 
I f  t h e  f i r s t  p la n e  removes th e  f i r s t  t h r e e  v e r t i c e s  i n  th e  i n i t i a l  
LIST-OF-VERTICES (see f i g u r e  2 . 8 )  t hen  th e  r e c o n s t r u c t e d  
LIST-OF-VERTICES and th e  l i s t  o f  REDUNDANT-VERTICES i s  g i v e n  i n  f i g u r e  
2 .17
f i g u r e  2 .17
LIST-OF-VERTICES a f t e r  t h e  r e m o v a l  o f  t h e  f i r s t  t h r e e  v e r t i c e s
X Y Z
- - - -9999
i
- - -
- - - >
20 -20 -20 /
é-REDUNDANT-VERTICES
/ ( -L IST-OF-VERTICES
R e t u r n i n g  t o  f i g u r e  2 . 8 ,  t h e  f i r s t  f a c e t  i n  t h e  LIST-OF-FACETS 
c o n s i s t s  o f  p o i n t e r s  ( a r r a y  c u r s o r s )  t o  v e r t i c e s  i n  t h e  r e d u n d a n t  
l i s t ,  and so each VERTEX-POINTER i s  n e g a t i v e  and th e  f a c e t  l i e s  
c o m p l e t e l y  o u t s i d e  th e  s l i c i n g  p la n e  i|). The f i r s t  f a c e t  i n  th e  
LIST-OF-FACETS i s  r e d u n d a n t  and has t o  be removed f r om  th e  l i s t .  We 
a l t e r  t h e  p o i n t e r  f o r  th e  LIST-OF-FACETS so t h a t  t h e  f r o n t  e le m e n t  i n  
th e  l i s t  i s  removed see f i g u r e  2 . 1 8 .  The removed e le m e n t  i s  added to  
t h e  l i s t  o f  FREE-FACETS by a l t e r i n g  t h e  FREE-FACET v a lu e  and th e  
FACET-POINTER v a l u e ,  and a u t o m a t i c  o p e r a t i o n  c o n t r o l l e d  by t he  
i n - b u i l t  gar ba ge  c o l l e c t i o n  r o u t i n e .  A l l  t h e  e n t r i e s  i n  HEAP w h ich
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F i g u r e  2 . 1 8
Removal  o f  t h e  f i r s t  f a c e t  i n  th e  LIST-OF-FACETS i n  f i g u r e  2 
and r e a l l o c a t i o n  the  f r e e  e n t r y  t o  FREE-HEAP l i s t .
LIST-OF-FACETS ( f o r  t h e  i t h  c r y s t a l )
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FREE-HEAP
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h e ld  t h e  o r d e r e d  l i s t  o f  v e r t e x  i n d i c e s  f o r  t h e  f a c e t  a re  r e l e a s e d  and 
added t o  th e  l i s t  o f  FREE-HEAP e n t r i e s .
2 . 7 RECONSTRUCTION OF FACET WITH TWO INTERSECTION POINTS
Each t im e  we have a f a c e t  w h ich  i s  d i v i d e l b y  il> i n t o  an i n s i d e  and 
o u t s i d e  a re a ,  we w i l l  f i n d  a l i n e  o f  i n t e r s e c t i o n  between th e  f a c e t  
and t h e  s l i c i n g  p la n e  il> (see f i g u r e  2 . 1 9 ) .  T h i s  l i n e  o f  i n t e r s e c t i o n  
w i l l  be d e f i n e d  by two p o i n t s  o f  i n t e r s e c t i o n  between the  f a c e t  
bou nd a ry  and t h e  p la n e  4).
F i g u r e  2 .19
D iag ram  o f  f a c e t  w i t h  two i n t e r s e c t i o n  p o i n t s  be tween t h e
f a c e t  and th e  s l i c i n g  p la n e
p o i n t  o f  i n t e r s e c t i o n
s l i c i n g  p la n e
f a c e t
p o i n t  o f  i n t e r s e c t i o n
The p o i n t s  o f  i n t e r s e c t i o n  between t h e  bou ndary  o f  t h e  f a c e t  and 4> are  
r e q u i r e d  n o t  o n l y  t o  r e c o n s t r u c t  t h e  s l i c e d  f a c e t  b u t  a l s o  f o r  t he  
f o r m a t i o n  o f  t h e  new f a c e t  p roduced by s l i c i n g  V ( t h e  convex h u l l  
w i t h i n  t h e  p o l y g o n a l  mesh b e f o r e  s l i c i n g )  w i t h  t h e  p la n e  ij). The 
i n t e r s e c t i o n  p o i n t s  are  s t o r e d  i n  t h e  two d i m e n s i o n a l  a r r a y  NEWPAIR 
w he re ,  NEWPAIR(1,K) , NEWPAIR( 2 , K) a re  t h e  i n d i c e s  o f  t h e  v e r t i c e s  o f  
t h e  Kth  l i n e  o f  i n t e r s e c t i o n  foun d  between th e  f a c e t s  o f  V i n  
LIST-OF-FACETS and th e  p la n e  4).
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The i n t e r s e c t i o n  p o i n t s  on th e  f a c e t  can be found  c o n v e n i e n t l y  by 
c o n s i d e r i n g  th e  VERTEX-POINTER o f  each v e r t e x  i n  th e  d e f i n i n g  l i s t  o f  
v e r t i c e s  f o r  t h e  f a c e t .  An i n t e r s e c t i o n  p o i n t  o c c u r s  when t h e  sum o f  
th e  VERTEX-POINTER' s o f  c o n s e c u t i v e  v e r t i c e s  around th e  f a c e t  i s  z e ro  
( i . e .  one VERTEX-POINTER i s  p o s i t i v e  (+1)  and one n e g a t i v e  ( - 1 ) ) .
L e t  us assume t h a t  v e r t e x  g = ( x p , y p , z p )  and a = ( x q , y q , z q )  a re  two 
c o n s e c u t i v e  v e r t i c e s  around a f a c e t  i n  t he  LIST-OF-FACETS and 
s i g n ( VERTEX-POINTER(&))+s ign(VERTEX-POINTER(a) )=0 
The i n t e r s e c t i o n  p o i n t  i s  g i v e n  by ( x h . y h . z h )  whe re :  
x h = ( 1 -p ) xp + pxq 
y h = ( 1 - p ) yp+pyq 
z h = ( 1 - p ) zp + pzq
and
p = - f ( x p , y p , z p ) / ( f ( x q , y q , z q ) - f ( x p , y p , z p ) )
0(p< 1
and f ( x , y , z )  i s  t h e  a n a l y t i c  r e p r e s e n t a t i o n  o f  t h e  s l i c i n g  p l a n e .
The c o - o r d i n a t e s  o f  ( x p , y p , z p )  and ( x q , y q , z q )  a re  b o th  i n  t h e  a r r a y s  
X, Y, Z s i n c e  none o f  t h e  e n t r i e s  i n  t h e  l i s t  o f  REDUNDANT-VERTICES 
have been o v e r w r i t t e n .  The new v e r t e x  i s  computed g i v e n  t h e  v a lu e  o f  
p and s t o r e d  i n  t h e  n e x t  f r e e  e n t r y  i n  a r r a y s  X ,Y ,Z  g i v e n  by t h e  f i r s t  
e le m e n t  i n  th e  l i s t  o f  FREE-VERTI CES, p r o v i d e d  i t  i s  n o t  a l r e a d y  
p r e s e n t  i n  t h e  LIST-OF-VERTICES f o r  th e  c r y s t a l .
I f  we f i n d  two i n t e r s e c t i o n  p o i n t s  t hen  th e  f a c e t  has been s l i c e d  
by t h e  p la n e  and a new l i n e  bou nd in g  th e  f a c e t  l i e s  between th e  two 
i n t e r s e c t i o n  p o i n t s .  I f  t h e r e  i s  o n l y  one new i n t e r s e c t i o n  p o i n t  then  
th e  f a c e t  t o uc h es  the  s l i c i n g  p la ne ^an d  w i l l  be o u t s i d e  and r e d u n d a n t  
i f  t h e r e  a re  no i n t e r s e c t i o n  p o i n t s ,  then  th e  f a c e t  i s  i n s i d e  i f  the  
VERTEX-POINTERS are  p o s i t i v e ,  o r  o u t s i d e  i f  t h e  VERTEX-POINTERS are
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n e g a t i v e .  The i n s i d e  f a c e t  r e q u i r e s  no a l t e r a t i o n ,  and th e  o u t s i d e  o r  
r e d u n d a n t  f a c e t  i s  d e l e t e d  f r om  the  LIST-OF-FACETS (see s e c t i o n  2 . 6 ) .
As we t r a v e r s e  th e  f a c e t  any v e r t i c e s  i n  HEAP w i t h  p o s i t i v e  or  
n u l l  VERTEX-POINTERS a re  r e t a i n e d ,  any r e d u n d a n t  v e r t i c e s  ( n e g a t i v e  
VERTEX-POINTERS) are  d e l e t e d  f r om  HEAP, LWeif entrlLüS added t o  t he  
FREE-HEAP l i s t ,  and any i n t e r s e c t i o n  p o i n t s  a re  i n s e r t e d  i n t o  HEAP as 
t h e y  o c c u r .  The a n t i - c l o c k w i s e  o r i e n t a t i o n  i s  r e t a i n e d  t h r o u g h o u t ,  so 
th e  o r d e r  o f  t h e  l i s t s  i n  HEAP are  m a i n t a i n e d .
The l i n e  d e f i n e d  by th e  i n t e r s e c t i o n  p o i n t s  between a f a c e t  and i|j 
a re  s t o r e d  i n  th e  a r r a y  NEWPAIR i n  a s t a n d a r d  f o r m a t .  When we have 
r e - c o m b i n e d  e v e r y  f a c e t  i n  th e  LIST-OF-FACETS a l l  t h e  v e r t i c e s  
r e q u i r e d  t o  c o n s t r u c t  t h e  new f a c e t  w h ic h  l i e s  on 4> and p rodu ced  by 
s l i c i n g  V w i t h  i|j w i l l  be h e ld  i n  NEWPAIR. The o r d e r e d  l i s t  o f  
v e r t i c e s  f o r  t h e  new f a c e t  can be found by s o r t i n g  NEWPAIR. T h i s  new 
f a c e t  Q i s  a l s o  s t o r e d  i n  an a n t i - c l o c k w i s e  o r i e n t a t i o n ,  hence th e  
n e c e s s i t y  t o  s t o r e  t h e  l i n e s  i n  NEWPAIR i n  a s t a n d a r d  and s y s t e m a t i c  
f a s h i o n .  The Kth  l i n e  o f  i n t e r s e c t i o n  fo un d  between a f a c e t  P and th e  
s l i c i n g  p la n e  4i w i l l  be s t o r e d  i n  NEWPAIR( I.K)  and NEWPAIR( 2 , K) such 
t h a t  t h e  l i n e  between NEWPAIR(1,K) and NEWPAIR( 2 , K) i s  t r a v e r s e d  i n  
t h e  same sense as i t  o c c u rs  i n  t h e  r e - c o m b in e d  f a c e t  p. To m a i n t a i n  
t h e  o r i e n t a t i o n  o f  V, i f  th e  l i n e  i n  f a c e t  p goes f r om  NEWPAIR(1,K) t o  
NEWPAIR ( 2, K) t h e n  t h e  same l i n e  i n  th e  new f a c e t  on ij) w i l l  be 
t r a v e r s e d  f r om  NEWPAIR( 2 , K) t o  NEWPAIR(1,K) . P r o v id e d  t h i s  i s  t r u e  
f o r  a l l  t h e  l i n e s  i n  NEWPAIR we can s o r t  NEWPAIR t o  p ro duce  th e  new 
f a c e t ,  Q, w i t h  th e  r e q u i r e d  a n t i - c l o c k w i s e  o r i e n t a t i o n .
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There  a re  v a r i o u s  checks w i t h i n  t h e  s l i c i n g  a l g o r i t h m  t o  t a k e  
a c c o u n t  o f  i n t e r s e c t i o n  p o i n t s  a t  th e  end and b e g i n n i n g  o f  l i n e s  i . e .  
when M=0 o r  p = 1 t o  ensu re  t h a t  t h e y  a re  n o t  i n c l u d e d  t w i c e  i n  t h e  
d e f i n i n g  l i s t  w i t h i n  HEAP, and to  d e l e t e  r e d u n d a n t  s l i c e s  where  th e  
p la n e  4i t o u c h e s  th e  edge o f  a f a c e t .
To i l l u s t r a t e  some o f  th e  a l t e r a t i o n s  r e q u i r e d  w i t h i n  HEAP and 
t h e  LIST-OF-FACETS we s h a l l  c o n t i n u e  a l t e r i n g  f i g u r e  2 . 1 8 ,  where  
s l i c i n g  V w i t h  t h e  f i r s t  p la n e  o f  t h e  c r y s t a l  removed t h e  f i r s t  t h r e e  
v e r t i c e s  i n  t h e  l i s t .  In  f i g  2 .18 we have a l r e a d y  checked and removed 
th e  f i r s t  f a c e t  f r om  th e  l i s t  and s h a l l  p rocee d  t o  r e c o n s t r u c t  t h e  
r e m a i n i n g  f a c e t s .
L e t  us c o n s i d e r  t h e  second f a c e t  d e f i n e d  by t h e  v e r t i c e s  2. 4, 1,
2. We compare t h e  s i g n s  o f  th e  VERTEX-POINTER v a lu e s  f o r  c o n s e c u t i v e  
p a i r s  o f  v e r t i c e s  around t h i s  f a c e t .  VERTEX-POINTER(2 )< 0  and 
VERTEX-POINTER( 4 ) > 0 ,  so t h e r e  must  be a p o i n t  o f  i n t e r s e c t i o n  between 
t h e s e  two v e r t i c e s .  We compute t h e  new i n t e r s e c t i o n  p o i n t  say
( x h 1 , y h 1 , z h 1 ) ,  f r om  th e  a n a l y t i c  r e p r e s e n t a t i o n  o f  t h e  s l i c i n g  p la n e
4). T h i s  new v e r t e x  i s  n o t  p r e s e n t  i n  th e  LIST-OF-VERTICES and so 
( x h 1 , y h 1 , zh 1 ) i s  i n s e r t e d  i n t o  th e  f i r s t  f r e e  e n t r i e s  i n  a r r a y s  X, Y , 
and Z g i v e n  by FREE-VERTEX. We d e l e t e  t h e  e n t r y  f o r  v e r t e x  two 
( f i g u r e  2 . 2 0 ) ,  and i n s e r t  th e  a r r a y  c u r s o r  (5 )  t o  t h e  i n t e r s e c t i o n  
p o i n t  i n  t h e  f i r s t  FREE-HEAP e n t r y  ( f i g u r e  2 . 2 1 ) .  The HEAP p o i n t e r  i s  
a s s ig n e d  t o  th e  n e x t  v e r t e x  around th e  f a c e t  i n  t h e  L IST-OF-VERTICES, 
i . e .  v e r t e x  4.
We c o n t i n u e  to  t h e  n e x t  p a i r  o f  v e r t i c e s ,  4 and 1.
VERTEX-POINTER(4 )>0  and the  VERTEX-POINTER( 1 X 1, a g a in  we have found 
an i n t e r s e c t i o n  p o i n t  say,  ( x h 2 , y h 2 , z h 2 ) .  We check th e
LIST-OF-VERTICES,  b u t  t h e  c o - o r d i n a t e s  f o r  t h i s  v e r t e x  a re  n o t  i n  t h e
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f i g u r e s  2 . 2 0 - 2 . 2 5  R e c o n s t r u c t i o n  o f  t h e  r e m a i n i n g  f a c e t s  i n  f i g u r e  
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F i g u r e  2 . 21
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l i s t ,  so we i n s e r t  i t s  x , y,  z c o - o r d i n a t e s  i n t o  t h e  n e x t  f r e e  e n t r y  
i n  a r r a y s  X, Y. Z and add th e  v e r t e x  t o  t h e  f r o n t  o f  the  
L IST-OF-VERTICES. The e n t r y  i n  HEAP t o  v e r t e x  1 i s  added t o  t h e  
FREE-HEAP l i s t  and th en  the  c u r s o r  number f o r  t h i s  new v e r t e x  i s  added 
t o  t h e  l i s t  o f  v e r t i c e s  i n  HEAP (see f i g u r e  2 . 2 2 ) .
We c o n t i n u e  t o  t h e  n e x t  p a i r  o f  v e r t i c e s .  t h i s  t i m e  b o th  
VERTEX-POINTERl1) and VERTEX-POINTER( 2 )<0 so t h i s  l i n e  segment i s  
r e d u n d a n t  and th e  e n t r y  t o  v e r t e x  two i s  d e l e t e d  f r om  HEAP. To 
c o m p le t e  t h e  r e c o n s t r u c t i o n ,  we add t h e  c u r s o r  number f o r  t h e  f i r s t  
v e r t e x  t o  t h e  end o f  t h e  l i s t  i n  HEAP, and a l t e r  t h e  p o i n t e r  i n  
LIST-OF-FACETS t o  t h e  f r o n t  o f  t h e  r e c o n s t r u c t e d  l i s t  i n  HEAP. The 
INDEX v a lu e  o r  r e f e r e n c e  t o  t h e  LIST-OF-PLANES f o r  t h e  f a c e t  i s  s t i l l  
a n u l l  p o i n t e r  s i n c e  i t  b e lo n g s  t o  t h e  i n i t i a l  t e t r a h e d r o n .  
NEWPAIR(1,1)  i s  th e  c u r s o r  number f o r  ( x h 2 , y h 2 , zh2 ) , and NEWPAIR(2,1) 
i s  t h e  c u r s o r  number f o r  ( x h 1 , y h 1 , z h 1) (see f i g u r e  2 . 2 3 ) .
We c o n t i n u e  t o  t h e  n e x t  f a c e t  i n  th e  LIST-OF-FACETS d e f i n e d  by 
t h e  o r d e r e d  l i s t  o f  v e r t i c e s  1 . 4 ,  3, 1. VERTEX-POINTER( 1 ) < 0 ,  and 
VERTEX-POINTER(4 ) >0, w h ic h  g i v e s  t h e  i n t e r s e c t i o n  p o i n t  ( x h 2 , y h 2 , z h 2 ) .  
T h i s  i s  a l r e a d y  i n  t h e  l i s t  ( v e r t e x  c u r s o r  p o s i t i o n  6 ) .  The e n t r y  t o  
v e r t e x  1 i s  d e l e t e d  and an e n t r y  t o  v e r t e x  6 i s  i n s e r t e d  f o l l o w e d  by 
v e r t e x  4. VERTEX-POINTER(4)>0  and VERTEX-POINTER( 3 )<0 , t h i s  g i v e s  
a n o t h e r  i n t e r s e c t i o n  p o i n t ,  ( x h 3 , y h 3 , z h 3 ) ,  w h ic h  i s  n o t  i n  th e
LIST-OF-VERTICES and so i t  i s  added t o  t h e  f r o n t  o f  t he
LIST-OF-VERT I CES. The e n t r y  t o  v e r t e x  3 i n  HEAP i s  d e l e t e d  and an 
e le m e n t  i n  HEAP t o  i n d e x  7 i s  i n s e r t e d  and we c o n t i n u e  t o  t h e  n e x t  
p a i r  o f  v e r t i c e s .  VERTEX-POINTER( 3 )<0 and VERTEX-PO INTER( 1 X 0 w h ich  
r e s u l t s  i n  a r e d u n d a n t  l i n e .  The l a s t  e n t r y  f o r  t h e  r e c o n s t r u c t e d  
f a c e t  i s  t h e  number 6. NEWPAIR(1,2) c o n t a i n s  c u r s o r  number 7, and
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NEWPAIR( 2 , 2 )  c o n t a i n s  c u r s o r  number  6.  See f i g u r e  2 . 2 4
The f i n a l  f a c e t  i n  th e  l i s t  has v e r t i c e s  3, 4, 2. 3.
VERTEX-P0INTER(3 )<0 and VERTEX-POINTER(4 )>0  . w h i c h  g i v e s  t he  
i n t e r s e c t i o n  p o i n t  ( x h 3 . y h 3 . 2 h 3 )  a l r e a d y  i n  t h e  LIST-OF-VERTICES a t  
a r r a y  c u r s o r  7. VERTEX-POINTER( 4 )>0 b u t  VERTEX-POINTER(2 )<0 . g i v e s  
t h e  i n t e r s e c t i o n  p o i n t v i W d v a l s o  i n  th e  LIST-OF-VERTICES a t  number 5, 
and t h e  f i n a l  l i n e  f r om  2 t o  3 i s  l o s t  s i n c e  VERTEX-POINTER( 2 )<0 and 
VERTEX-POINTER( 3 )<0.  The r e c o n s t r u c t e d  f a c e t  has v e r t e x  i n d i c e s  7, 4, 
5, 7 and NEWPAIR( 1 , 3 )  i s  number 5 and NEWPAIR( 2 , 3 )  i s  number 7 t o  g i v e  
t h e  d a t a  s t r u c t u r e  i n  f i g u r e  2 . 2 5 .
2 .8  ADDING A JiEW FACET TO THE LIST-OF-FACETS
The d a t a  f o r  t h e  new f a c e t  i s  h e ld  i n  a r r a y  NEWPAIR. NEWPAIR has 
been c o n s t r u c t e d  so t h a t  th e  new f a c e t  can be e f f i c i e n t l y  computed by 
s o r t i n g  t h e  p a i r s  o f  v e r t i c e s  i n t o  t h e  c o r r e c t  sequence [ L o r i n ,  1975 ] .  
I f  t h e  K t h  i n t e r s e c t i o n  l i n e  was p roduced  by t h e  p la n e  ili G u t t i n g  t h e  
f a c e t  p i n  t h e  LIST-OF-FACETS. t h en  NEWPAIR(1.K) t o  NEWPAIR( 2 . K) i s  
t h e  d i r e c t i o n  o f  t h e  l i n e  i n  t he  r e c o n s t r u c t i o n  o f  f a c e t  p.  P r o v id e d  
th e  f i r s t  v e r t e x  i n  t h e  o r i g i n a l  d e f i n i n g  l i s t  o f  v e r t i c e s  f o r  t h e  
f a c e t  p was n o t  r e d u n d a n t  i . e .  i t s  VERTEX-POINTER v a lu e  was n o t  
n e g a t i v e ,  t hen  NEWPAIR(1.K) w i l l  be th e  f i r s t  i n t e r s e c t i o n  p o i n t  found 
when t r a v e r s i n g  th e  f a c e t  and NEWPAIR( 2 . K) w i l l  be t h e  s e c o n d . 
However ,  i f  t h e  f i r s t  v e r t e x  i n  f a c e t  P was r e d u n d a n t  as i n  f i g u r e  
2 . 2 0 - 2 . 2 5  th en  NEWPAIR(1,K) i s  th e  second i n t e r s e c t i o n  and 
NEWPAIR(2,K) i s  th e  f i r s t .
For  example  i n  f i g u r e  2 .26  where  f a c e t  p i s  v iewed  f r om  th e  
o u t s i d e .  The f a c e t  i s  s t o r e d  i n  an a n t i - c l o c k w i s e  o r i e n t a t i o n  such 
t h a t  i t s  l i s t  o f  v e r t i c e s  i n  HEAP are  1, 2, 3. 4 and v e r t i c e s  3 and 4
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a re  r e d u n d a n t  when compared w i t h  a s l i c i n g  p la n e  4). I f  we have 
a l r e a d y  f ound  K-1 l i n e s  o f  i n t e r s e c t i o n  between th e  f a c e t s  o f  V and
p la n e  4), t hen  t h e  Kth l i n e  o c c u rs  between f a c e t  p and p la n e  4).
f i g  2 .26
D iagram t o  d e m o n s t r a t e  th e  pro b lems o f  m a i n t a i n i n g  
a n t i - c l o c k w i s e  o r i e n t a t i o n  when th e  f i r s t  d e f i n i n g  
v e r t e x  f o r  a f a c e t  i s  r e d u n d a n t .
NEWPAIR( 2 , K)
r e d u n d a n t  v e r t e x
NEWPAIR( 1 , K
3 *  r e d u n d a n t  v e r t e x
I f  t h e  f a c e t  i s  d e f i n e d  
as 1 , 2 , 3 , 4  NEWPAIR( 1 ,K) 
i s  t h e  f i r s t  i n t e r s e c t i o n  
p o i n t .
I f  t h e  f a c e t  i s  d e f i n e d  
as 4 , 1 , 2 , 3  NEWPAIR!1 , ^ )  
i s  t h e  second i n t e r s e c t i o n  
p o i n t
I f  we t a k e  th e  i d e n t i c a l  f a c e t  0, b u t  t h i s  t i m e  t h e  v e r t i c e s  
a round th e  f a c e t  a re  s t o r e d  i n  HEAP as 4, 1, 2, 3 t h en  NEWPAIR(1,K) 
and NEWPAIR!2 , K) sh ou ld  remain  unchanged,  b u t ,  now t h e  f i r s t  v e r t e x  o f  
t h e  f a c e t  i s  r e d u n d a n t .  so NEWPAIR!1,K) i s  t h e  second i n t e r s e c t i o n  
p o i n t  and NEWPAIR!2 , K) i s  th e  f i r s t  i n t e r s e c t i o n  p o i n t .
A f t e r  c h e c k in g  and r e - c o n s t r u c t i n g  a l l  t h e  f a c e t s  i n  the
LIST-OF-FACETS, we compute th e  new f a c e t  .....................  g e n e r a t e d  by
s l i c i n g  V w i t h  th e  p la n e  4). The v e r t i c e s  f o r  t h i s  new f a c e t  a re  found 
by s o r t i n g  th e  p a i r ^ o f  v e r t i c e s  i n  NEWPAIR. These p a i r s  o f  v e r t i c e s  
d e f i n e  t h e  bou nd ar y  edges o f  t h e  new f a c e t .  The a n t i - c l o c k w i s e  
o r i e n t a t i o n  f o r  th e  new f a c e t ,  0, can be found  by s o r t i n g  NEWPAIR such 
t h a t  t h e  l a s t  v e r t e x  o f  Q i s  NEWPAIR!1 ,1 )  p re ced ed  by v e r t e x
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NEWPAIR( 2 , 1 ) ,  th e  n e x t  i s  v e r t e x  NEWPAIR!2 , K) where
NEWPAIR!1,K)=NEWPAIR!2 , 1 )  and NEWPAIR!2,K) has n o t  been used a l r e a d y .  
C o n t i n u i n g  w i t h  t h e  example o f  f i g u r e  2 .25  we have co m p le te d  the  
s l i c i n g  o f  V w i t h  t h e  f i r s t  p la n e  i n  t h e  L IS T -O F -P L ANES, by o r d e r i n g  
NEWPAIR i n  t h i s  examp le ,  th e  new f a c e t  i s  d e f i n e d  by t he  o r d e r e d  l i s t  
o f  v e r t i c e s  :
NEWPAIR! 1,1 )*-NEWPAIR!2, 1 ) ^NEWPAI R ! 2 , 3 ) ♦-NEWP AI R ! 2 , 2 ) ♦-NEWPA I R ! 1 ,1 )
i . e .
6 4- 5 4- 7 +- 6
T h i s  new f a c e t  i s  i n s e r t e d  i n t o  HEAP, t h e  p o i n t e r  t o  t h i s  new f a c e t  i s  
i n  t h e  f i r s t  empty e le m e n t  i n  t he  LIST-OF-FACETS den o te d  by t h e  v a l u e  
o f  FREE-FACETS, and th e  INDEX f o r  t h i s  f a c e t  i s  a r e f e r e n c e  t o  t he  
f i r s t  p l a n a r  e q u a t i o n  (say 1) i n  t h e  LIST-OF-PLANES s i n c e  t h i s  f a c e t  
l i e s  on t h e  f i r s t  p l a n e ,  c r e a t e d  by s l i c i n g  t h i s  p l a n e ,  i|), t h r o u g h  V.
The f i n a l  LIST-OF-FACETS i s  g i v e n  i n  f i g u r e  2 . 2 7 .
2 .9  GARBAGE COLLECTION OF REDUNDANT LISTS
The f i n a l  s te p  b e f o r e  c o n t i n u i n g  s l i c i n g  w i t h  t h e  n e x t  p la n e  i s  
t o  add th e  t e m p o r a ry  l i s t  o f  REDUNDANT-VERTICES t o  t h e  l i s t  o f  
FREE-VERTICES. The d a ta  s t r u c t u r e  m a n i p u l a t i o n  r e q u i r e d  t o  combine 
t h e s e  two l i s t s  i s  shown i n  f i g u r e  2 .28» Once a l l  t h e  r e d u n d a n t  
e le m e n ts  have been added t o  th e  f r e e  l i s t s  we c o n t i n u e  w i t h  t h e  n ex t  
p la n e  i n  th e  LIST-OF-PLANES.
2 .10  CLOSED FUNDAMENTAL CELL
I t  i s  n o t  u n t i l  we have s l i c e d  V w i t h  e v e r y  p la n e  i n  the
LIST-OF-PLANES i n p u t  f r om  th e  d e f i n i t i o n  module  t h a t  i t  i s  p o s s i b l e  t o
d e t e c t  i f  t h e  u se r  has d e f i n e d  a c l o s e d  c e l l .  I f  t h e  c e l l  i s  no t  
c l o s e d  then  one o r  more o f  th e  f a c e t s  i n  t h e  LIST-OF FACETS has a n u l l
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F i g u r e  2 .27
A d d i t i o n  o f  new f a c e t  p roduced  by s l i c i n g  f i g u r e  2 .18
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f i g u r e  2 .28
R e - a l l o c a t i o n  o f  r e d u n d a n t  v e r t i c e s  t o  t h e  FREE-VERTEX l i s t  
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A f t e r  gar bage  c o l l e c t i o n  
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r e f e r e n c e  t o  th e  LIST-OF-PLANES ( i . e .  a n u l l  INDEX).  These f a c e t s  
s t i l l  b e lo n g  to  t he  i n i t i a l  t e t r a h e d r o n ,  and a c o n t r o l  code i s  s en t  to  
t h e  d e f i n i t i o n  module (see f i g u r e  1 .2 6 )  w h ic h  r e p o r t s  an i n c o m p l e t e  
d e s c r i p t i o n  t o  t he  u se r  and promp ts  th e  u s e r  f o r  more f a c e t  d e t a i l s .  
O b v i o u s l y ,  f o r  t h e  d e t e c t i o n  t o  be c o r r e c t ,  V, must  be l a r g e r  th an  th e  
f u n d a m e n t a l  c e l l  so V r e s t r i c t s  th e  s i z e  o f  t h e  c r y s t a l  t h a t  can be 
p ro d u c e d .  P r o v id e d  t h a t  V i s  s u f f i c i e n t l y  l a r g e ,  t h i s  p ro ves  t o  be a 
m in o r  r e s t r i c t i o n .  The advan ta ges  i n  speed and ease o f  c a l c u l a t i o n  
c l e a r l y  o u t  way t h e  l i m i t a t i o n s .  The f i g u r e s  i n  2 .29  a re  p r o j e c t i o n s  
o f  s i n g l e  c e l l s  p roduced f r om  t h e  p o l y g o n a l  mesh.
F i g u r e  2 .29  V a r i o u s  f u n d a m e n t a l  c e l l s  p roduced by p o l y g o n a l  mesh
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CHAPTER THREE
DEFINITION OF NON-CONVEX CRYSTALS BY COMBINING OPERATIONS 
and INTER-ACTION BETWEEN IHE POLYGONAL MESH AND THE COMBINING MODULE
3.1 EXTENSION TO POLYGONAL MESH
In  th e  p r e v i o u s  c h a p t e r s  we o u t l i n e d  th e  e x tended  m i n i m a l  
d e f i n i t i o n  n o t a t i o n  used by th e  d e f i n i t i o n  module and use o f  t he  
LIST-OF-PLANES by t h e  c o n s t r u c t i o n  module t o  b u i l d  t h e  p o l y g o n a l  mesh 
s t r u c t u r e  f o r  a f u n d a m e n t a l  c e l l  i n  i t s  SETUP p o s i t i o n .  Each 
p o l y g o n a l  mesh r e p r e s e n t s  th e  convex h u l l  o f  a f u n d a m e n t a l  c e l l ,  and 
we combine such fu n d a m e n t a l  c e l l s  t o  produce n on -c o nve x  c r y s t a l s  
[ C h a z e l l ,  1 9 8 0 ] .  F i g u r e  3.1 i s  a non -c onvex  c o m b in a t i o n  o f  PYRAHOTITE 
c e l l s  composed o f  two f u n d a m e n t a l  c e l l s  (as shown i n  f i g u r e  3 . 2 ) .  In
o r d e r  t o  r e p r e s e n t  such c o m b in a t i o n s  w i t h i n  a d a ta  s t r u c t u r e  t h e
i n d i v i d u a l  p o l y g o n a l  mesh s t r u c t u r e s  f o r  each c e l l ,  a re  i n t e r - l i n k e d  
by t h e  a d d i t i o n  o f  a f u r t h e r  l i n k e d  l i s t  t o  t h e  mesh s t r u c t u r e s  (see
f i g u r e  3.^).  T h i s  l i s t  i s  t h e  LIST-OF-CRYSTALS, and c o n t a i n s  p o i n t e r s
t o  each p o l y g o n a l  mesh o f  each fu n d a m e n t a l  c e l l ,  
f i g u r e  3 .3




f o r  c r y s t a l  X
POLYGONAL MESH
f o r  c r y s t a l  B
POLYGONAL MESH
f o r  c r y s t a l  A
When th e  u s e r  d e f i n e s  a new fu n d a m e n ta l  c e l l ,  t h e  g e o m e t r i c  d a ta
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F i g u r e  3 . 1
N o n - c o n v e x  c o m b i n a t i o n  o f  p y r a h o t i t e
F i g u r e  3 .2
Fun da m en ta l  c e l l  used t o  produ ce  f i g u r e  3.1
CRYSTAL I 
PYR AHO TITE
K I L O
0  - I  I I : 3 0
0 -10 1:00
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d e f i n i n g  t h e  c e l l  i s  used w i t h i n  t h e  c o n s t r u c t i o n  module (see c h a p t e r  
two)  t o  b u i l d  an a d d i t i o n a l  p o l y g o n a l  mesh. Th i s  mesh w i l l  be added 
t o  t h e  f r o n t  o f  t he  LIST-OF-CRYSTALS, and r e p r e s e n t s  t h e  c r y s t a l  i n  
SETUP p o s i t i o n  ( c e n t r e d  about  t he  A b s o l u t e  and C r y s t a l l o g r a p h i c  
o r i g i n ) .  The a r r a y s  used t o  c o n s t r u c t  t he  mesh are  sh ared by a l l  t he  
c e l l s ,  b u t  th e  d i s t i n c t  l i s t s  a re  c r e a t e d  and m a i n t a i n e d  by use o f  
a r r a y  p o i n t e r s  and c u r s o r s ,  (see c h a p t e r  two s e c t i o n  2 . 2 ) .
B e f o r e  t h e  n e x t  c e l l  i s  g e n e r a t e d ,  the  user  w i l l  be prompted by
t h e  c o m b in i n g  module t o  s u p p ly  t h e  user  d e f i n i t i o n  o f  t h e  ACTUAL
p o s i t i o n  o f  t h i s  c e l l .  Th i s  w i l l  be d e f i n e d  by t h e  ex te nded  m in i m a l  
d e f i n i t i o n  n o t a t i o n . w h ich  f o r m a l l y  s p e c i f i e s  a s e r i e s  o f  m a t h e m a t i c a l  
t r a n s f o r m a t i o n s  w h ich  must  be p e r fo rm ed  on th e  c r y s t a l  t o  move i t  t o
t h e  r e q u i r e d  ACTUAL p o s i t i o n  [ C a t m u l l  and Sm i th ,  1900; B l i n n ,  1977 ] .
Each o f  t h e s e  co m b in in g  o p e r a t i o n s  i s  t r a n s l a t e d  by t h e  c o m b in ing  
module  i n t o  e q u i v a l e n t  m a t r i x  o p e r a t i o n s  r e l a t i v e  t o  A b s o l u t e  space. 
T h i s  o b v i o u s l y  r e q u i r e s  th e  mapping m a t r i x  M, (see c h a p t e r  pne s e c t i o n  
1 .1 )  t o  c o m p le te  t h e  c o n v e r s i o n  f r om  c r y s t a l l o g r a p h i c  d e f i n i t i o n  t o  a 
m a t r i x  c o m b i n a t i o n  i n  A b s o l u t e  space.  The r e s u l t i n g  SETUP . to  ACTUAL 
m a t r i x ,  Q, w i l l  be used i n  th e  comb in ing  module t o  map each v e r t e x  i n  
t h e ■LIST-OF-VERTICES f o r  t h i s  p a r t i c u l a r  c r y s t a l  f r om  t h e i r  SETUP 
c o - o r d i n a t e s  t o  t h e i r  ACTUAL c o - o r d i n a t e  p o s i t i o n s  i n  A b s o l u t e  space 
and c o n v e r t  th e  r e p r e s e n t a t i o n  o f  the  p la ne s  i n  LIST-OF-PLANES i n t o  
t h e i r  ACTUAL a n a l y t i c  r e p r e s e n t a t i o n .
Once th e  c o n v e r s i o n  i s  co mp le te  t he  user  w i l l  be ' f r e e  t o  d e f i n e  
t h e  n e x t  f u n d a m e n t a l  c e l l  ( i f  any) v i a  t h e  d e f i n i t i o n  mod ule .  F i g u r e  
3 . 1*  summar ises  th e  o p e r a t i o n  o f  the  c om b in ing  module .
159
F i g u r e  3 . 4
Summary o f  t h e  o p e r a t i o n  and f u n c t i o n s  o f  t h e  c o m b i n i n g  mo d u l e
USER INTERFACE
COMBINING MODULE
Mapping m a t r i x  M
LIST-OF-VERTICES
LIST-OF-PLANES
m in i m a l  d e f i n i t i o n  n o t a t i o n
User d e f i n e d  co m b in in g
o p e r a t i o n s  u s in g  ex ten de d
m a t r i x  t r a n s f o r m a t i o n
Each co m b in in g  o p e r a t i o n
t r a n s l a t e d  i n t o  e q u i v a l e n t
i n  A b s o l u t e  space.
Use m a t r i c e s  t o  r e p o s i t i o n
th e  v e r t i c e s  and
and p l a n a r  e q u a t i o n s
i n t o  t h e i r  ACTUAL p o s i t i o n
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1 -l1  c r y s t a l LOg r a p h i c  n o t a t i o n  and EXTENSION TO MINIMAL DEFINITION
NOTATION
The c r y s t a l l o g r a p h i c  n o t a t i o n  f o r  th e  d e f i n i t i o n  o f  c o m p o s i t e  
n o n -c o n v e x  c r y s t a l s  i s  complex and p r o b l e m a t i c  f o r  a comp ute r
i m p l e m e n t a t i o n  [Donnay and Donnay, 1969] b u t  we can ex te n d  our  m i n i m a l
d e f i n i t i o n  n o t a t i o n  f o r  th e  p u rpo s e .  These e x t e n s i o n s  are  c l o s e l y
based on t h e  s t a n d a r d  c r y s t a l l o g r a p h i c  n o t a t i o n ,  bu t  t h e  t e r m i n o l o g y
p r o v i d e s  a method o f  d e f i n i n g  such m u l t i p l e s  w i t h  ease.  By
i n v e s t i g a t i n g  t h e  c r y s t a l l o g r a p h i c  t e r m i n o l o g y  and th e  m o rph o lo gy  o f  
n o n -c o n v e x  c r y s t a l  s t r u c t u r e s ,  we a re  a b le  t o  f o r m u l ( * %  a m i n i m a l  
n o t a t i o n  w h i c h  summar ises t h e  f o r m a l  m a t h e m a t i c a l  o p e r a t i o n s  used t o  
c o n s t r u c t  such o b j e c t s .  Th i s  n o t a t i o n  w i l l  be expanded w i t h i n  t h e  
c o m b in i n g  module  t o  m a t r i x  t r a n s f o r m a t i o n  o p e r a t i o n s  w h ich  are
combined t o  t r a n s f o r m  th e  f u n d a m e n ta l  c e l l s  f rom  th e  SETUP p o s i t i o n  t o  
t h e i r  ACTUAL p o s i t i o n s .
The re  a re  s e v e r a l  g e n e r a l  phrases used i n  c r y s t a l l o g r a p h y  to
d e s c r i b e d  non -c o nv e x  c r y s t a l s :
1. TWIN AXIS: I t  i s  o f t e n  c o n v e n i e n t  t o  d e s c r i b e  a p a i r  o f
c e l l s  w i t h i n  a c om pos i te  s t r u c t u r e  by r e f e r r i n g  t o  t he
o p e r a t i o n  o f  ' r o t a t i o n '  w h ich  wou ld  b r i n g  one c e l l  
o r i e n t a t i o n  i n t o  cong ruence w i t h  the  o t h e r .  The a x i s  o f  
r o t a t i o n  i s  c a l l e d  the  t w i n - a x i s  and th e  r o t a t i o n  i s
g e n e r a l l y  180°.  As an example ,  f i g u r e  3 .5  i s  a t w i n  c r y s t a l ,  
composed o f  two fu n d a m e n ta l  c e l l s  o f  s p i n e l ,  r e l a t e d  t o  each 
o t h e r  by a r o t a t i o n  a x i s .
161
f i g u r e  3 . 5
Twin c r y s t a l  o f  s p i n e l  composed o f  two f u n d a m e n t a l  c e l l s  r e l a t e d  to  
each o t h e r  by a r o t a t i o n  o p e r a t i o n
2. TWIN PLANE: A l t e r n a t i v e l y ,  a p a i r  o f  c e l l s  may be r e l a t e d  by
an o p e r a t i o n  o f  r e f l e c t i o n  ac ro ss  a m i r r o r  ' p l a n e  o r  a 
t w i n - p l a n e . In  f i g u r e  3 .5  th e  c e l l s  may a l s o  be d e f i n e d  by a 
m i r r o r  p la n e  p e r p e n d i c u l a r  t o  the  t w i n  a x i s .
3. COMPOSITE PLANE: The p la ne  where th e  two p o r t i o n s  o f  a t w i n
c r y s t a l  appear  t o  be u n i t e d  i s  c a l l e d  t h e  c o m p o s i t e - p l a n e . 
The t w i n n i n g  p la n e  and th e  co mpos i te  p la n e  v e r y  commonly
c o i n c i d e  as i s  f i g  3 . 5 ,  such c r y s t a l s  a re  c a l l e d  no rma l
t w i n s . When n o t  c o i n c i d i n g  t he  two p la nes  are  g e n e r a l l y  a t
r i g h t  ang le s  to  each o t h e r ,  t h a t  i s ,  th e  co m p o s i t e  p la n e  i s  
p a r a l l e l  t o  th e  a x i s  o f  r o t a t i o n ,  known as p a r a l l e l  t w i n s . 
There  i s  one f u r t h e r  t w i n ,  the  complex t w i n , where  th e  t w i n  
a x i s  i s  n o t  a p o s s i b l e  edge but  a l i n e  i n  a c r y s t a l  p la n e  
no rm a l  t o  a p o s s i b l e  edge.
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4. INTERPENETRATE TWIN: In  f i g u r e  3 . 6 ,  t h e  two f u n d a m e n t a l
c e l l s  making up th e  co m p o s i t e  c r y s t a l  appear  t o  have grown
th r o u g h  each o t h e r .  Such a c r y s t a l  i s  c a l l e d  an
i n t e r p e n e t r a t e  t w i n .
5. CONTACT TWIN: I f  th e  o r i e n t a t i o n  o f  th e  t w i n s  i s  d e v e lo p e d
one on e i t h e r  s i d e  o f  a w e l l  d e f i n e d  p la n e  ( I h e  c o n t a c t
p l a n e ) ,  th en  the  i m p r e s s i o n  i s  t h a t  th e  two p o r t i o n s  have 
been j o i n e d  abo ut  t h i s  p la n e  and are  d e s c r i b e d  as c o n t a c t  
t w i n s .  F i g u r e  3 .7  i s  t h e  c o n t a c t  t w i n  o f  t h e  c o m p o s i t e  
s t r u c t u r e  shown i n  f i g u r e  3 , 6 .
C o n ta c t  t w i n s  a re  n o t  e x p l i c i t l y  d e f i n e d  by ou r  
n o t a t i o n ,  however ,  f r om  th e  d e s c r i p t i o n  o f  any c o m p o s i t e  
s t r u c t u r e  c o n t a i n m ^ t w in s  t h a t  i n t e r p e n e t r a t e ,  i t  i s  p o s s i b l e  
t o  a u t o m a t i c a l l y  compute th e  c o n t a c t  t w i n s  i n  t h e  
m a n i p u l a t i o n  module and a l l o w  th e  use r  t o  s e l e c t  t h e  d e s i r e d  
t w i n  (see c h a p t e r  f i v e ) .
Whether  th e  co m p os i te  s t r u c t u r e  has c o n t a c t  t w i n s  o r  
i n t e r p e n e t r a t e  t w i n s ,  the  o r i e n t a t i o n  between th e  c r y s t a l s  i s  
a c h ie v e d  u s in g  th e  same o p e r a t i o n s .  From th e  m orpho logy  o f  such 
s t r u c t u r e s  we can see t h a t  each f u n d a m e n ta l  c e l l  i s  r e l a t e d  t o  each 
o t h e r  by a c o m b in a t i o n  o f  s c a l i n g ,  r o t a t i o n ,  r e f l e c t i o n  and 
t r a n s l a t i o n  o p e r a t i o n s .  The m in i m a l  d e f i n i t i o n  n o t a t i o n  must  be 
c a p a b le  o f  f o r m a l l y  d e f i n i n g  each o f  th es e  t r a n s f o r m a t i o n s .
There  are  few r u l e s  t o  d e t e r m i n e  p o s s i b l e  t w i n n i n g  p la ne s  and 
axes .  To m a i n t a i n  th e  g e n e r a l i t y  o f  t he  module ,  any t w i n n i n g  p l a n e ,  
t w i n n i n g  a x i s  or  deg ree  o f  r o t a t i o n  can be s e l e c t e d  by t h e  u s e r ,  
a l t h o u g h  i n  th e  r e a l - w o r l d '  no a x i s  o f  r o t a t i o n  o f  even d eg re e  ( 2 , 4
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F i g u r e  3 . 6
I n t e r p e n e t r a t e  t w i n  s t r u c t u r e s  composed o f  t wo s t a u r o l i t e  c r y s t a l s
f i g u r e  3 .7
C o n t a c t  t w i n  o f  f i g u r e  3 .6
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or  6) w i t h i n  th e  c l a s s  symmetry w i l l  o c c u r  as a t w i n  a x i s ,  as no new 
o r i e n t a t i o n  i s  p roduced by r o t a t i o n  t h ro u g h  180°,  no r  w i l l  any p la ne  
o f  c r y s t a l l o g r a p h i c  c l a s s  symmetry be a t w i n  p la ne  i n  norma l  t w i n n i n g ,  
th ough  i t  may be the  c o m p o s i t i o n  p la ne  i n  p a r a l l e l  o r  complex 
t w i n n i n g ,
The t w i n n i n g  p la ne s  and axes a p p a r e n t  i n  a s u bs ta nc e  depends o n l y  
on th e  s u b s t a n c e .  The number p o s s i b l e  i s  u s u a l l y  l i m i t e d  t o  a few 
common t y p e s  [Dana,  1948 ] .  The c h o i c e  o f  t w i n n i n g  p la n e  or  a x i s  
o b v i o u s l y  has some c o n n e c t i o n  w i t h  th e  r e g u l a r  i n t e r n a l  s t r u c t u r e  o f  
t h e  compound, b u t  t h e r e  are  no r u l e s  t o  say t h a t  a c r y s t a l  f r om  a 
s p e c i f i c  sys tem and c l a s s  must  have c e r t a i n  t w i n  axes and p l a n e s .  Two 
d i f f e r e n t  compounds or  c h e m ic a l s  may have i d e n t i c a l  sys tem and c l a s s  
d e f i n i t i o n  b u t  d i s p l a y  d i f f e r e n t  t w i n n i n g  axes and p l a n e s .
To d e f i n e  any non -c onvex  s t r u c t u r e  we can decompose th e  s t r u c t u r e  
i n t o  a number o f  fu n d a m e n ta l  c e l l s ,  each i n d i v i d u a l  c e l l  w i l l  be 
d e f i n e d  i n  i t s  SETUP p o s i t i o n ,  and then  r e p o s i t i o n e d  by t he  user  
d e f i n i n g  i t s  a c t u a l  o r i e n t a t i o n  and p o s i t i o n  r e l a t i v e  t o  a f i x e d  p o i n t  
i n  c r y s t a l l o g r a p h i c  space,  t h e  o r i g i n .  The SETUP p o s i t i o n  f o r  each 
c e l l  i s  s p e c i f i e d  w i t h  th e  c e l l  c e n t r e d  about  t he  o r i g i n  o f  the  
c r y s t a l l o g r a p h i c  axes.  Us ing th e  ex ten de d  m in i m a l  d e f i n i t i o n  n o t a t i o n  
t h e  u s e r  w i l l  d e f i n e  th e  d e s i r e d  ACTUAL p o s i t i o n .  Th i s  d e f i n i t i o n  
c o u ld  i n v o l v e :
1. S c a l i n g  th e  c r y s t a l  t o  th e  r e q u i r e d  p r o p o r t i o n s .
2. R e f l e c t i n g  th e  c r y s t a l  ac ro ss  a t w i n n i n g  p l a n e .
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3. R o t a t i n g  t h e  c r y s t a l  by a g i v e n  deg ree  abou t  an t w i n n i n g  
a x i s  .
4. T r a n s l a t i n g  the  c r y s t a l  t o  th e  d e s i r e d  p o s i t i o n .
o r  any c o m b i n a t i o n  o f  th ese  o p e r a t i o n s .  Each o f  o p e r a t i o n s  are  
d e f i n e d  i n  c r y s t a l l o g r a p h i c  space b u t  a re  c o n v e r t e d  w i t h i n  t he  
c o m b in i n g  module i n t o  e q u i v a l e n t  m a t r i x  o p e r a t i o n  r e l a t i v e  t o  th e  
A b s o l u t e  a x i a l  sys tem used w i t h i n  t h e  p o l y g o n a l  mesh. These m a t r i c e s  
w i l l  t h en  be used t o  t r a n s f o r m  th e  d a ta  model  ( p o l y g o n a l  mesh) f o r  t he  
c e l l  f r o m  i t s  SETUP p o s i t i o n  t o  i t s  ACTUAL p o s i t i o n ,  
f i g u r e  3 .8
summary o f  t h e  t r a n s f o r m a t i o n  o p e r a t i o n s  t o  be s p e c i f i e d  by t h e  u se r  
i n  t h e  m i n i m a l  d e f i n i t i o n  n o t a t i o n :
SCALING ROTATION REFLECTION TRANSLATION
MINIMAL DEFINITION
From f i g u r e  3 .8  we can see t h a t  the  e x t e n s i o n  t o  th e  m in i m a l  
d e f i n i t i o n  n o t a t i o n  must be c a pab le  o f  s p e c i f y i n g  u n i q u e l y
1. a s c a l i n g  f a c t o r
2. a r o t a t i o n  a x i s  and deg ree  o f  r o t a t i o n
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3. a m i r r o r  p la ne
4. a t r a n s l a t i o n  o p e r a t i o n .
C r y s t a l l o g r a p h e r s  have n o t  deve lo ped  a n o t a t i o n  t o  e x p l i c i t l y  d e s c r i b e  
such t r a n s f o r m a t i o n s ,  however ,  th e y  have d ev e lo pe d  a n o t a t i o n  t o  
d e s c r i b e  t h e  a x i s  or  p la n e  o f  t w i n n i n g ,  wh i ch  i s  o f t e n  used w i t h  the  
d e s c r i p t i v e  te rm s o f  c o n t a c t  t w i n s ,  i n t e r p e n e t r a t e  t w i n s ,  nor ma l  t w i n s  
e t c .  These te rm s are  v e r y  vague anj^give no i n d i c a t i o n  t o  t h e  r e l a t i v e  
s i z e ,  p o s i t i o n i n g  o r  shape o f  the  c r y s t a l s .  O b v i o u s l y ,  t o  be a b le  t o  
r e p r e s e n t  t h e s e  c r y s t a l s  i n  a s t y l e  s u i t a b l e  f o r  compute r
i m p l e m e n t a t i o n  each o f  t r a n s f o r m a t i o n s  must  be d e f i n e d  f o r m a l l y  and 
p r e c i s e l y ,  i n  a n o t a t i o n  f a m i l i a r  t o  c r y s t a l l o g r a p h e r s  and c o m p a t i b l e  
w i t h  t h e i r  n o t a t i o n .  For  th e  d e f i n i t i o n  t o  be r o b u s t ,  i t  must  be 
c o n c i s e  and s t a n d a r d  t h r o u g h o u t  t h e  seven c r y s t a l l o g r a p h i c  sys tems.
The t r a n s f o r m a t i o n s  f r om  SETUP t o  ACTUAL p o s i t i o n  are  d e f i n e d  
r e l a t i v e  t o  t h e  c r y s t a l l o g r a p h i c  axes o f  t h e  r e s p e c t i v e  c r y s t a l  u s in g  
ou r  e x te n de d  n o t a t i o n .  Each t r a n s f o r m a t i o n  i s  c o n v e r t e d  i n t o  th e  
e q u i v a l e n t  t r a n s f o r m a t i o n s  w i t h  r e s p e c t  t o  t h e  A b s o l u t e  axes ,  and 
r e p r e s e n t e d  as a m a t r i x  o p e r a t i o n .  Once we use m a t r i c e s  t o  r e p r e s e n t  
t h e  t r a n s f o r m a t i o n s ,  th e  o rd e r j ^ t o  p e r f o r m  th e  o p e r a t i o n s  i s  c l e a r l y  
d e f i n e d .  F i g u r e  3 .9  summar ises th e  o r d e r  and t e r m i n o l o g y  used i n  t he  
m i n i m a l  d e f i n i t i o n  n o t a t i o n .  I f  a p a r t i c u l a r  o p e r a t i o n  i s  no t  
r e q u i r e d  t h e  c o r r e s p o n d i n g  m a t r i x  w i l l  be th e  i d e n t i t y  m a t r i x .  For 
e f f i c i e n c y  i n  c o m p u t a t i o n  r a t h e r  t han  c o n s t r u c t  each m a t r i x  to  
r e p r e s e n t  th e  e le m e n t a r y  t r a n s f o r m a t i o n  i n  c r y s t a l l o g r a p h i c  space, and 
th en  c o n v e r t  th e  c o m b in a t i o n ,  P, i n t o  an e q u i v a l e n t  o p e r a t i o n  Q=MxP 
r e l a t i v e  t o  th e  A b s o l u t e  axes,  we w i l l  a u t o m a t i c a l l y  c o n s t r u c t  each 
t r a n s f o r m a t i o n  r e l a t i v e  t o  t he  A b s o l u t e  axes so t h a t  on i n p u t  th e  
d e f i n i t i o n  *S im m ed ia te ly  c o n v e r t e d  i n t o  an e q u i v a l e n t  d e f i n i t i o n
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f i g  3 . 9





( u n i f o r m s c a l i n g  a lo ng




T r a n s l a t i o n  den o te d  
by c o - o r d i n a t e s  i n  
c r y s t a l l o g r a p h i c  space
Zone a x i s  d eno te d
by zone i n d e x
and d e g re e  o f  r o t a t i o n
M i l l e r /  M i l l e r - B r a v a i s  
n o t a t i o n  d e n o t i n g  
MIRROR PLANE
Decompose i n t o  
a number o f  e l e m e n t a r y  
r o t a t i o n  o p e r a t i o n s .  
Comple te  o p e r a t i o n  
deno te d  by MATRIX G
Decompose i n t o  
a number o f  e l e m e n t a r y  
r o t a t i o n  and 
r e f l e c t i o n  o p e r a t i o n s .  
Comple te  o p e r a t i o n  
den oted  by MATRIX F
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r e l a t i v e  t o  t h e  A b s o l u t e  a x i a l  s y s t e m .
The f i n a l  m a t r i x  r e p r e s e n t i n g  the  SETUP to  ACTUAL t r a n s f o r m a t i o n .  Q. 
w i l l  be used a l o n g s i d e  th e  p o l y g o n a l  mesh t o  t r a n s f o r m  th e  c e l l  t o  i t s  
ACTUAL p o s i t i o n .  G e n e r a l l y  t h i s  o p e r a t i o n  r e q u i r e s  no d i r e c t  
i n t e r a c t i o n  w i t h  th e  d a ta  s t r u c t u r e  ( p o l y g o n a l  mesh) ,  b u t  i n v o l v e s  th e  
r e c o m p u t a t i o n  o f  t he  v e r t e x  p o s i t i o n s  w i t h i n  t h e  LIST-OF-VERT I CES and 
t h e  a n a l y t i c  r e p r e s e n t a t i o n  o f  th e  p la ne s  w i t h i n  t h e  LIST-OF-PLANES 
f o r  t h e  p a r t i c u l a r  c e l l .
3 .3  COMBINING OPERATIONS
To c o n s t r u c t  a non -c onvex  c r y s t a l  t h e  c o m b in i n g  o p e r a t i o n s  
r e q u i r e d  th e  s p e c i f i c a t i o n  o f  a t r a n s l a t i o n  o p e r a t i o n .  A t r a n s l a t i o n  
i s  such t h a t  a p o i n t  ( x , y , z )  i s  t r a n s f o r m e d  t o  a new p o i n t  
(x + T x , y + T y , z + Ty ) , where  ( T x . T y . T z )  i s  th e  d i s p l a c e m e n t  v e c t o r .  To 
r e p r e s e n t  t h i s  t r a n s f o r m a t i o n  we can no l o n g e r  use a t h r e e  by t h r e e  
m a t r i x  r e p r e s e n t a t i o n ,  b u t  must use an a f f i n e  m a t r i x  t r a n s f o r m a t i o n  
where  a g e n e r a l  p o i n t  ( x , y , z )  i s  r e p r e s e n t e d  by th e  ex te nded  column 





and t h e  t r a n s l a t i o n  i s  r e p r e s e n t e d  by a f o u r  by f o u r  m a t r i x  T:
1 0 0 Tx
T = 0 1 0 Ty
0 0 0 Tz
0 0 0 1
and th e  m a t r i x  o p e r a t i o n
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X x + Tx
T. y = y + Ty
z z + Tz
1 1
as r e q u i r e d .
So t h a t  we can combine th e  m a t r i c e s  by m a t r i x  m u l t i p l i c a t i o n ,  the  
r e m a i n i n g  s c a l i n g ,  r o t a t i o n  and r e f l e c t i o n  o p e r a t i o n s  must a l s o  be 
r e p r e s e n t e d  as a f o u r  by f o u r  m a t r i x ,  where th e  l a s t  row and l a s t  
column c o n t a i n  t he  numbers 0, 0, 0, 1,
I n i t i a l l y ,  each c r y s t a l  i s  d e f i n e d ,  and g e n e r a t e d  i n  i t s  SETUP 
p o s i t i o n  c e n t r e d  abo u t  th e  o r i g i n .  The f i r s t  co m b in in g  o p e r a t i o n  i s  
t o  s c a l e  t h e  c e l l  t o  t h e  r e q u i r e d  d im e n s i o n .  The s c a l i n g  o p e r a t i o n  
u n i f o r m l y  i n c r e a s e s  o r  dec rea ses  th e  s i z e  o f  th e  f u n d a m e n t a l  c e l l  by a 
f a c t o r  s ( s > 0 ) .  I f  s > 1 th e  c e l l  i s  e n l a r g e d ,  i f  s <1 th e  c e l l  i s  
d i m i n i s h e d ,  and i f  s=1, t he  c e l l  rem ains  unchanged.  A l l  s c a l i n g  i s  
done r e l a t i v e  t o  th e  c r y s t a l l o g r a p h i c  and C a r t e s i a n  o r i g i n f  and i s  th e  
f i r s t  o p e r a t i o n  p e r fo rm ed  on a f u n d a m e n t a l  c e l l .  The u se r  d e f i n e s  th e  
s c a l i n g  o p e r a t i o n  by s p e c i f y i n g  t h e  f a c t o r  s , w i t h i n  th e  co m b in ing  
m o d u l e , C h i s  i s  c o n v e r t e d  i n t o  a f o u r  by f o u r  s c a l i n g  m a t r i x  E.
Once t h e  c r y s t a l  i s  sc a le d  t o  th e  c o r r e c t  d im e n s io n s  i t  has t o  be 
p la c e d  i n t o  t h e  c o r r e c t  o r i e n t a t i o n .  In c r y s t a l l o g r a p h y  t h i s  i n v o l v e s  
e i t h e r  an o p e r a t i o n  o f  r o t a t i o n  o r  r e f l e c t i o n *  However , to  m a i n t a i n  
th e  g e n e r a l i t y  o f  th e  module bo th  o p e r a t i o n ^ c a n  be s e l e c t e d  f o r  a 
c e l l .
To r e f l e c t  th e  c e l l  ac ro ss  a p la ne  th e  u se r  d e f i n e s  t h e  p la ne  
o f  r e f l e c t i o n  by g i v i n g  i t s  M i l l e r  i n d e x  (h k 1) o r  i t s  
M i l l e r - B r a v a i s  i n d e x  (h k ( i )  1) i f  t he  c r y s t a l  i s  i n  th e  
t r i g o n a l  o r  hexagona l  systems (see Append ix  I ) .
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To d e f i n e  th e  r o t a t i o n  we g i v e  the  a p p r o p r i a t e  z o n e - a x i s . 
The z o n e - a x i s  can be t h o u g h t  o f  as a l i n e  drawn t h r o u g h  t h e  
o r i g i n  o f  t h e  c r y s t a l l o g r a p h i c  axes and q u o t i n g  t h e  
c o - o r d i n a t e s  o f  a p o i n t  on th e  l i n e  r e l a t i v e  t o  t h e  x - ,  y - ,  
Z - ,  c r y s t a l l o g r a p h i c  axes .  I f  t h e  c o - o r d i n a t e s  are  U, V, W 
t h e  z o n e - a x i s  i s  t h e  d i a g o n a l  o f  a p a r a l l e l e p i p e d  o f  s i d e s  
aU,bV,cW [ P h i l l i p s , 1 9 6 0 , p 2 0 3 ] .
Once t h e  p la n e  o r  a x i s  i s  s e l e c t e d ,  t h e  c om b in ing  module w i l l  use t h i s  
t o  compute a s e r i e s  o f  e le m e n t a r y  t r a n s f o r m a t i o n s  w h ic h  when combined 
r e p r e s e n t  t h e  e q u i v a l e n t  r o t a t i o n  o r  r e f l e c t i o n  i n  A b s o l u t e  space.  
The m a t r i x  r e p r e s e n t i n g  t h e  r e f l e c t i o n  i s  F , and t h e  r o t a t i o n  m a t r i x  
i s  G.
The f i n a l  s ta ge  i s  t o  p o s i t i o n  t h e  c e l l  i n  space so t h a t  i t  i s  
t r a n s l a t e d  ( x 1 ' , y 1 ' , z 1 ' )  u n i t s  a lo n g  th e  c r y s t a l l o g r a p h i c  x - , y - ,  
z - a x e s  r e s p e c t i v e l y .  T h i s  t r a n s l a t i o n  i s  d e f i n e d  by t h e  use r  
s p e c i f y i n g  th e  ( x 1 ' , y 1 ' , z 1 ' ) c r y s t a l l o g r a p h i c  c o - o r d i n a t e s  w h ic h  are  
c o n v e r t e d  i n t o  th e  e q u i v a l e n t  c o - o r d i n a t e s  i n  A b s o l u t e  space by t h e  
m a t r i x  M. From t h i s  we compute a t r a n s l a t i o n  m a t r i x  H.
The c o m p le te  t r a n s f o r m a t i o n  f r om  SETUP t o  ACTUAL space i s  d e f i n e d
by :
Q=HxGxFxE.
The f o u r  by f o u r  m a t r i x  Q i s  the  SETUP-ACTUAL m a t r i x ,  and i s  used to  
r e p o s i t i o n  a l l  t he  v e r t i c e s  f o r  th e  c e l l  w i t h i n  i t s  p o l y g o n a l  mesh and 
a l t e r  t h e  e q u a t i o n s  f o r  th e  f a c e t  p la ne s  i n  th e  LI  ST-OF-PLANES, h e ld  
i n  a r r a y s  A. B, C, D. a s s o c i a t e d  w i t h  the  c e l l .  G e n e r a l l y  no 
a l t e r a t i o n  i s  r e q u i r e d  t o  t he  p o l y g o n a l  mesh o t h e r  t han  r e - c o m p u t i n g  
t h e  c o - o r d i n a t e s  o f  t h e  v e r t i c e s  i n  th e  LIST-OF-VERTICES and th e  p la n e  
e q u a t i o n s  f o r  t h e  c e l l ,  however ,  i f  t h e  c e l l  has been r e f l e c t e d  a c ro ss
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a p la n e  i t s  a n t i - c l o c k w i s e  o r i e n t a t i o n  w i t h i n  th e  p o l y g o n a l  mesh w i l l  
have been a l t e r e d  to  c l o c k w i s e  and must  be r e c o n s t r u c t e d  by
r e a r r a n g i n g  t h e  d e f i n i n g  l i s t s  i n  HEAP.
3■4 SCALING MATRIX
Each t im e  a new c r y s t a l  i n  a non -conve x  s t r u c t u r e  i s  g e n e r a t e d  
and i t s  p o l y g o n a l  mesh added to  the  LIST-OF-CRYSTALS (see s e c t i o n  3 . 1 )  
t h e  u s e r  w i l l  be prompted by th e  c om b in ing  module t o  s u p p l y  t h e  a c t u a l
p o s i t i o n  f o r  t h e  c e l l .  The f i r s t  t r a n s f o r m a t i o n  th e  u se r  s u p p l i e s  i s
t h e  s c a l i n g  f a c t o r ,  s>0. I f  s> 1 th e  c e l l  w i l l  be m a g n i f i e d  u n i f o r m l y  
by t h e  f a c t o r ,  s, and i f  s<1, th e  c e l l  i s  d i m i n i s h e d  u n i f o r m l y .  I f  
s=1,  t h e  c e l l  re m a in s  unchanged and r e t a i n s  t he  d im e n s io n s  i n i t i a l l y
d e f i n e d  by t h e  u s e r .  The m a t r i x  o p e r a t i o n  f o r  u n i f o r m l y  s c a l i n g  i n
t h r e e  d im e n s i o n s  r e l a t i v e  t o  th e  A b s o l u t e  C a r t e s i a n  c o - o r d i n a t e '
o r i g i n  i s ;
’s 0 0 0
E= 0 s 0 0
0 0 s 0
0 0 0 1
I f  s = 1 t h e  c r y s t a l  rem ains  unchanged 
I f  s >1 th e  c r y s t a l  i s  e n la r g e d
I f  0<s<1 t h e  c r y s t a l  i s  c o n t r a c t e d  ( i . e .  d i m i n i s h e d )  
any o t h e r  v a lu e  i s  i n v a l i d .
A g e n e r a l  p o i n t  ( x , y , z )  i n  t he  A b s o l u t e  space w i l l  be s c a le d  t o  th e  p o i n t
( s . x , s . y , s . z ) .
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3 ^  MA.TJIX  r e p r e s e n t a t i o n  o f  m i r r o r  r e f l e c t i o n  ACROSS A PLANE
Once th e  c e l l  i s  t he  c o r r e c t  d im e n s i o n ,  t he  u se r  can o r i e n t a t e  
t h e  c r y s t a l  by a p p l i c a t i o n  o f  r o t a t i o n  and r e f l e c t i o n  o p e r a t i o n s .  The 
m i r r o r  p la n e s  a re  d e f i n e d  by t h e i r  M i l l e r  o r  M i l l e r - B r a v a i s  i n d i c e s  
(see s e c t i o n  1 . 3 ) ,  (h k ( i )  1 ) .  In th e  co m b in in g  module t h i s  i s  
c o n v e r t e d  i n t o  th e  a n a l y t i c  r e p r e s e n t a t i o n  o f  th e  e q u i v a l e n t  i n f i n i t e  
p la n e  i n  A b s o l u t e  space, p a s s in g  t h ro u g h  th e  o r i g i n .  The c o m p u t a t i o n s
f o r  t h i s  c o n v e r s i o n  a re  g i v e n  i n  s e c t i o n  1 .5 ,  where  we c o n v e r t  t he
f a c e t  i n d i c e s  and h a b i t  v a lu e s  i n t o  i n f i n i t e  p la ne s  i n  A b s o l u t e  space.
We use t h e  i d e n t i c a l  c o m p u t a t i o n s  t o  c o n v e r t  (h k 1) w i t h  h a b i t  z e ro
t o  t h e  p l a n e :
f ( X , y , z ) Ed 1 . x + d 2 . y + d 3 . z 
where  t h e  no rm a l  t o  th e  p la n e  i s  t h e  u n i t  v e c t o r  ( d 1 , d 2 , d 3 ) ,  and
( X , y , z ) i s  a g e n e r a l  p o i n t  i n  A b s o l u t e  space.  Note t h a t  t he
p e r p e n d i c u l a r  d i s t a n c e  o f  th e  p la ne  t o  th e  A b s o l u t e  o r i g i n  i s  z e ro ,  
i . e .  t h e  p la n e  passes t h r o u g h  t h e  o r i g i n .
To compute th e  m a t r i x  r e p r e s e n t i n g  a r e f l e c t i o n  a bo u t  t h i s  
i n f i n i t e  p l a n e ,  we decompose i t s  c o m p u t a t i o n  i n t o  a s e r i e s  o f  
e l e m e n t a r y  t r a n s f o r m a t i o n s  i n v o l v i n g  r o t a t i o n  a bou t  th e  x - ,  y - ,  z -
A b s o l u t e  axes ,  and a s i n g l e  r e f l e c t i o n  o p e r a t i o n  a c ro s s  t h e  x / z  p la n e .
1. r o t a t e  abou t  the  y - a x i s  i n  A b s o l u t e  space u n t i l  the  normal  
( d 1 , d 2 , d 3 )  l i e s  i n  th e  x / y  p l a n e .  T h i s  c o r r e s p o n d s  t o  a
' - "I
r o t a t i o n  abou t  the  y - a x i s  by an ang le  E=tan ( d 3 / d 1 )
r e p r e s e n t e d  by the  m a t r i x
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d1 0 d3 0
1
R= - 0 V 0 0
V
-d3 0 d1 0
0 0 0 V
where th e  p o s i t i v e  number v i s  g i v e n  by
2 2 ? 
V  =d1 +d3
2 .
Thus th e  p o i n t  ( d 1 , d 2 , d 3 )  t r a n s f o r m s  to  ( v , d 2 , 0 )  a p o i n t  on 
t h e  x / y  p l a n e .
r o t a t e  space a bou t  th e  z - a x i s  by an a n g le  5 = t a n " ^ ( v / d 2  ) 
r e p r e s e n t e d  by t he  m a t r i x  S, t h e  c o m b in a t i o n  o f  SxR maps 
( d 1 , d 2 , d 3 )  t o  a p o i n t  on t h e  n e g a t i v e  y - a x i s .




- V  -d2  0 0
0 0 w 0
0 0 0 w
where  t h e  p o s i t i v e  number
2 2 2 2 2 2 w =v +d2 =d1^+d2 +d3
3 .
The p o i n t  ( v , d 2 , 0 )  t r a n s f o r m s  t o  th e  p o i n t  ( 0 , - w , 0 )  a p o i n t  
on t h e  y - a x i s .
Now th e  normal  ( d 1 , d 2 , d 3 )  l i e s  a lo ng  the  n e g a t i v e  y - a x i s ,  t o  
r e f l e c t  space ac ro ss  t h i s  p la n e  we need o n l y  use the  
f o l l o w i n g  m a t r i x  T.
1  0 0 0
T= 0 - 1 0 0
0 0 1 0
0 0 0 1
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4 . The f i n a l  s te p  i s  t o  r e p o s i t i o n  space so t h a t  th e  norma l  to  
th e  p la n e  i s  r e t u r n e d  to  a v e c t o r  i n  t he  same d i r e c t i o n  as 
( d 1 , d 2 , d 3 )  by p r e - m u l t i p l y i n g  by t h e  i n v e r s e  m a t r i c e s
s' T r' T
The c o m p le t e  sequence o f  t r a n s f o r m a t i o n s  i s :
F = R  ^xS 'xTxSxR
3 .6  ROTATION ABOUT A ZONE AXIS
To s p e c i f y  a r o t a t i o n  th e  u se r  s u p p l i e s  th e  z o n e - a x i s  [U.V .W]  
r e l a t i v e  t o  th e  c r y s t a l l o g r a p h i c  axes.
N o te :  i n  t h e  t r i g o n a l  and hexagona l  sys tem where M i l l e r - B r a v a i s
n o t a t i o n  i s  used,  f o u r  v a lu e s  are  neve r  g i v e n ,  by c o n t e n t i o n  th e  
u - a x i s  i s  l e f t  o u t ,  because th e  meaning i s  no l o n g e r  c l e a r ,  hence th e  
z o n e - a x i s  i n  th e s e  systems i s  denoted by [ U , V , * , W ]  C P h i l l i p s ,1 960 ; 
p203 ] .
The z o n e - a x i s  i s  d e f i n e d  r e l a t i v e  t o  th e  c r y s t a l l o g r a p h i c  axes ,  b u t  
w i t h i n  t h e  c o m b in i n g  module t h i s  i s  c o n v e r t e d  i n t o  a d i r e c t i o n  v e c t o r  
r e l a t i v e  t o  t h e  A b s o l u t e  axes wh i ch  l i e s  a lo ng  the  z o n e - a x i s .  T h i s  
d i r e c t i o n  v e c t o r  i s  g i v e n  by ( d 1 , d 2 , d 3 )  where :
d1 U
d2 = M. V
d3 W
and M i s  t h e  mapping m a t r i x  f o r  th e  c r y s t a l  sys tem computed i n  th e  
d e f i n i t i o n  module (see s e c t i o n  1 . 1 ) .
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As w i t h  t h e  r e f l e c t i o n  o p e r a t i o n ,  th e  m a t r i x  c o r r e s p o n d i n g  t o  th e  
l o t a t i o n  abo u t  t h i s  a x i s  can b e ' f o u n d  f rom  a s e r i e s  o f  e le m e n t a r y  
r o t a t i o n  o p e i a t i o n s .  The co m p le te  r o t a t i o n  o p e r a t i o n  i s  g i v e n  by th e  
m a t r i x  c o m b i n a t i o n ;
G = R  ^xS ^xYxSxR
where R and S are  as f o r  th e  r e f l e c t i o n  o p e r a t i o n ,  
b u t  Y i s  t h e  m a t r i x :
c o s ( e ) 0 s i n {£)  0
Y= 0 1 0  0
- s i n ( e ) 0 c o s ( e ) 0
0 0 0 1
r e p r e s e n t i n g  a r o t a t i o n  abo u t  t h e  y - a x i s  by t h e  a n g le  e , where  e i s  
s p e c i f i e d  by t h e  u se r  as t he  deg ree  o f  r o t a t i o n .
3 . 7 TRANSLATION
Once th e  user  has d e f i n e d  the  o r i e n t a t i o n  o f  th e  c e l l ,  t h e  f i n a l  
t r a n s f o r m a t i o n  i s  the  p o s i t i o n i n g  o f  the  c r y s t a l  i n  C r y s t a l l o g r a p h i c  
space.  The c r y s t a l  i s  d e f i n e d  i n  i t s  SETUP p o s i t i o n ,  c e n t r e d  about  
th e  o r i g i n .  The p r e v io u s  t r a n s f o r m a t i o n s  have n o t  a l t e r e d  t h i s  so the  
c r y s t a l  s t i l l  rem ains  c e n t r e d  abou t  t h e  o r i g i n .  The f i n a l  s ta ge  i s  t o  
r e d e f i n e  th e  c e n t r e  o f  the  c r y s t a l ,  and hence r e p o s i t i o n  th e  c r y s t a l  
i n  space.  The c o - o r d i n a t e s  f o r  t he  c e n t r e  are  i n p u t  by t h e  u s e r  and
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a re  d e f i n e d  r e l a t i v e  t o  th e  c r y s t a l l o g r a p h i c  axes .  The co m b in in g  
module  a u t o m a t i c a l l y  c o n v e r t s  t h i s  c o - o r d i n a t e  i n t o  an e q u i v a l e n t  
p o s i t i o n  i n  A b s o l u t e  space u s in g  th e  mapping m a t r i x  M. I f  th e  user  
d e f i n e s  t h e  c o - o r d i n a t e s  as ( x l ' . y l ' . z l " )  th en  th e  e q u i v a l e n t  
c o - o r d i n a t e s  ( x 1 , y 1 , z 1 )  r e l a t i v e  t o  t h e  A b s o l u t e  axes i s :
’ x1 XI  '
y i = M. y i  ■
Zl z i  ■
so t h e  t r a n s l a t i o n  i s  r e p r e s e n t e d  by th e  a f f i n e  4 by 4 m a t r i x :
1 0 0 x l
H = 0 1 0 yi
0 0 1 Z l
J  0 0 1
The m a t r i x  o p e r a t i o n  on
X x + x l X
H. y = y + y l = y '
z z + z l z '
.1 _ _ 1 , ^ J  -
as r e q u i r e d .
The c o m p le te  SETUP t o  ACTUAL m a t r i x  Q i s  g i v e n  by
Q=HxGxFxE
where E i s  a s c a l i n g  m a t r i x ,  F a m i r r o r  r e f l e c t i o n ,  G a r o t a t i o n  and H 
a t r a n s l a t i o n .  Any o f  th e  t r a n s f o r m a t i o n s  n o t  r e q u i r e d  f o i  a 
p a r t i c u l a r  c e l l  a re  r e p la c e d  by a u n i t  m a t r i x  i n  th e  c o m p u t a t i o n .
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3 .8  ACTUAL POSITION 0£ VERTICES
The m a t r i x  Q can be used t o  p o s i t i o n  the  v e r t i c e s  o f  t h e  c e l l  
i n t o  t h e i r  ACTUAL c o - o r d i n a t e s .  To r e p o s i t i o n  the  c e l l  no o t h e r  
a l t e r a t i o n s  are  r e q u i r e d  e x c e p t  f o r  th e  LIST-OF-VERTICES and th e  
LIST-OF-PLANES (see s e c t i o n  3 . 9 ) .  The v e r t i c e s  f o r  th e  i t h  c e l l  a re  
found  i n  L IST-OF-VERTICES( i ) and e ve ry  v e r t e x  i n  t h i s  l i s t  w i l l  be 
p r e - m u l t i p l i e d  by Q. The v e r t e x  ( x , y , z ) i n  th e  SETUP p o s i t i o n  i s  
r e p o s i t i o n e d  u s in g  th e  SETUP-ACTUAL m a t r i x  Q t o  t h e  p o i n t  ( x * , y * , z * ) ,  
b o th  r e l a t i v e  t o  th e  ABSOLUTE AXES where 
x * = Q ( 1 , 1 ) . x + Q ( 1 , 2 ) . y + Q ( 1 , 3 ) . z + Q ( 1 , 4 )  
y * = Q ( 2 , 1 ) . x + Q ( 2 , 2 ) . y + Q ( 2 , 3 ) . z + Q ( 2 , 4 )  
z * = Q ( 3 , 1 ) . x + Q ( 3 , 2 ) . y + Q ( 3 , 3 ) . z + Q ( 3 , 4 )
3 .9  ACTUAL POSITION OF PLANES
As w e l l  as r e p o s i t i o n i n g  t h e  v e r t i c e s  f o r  each crystaJL we a l s o  
a l t e r  t h e  e q u a t i o n s  o f  t h e  p la nes  i n  th e  LIST-OF-PLANES t h a t  g e n e r a t e  
t h e  f a c e t s .  These a re  used e x t e n s i v e l y  i n  th e  d i s p l a y  modules  (see 
c h a p t e r  seven)  p a r t i c u l a r l y  i n  th e  h id den  l i n e  and h id de n  s u r f a c e  
o p e r a t i o n s ,  so r a t h e r  th an  r e - c a l c u l a t e  th ese  v a lu e s  each t im e  t h e y  
a re  r e q u i r e d  i t  i s  more e f f i c i e n t  t o  c a l c u l a t e  and s t o r e  them once.  
They can be c a l c u l a t e d  as f o l l o w s .  I f  th e  a n a l y t i c  r e p r e s e n t a t i o n  o f  
a p la n e  i s
f ( X , y , z ) =Ax + By + Cz + D 
where  (A ,B ,C )  i s  th e  u n i t  v e c t o r  normal  t o  th e  p la ne  and D<0, th en
( 1 ) " a "
0 B = b'  '
C c ' '
1 _ 1 _
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i s  t h e  t r a n s f o r m  o f  t h e  n o rm a l .  We s t a n d a r d i s e  th e  nor ma l  
( a ' ‘ , b ' ' , c ■ ' )  t o  a u n i t  v e c t o r  i . e .
( i i )  ( a ‘ , b ’ , c ' ) = ( a ' ’ , b ’ ’ , c ’ ’ ) / / ( a ’ ' ^ + b ' ‘ ^ + c ’ ' ^ )
Given th e  no rm a l  to  t he  p la n e  and one o t h e r  p o i n t  on t he  p l a n e ,  we can 
c a l c u l a t e  t h e  new ACTUAL p o s i t i o n  o f  t he  p la n e  w h ic h  has th e  
a n a l y t i c a l  r e p r e s e n t a t i o n :  
f ' ( x , y , z ) E a ' x + b ' y + c ' z + d '
One p o i n t  on t h e  o r i g i n a l  SETUP p la n e  was - D . ( A , B , C )  s i n c e  
f ( - D . A . - D . B , - D . C ) = - D ( A . A + B . B + C . C ) + D  
= -D + D 
= 0
I f  t h e r e  i s  no t r a n s l a t i o n  th en  th e  same p o i n t  on t h e  p la n e  a f t e r  
t r a n s f o r m a t i o n  by Q i s  - D . ( a ‘ , b ' , c ’ ) and f ' ( -D . a ' , - D . b ' , - 0 . c ' )  must  
a l s o  be z e r o ,  t h e r e f o r e
d ' = a ' ( D . a ‘ ) + b ' ( 0 . b ‘ ) + c ‘ ( 0 . c ‘ )
= D -
as e x p e c t e d .
I f  t h e  c e n t r e  o f  th e  c r y s t a l  i s  some o t h e r  p o i n t  and th e  t r a n s l a t i o n  
o p e r a t i o n  ( s e c t i o n  3 . 7 )  i s  no t  t he  u n i t  m a t r i x ,  t hen  a p o i n t  on th e  
p la n e  i s
( - D . a ' + x 1 , - D . b ' + y l , - D . c ' + z l ) 
where  ( x 1 , y 1 , z 1) i s  th e  p o s i t i o n  o f  the  c e n t r e  o f  th e  c r y s t a l  i n  
A b s o l u t e  space .  We know t h a t
f ' ( - D . a " + x 1 , - D . b ' + y l , - D . c ' + z l )  must  a l s o  be z e r o  so
( i i i )
d ' = a ' ( D . a ' - x 1 ) + b ' ( D . b ' - y l ) + c ' ( D . c ' - z 1 )
= D - a ' . x 1 - b ' . y 1 - c ' . z l  
To m a i n t a i n  t h e  s t a n d a r d i s a t i o n  i f  d '> 0  th en  a , b , c , d are
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r e a s s i g n e d  t o  - a ' ,  - b ' ,  - c ' ,  - d ' so d ' < 0 .
Us in g  e q u a t i o n s  ( i ) .  ( i i )  and ( i i i )  we can f i n d  t he  ACTUAL 
a n a l y t i c  r e p r e s e n t a t i o n  o f  e ve ry  p la n e  i n  the  LIST-OF-PLANES. I f  th e  
I t h  p la n e  i n  th e  LIST-OF-PLANES has th e  f u n c t i o n a l  r e p r e s e n t a t i o n ;
f ( x , y , z ) = A ( I ) x + B ( I ) y + C ( I ) z + D ( I )  
t hen  i t s  ACTUAL p o s i t i o n  can be c a l c u l a t e d  u s in g  e q u a t i o n  ( i ) ,  ( i i )  
and ( i i i )  and s u b s t i t u t i n g  
A = A( I )
B = B ( I )
C = C ( I )
D = D ( I )
and Q t h e  SETUP-ACTUAL m a t r i x  f o r  t h e  c r y s t a l .  The ACTUAL a n a l y t i c a l  
r e p r e s e n t a t i o n  i s
f ■ (X , y , z ) =a ’ x + b ■y + c ' z + d ' 
and t h e s e  v a lu e s  r e p l a c e  th e  I t h  e n t r i e s  i n  a r r a y s  A, B , C, D such 
t h a t
A ( I ) = a '
B ( I ) = b "
C ( I ) = c "
D ( I ) = d ‘
For  example i f  t h e  a n a l y t i c  r e p r e s e n t a t i o n  o f  one p la n e  i n  th e  
LIST-OF-PLANES i s
f ( x , y , z )  = 0 . 7 9 0 8 3 2 8 .x + 0 . 3 3 7 9 1 2 .y + 0 . 51029 33 .z - 1 . 2
and t h e  SETUP t o  ACTUAL m a t r i x  Q i s
0 .5  0 0 - 1
Q = 0 0 .5  0 -1
0 0 0 .5  -1
0 0 0 1
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i . e .  s c a l i n g  by 0 ,5  and a t r a n s l a t i o n  by t he  d i s p l a c e m e n t  v e c t o r  
i n  A b s o l u t e  space,  th en  f rom  e q u a t i o n  ( i )  
a ‘ ‘ = 0 . 5 ( 0 . 7 9 0 8 3 8 ) - ! . 0 = - 0 . 6045036 
b ‘ ■= -0 .8 3  1044 
c " ' = - 0 . 7 4 4 8 5 3 4
From e q u a t i o n  ( i i )  t h e  s t a n d a r d i s e d  u n i t  v e c t o r  nor ma l  t o  t h e  ACTUAL
p la n e  i s :
a ' = - 0 . 3 7 3 3 9 4 4
b '  = - 0 . 5  1 3 2577
c ' = - 0 . 1430348
and f r o m  e q u a t i o n  ( i i i )
d ' = - 1 . 2  + 0 .3733944+ .5 132577  + 0. 1 430348 = - 0 . 1703131
Hence t h e  ACTUAL a n a l y t i c  r e p r e s e n t a t i o n  o f  t h i s  p la n e  i s :
f  ( x , y , z ) = - 0 . 37733944.  x - 0 . 5132577. y - 0 . 14303 48 .z - 0 . 1703131
3 .1 0  HOW TO REINSTATE ANTI-CLOCKWISE ORIENTATION AFTER A REFLECTION 
OPERATION
I f  t h e  SETUP t o  ACTUAL m a t r i x  Q i n c o r p o r a t e s  a r e f l e c t i o n  
o p e r a t i o n  th en  t h i s  w i l l  change th e  a n t i - c l o c k w i s e  o r i e n t a t i o n  o f  th e  
f a c e t s  i n  t h e  p o l y g o n a l  mesh t o  c l o c k w i s e ,  see f i g u r e  3 . 1 0 .  As we can 
see i n  f i g u r e  3 .10  when th e  f a c e t  i s  r e f l e c t e d  i n  a p la n e  t h e  
a n t i - c l o c k w i s e  o r i e n t a t i o n  becomes c l o c k w i s e  i n  t h e  r e f l e c t i o n .  To 
r e f o r m  th e  f a c e t  so t h a t  the  o r i e n t a t i o n  remains  a n t i - c l o c k w i s e  th e  
p o i n t e r s  i n  HEAP i n  th e  d e f i n i n g  l i s t  o f  v e r t i c e s  f o r  each f a c e t  i n
th e  c e l l  must  be r e v e r s e d ,  see f i g u r e  3 . 1 1 .
In  t h e  f o l l o w i n g  pages are  a few examples o f  t h e  t y p e  o f  c r y s t a l
w h ic h  can be d e f i n e d  by t he  comb in ing  o p e r a t i o n .
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F i g u r e  3 . 1 0
The e f f e c t  o f  r e f l e c t i o n  on t h e  o r i e n t a t i o n  o f  a f a c e t
o r i g i n a l  f a c e t m i r r o r r e f l e c t i o n
p la ne
c l o c k w i s ea n t i - c l o c k w i s e
o r i e n t a t i o no r i e n t a t i o n
F i g u r e  3 .11

















F i g u r e  3 . 1 2
Exampl es  o f  no n - c o n v e x  p o l y h e d r a
M ica
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F i g u r e  3 . 1 2  c o n t .
I
1 8 4 ( 1 )
F i g u r e  3 . 1 2  c o n t .
1 8 4 ( l i )
F i g u r e
1 8 5 ( 1 )
Figure 3 . 1 2  c o n t
Pj^ rox eo€
I 8 5 l i i )
CHAPTER FOUR 
CONSTRUCTION OF THE EXTENDED POLYGONAL MESH
4.1 THE EXTENDED POLYGONAL MESH
The e x tended  p o l y g o n a l  mesh i s  g e n e ra t e d  by th e  a c t i o n  o f  t h e  
m a n i p u l a t i o n  module on th e  p o l y g o n a l  mesh (see f i g u r e  4 . 1 ) .  The 
m a n i p u l a t i o n  module w i l l  be a c t i v a t e d  e i t h e r
1. because th e  u s e r  has r e q u e s te d  the  c o m p u t a t i o n  o f  c o n t a c t  
t w i n s
2. o r  a p o l y g o n a l  mesh d i s p l a y  has been a c t i v a t e d  by th e  d i s p l a y  
m o d u l e .
We s h a l l  r e t u r n  t o  th e  p o l y g o n a l  mesh d i s p l a y  i n  c h a p t e r  seven when we 
d i s c u s s  t h e  d i s p l a y  o p e r a t i o n s  i n  d e t a i l .
W i t h i n  t h e  p o l y g o n a l  mesh th e  co m p os i te  s t r u c t u r e  i s  d e f i n e d  by 
a l i s t  o f  c e l l s
each c e l l  d e f i n e d  by a l i s t  o f  f a c e t s
each f a c e t  d e f i n e d  by an o rd e re d  l i s t  o f  v e r t i c e s .
In  t h e  ex te n de d  p o l y g o n a l  mesh t h i s  d e f i n i t i o n  i s  expanded t o  th e  f u l l  
fa  c e t / l i n e / v e r t e x  d e s c r i p t i o n  where th e  scene i s  d e f i n e d  by 
a l i s t  o f  c e l l s
each c e l l  d e f i n e d  by a l i s t  o f  f a c e t s
each f a c e t  d e f i n e d  by a l i s t  o f  s u b - f a c e t s
each s u b - f a c e t  d e f i n e d  by an o rd e re d  l i s t  o f  l i n e  segments
each l i n e  segment d e f i n e d  by a p a i r  o f  v e r t i c e s
(see f i g u r e  4 . 2 ) .
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F i g u r e  4 . 1
A c t i o n  o f  m a n i p u l a t i o n  mo d u l e  on p o l y g o n a l  mesh




F i g u r e  4 .2
Summary o f  t h e  d e f i n i t i o n  o f  th e  p o l y h e d r a  i n  t h e  p o l y g o n a l  and
e x ten de d  p o l y g o n a l  mesh
DEFINITION OF: POLYGONAL MESH EXTENDED POLYGONAL MESH
Scene : l i s t  o f  c e l l s l i s t  o f  c e l l s
C e l l : l i s t  o f  f a c e t s l i s t  o f  f a c e t s
Face t  : o rd e r e d  l i s t  o f  v e r t i c e s l i s t  o f  s u b - f a c e t s
S u b - f a c e t N/A o rd e r e d  l i s t  o f  l i n e  segments
L in e  : N/A p a i r  o f  v e r t i c e s  and 8INARY-C0DE
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Any n o n - c o n v e x i t y  t h a t  o c c u rs  between p a i r s  o f  c e l l s  i n  t h e  
o r i g i n a l  p o l y g o n a l  mesh ■. \> . removed by d i v i d i n g  th e  f a c e t s  i n t o  
s u b - f a c e t s .  The d i s c r e t e  f a c e t  s u r f a c e s  o f  th e  n o n -c o nv e x  s t r u c t u r e  
are  d i v i d e d  i n t o  convex r e g i o n s  bounded by l i n e  segments ,  where  each 
l i n e  segment i s  g i v e n  an e x p l i c i t  s u p p r e s s / n o n - s u p p r e s s  BINARY-CODE. 
Each l i n e  segment i s  s t o r e d  i n  a L IST -OF-L  INES f o r  th e  c e l l ;  and 
d e f i n e d  by th e  two end v e r t i c e s  o f  th e  l i n e  segment ( b o t h  v e r t i c e s  are  
i n  t h e  LIST-OF-VERTICES f o r  the  c e l l )  and a BINARY-CODE 
( s u p p r e s s / n o n - s u p p r e s s ) .
To c o n s t r u c t  t h e  ex ten de d  mesh we remove t h e  n o n - c o n v e x i t y  
between c e l l s  by compar ing  each c e l l  w i t h  e v e ry  o t h e r  c e l l .  The data  
f o r  each f a c e t  i s  c o p ie d  i n t o  i t s  SUBFACET l i s t  where  i t  i s  d e f i n e d  by 
an o r d e r e d  l i s t  o f  l i n e  segments each w i t h  a n o n -s u p p re s s  code.  The 
o r i g i n a l  f a c e t s  o f  th e  p a i r  o f  c e l l s  under  co mpar i son  a re  used t o  
compute t h e  n o n - c o n v e x i t y  p roduced when two f a c e t s  i n t e r s e c t  on a l i n e  
o t h e r  t h a n  on t h e i r  b ou ndary .  From t h i s  i n t e r s e c t i o n  we compute th e  
i n f i n i t e  l i n e  o f  i n t e r s e c t i o n ,  P, r e q u i r e d  t o  d i v i d e  t h e  f a c e t s  and 
t h e  common l i n e  segment o f  P between th e  two f a c e t s ,  c a l l e d  t h e  common 
l i n e ,  A. To remove th e  n o n - c o n v e x i t y  between th e  i n t e r s e c t i n g  f a c e t s  
we d i v i d e  t h e  p a i r s  o f  i n t e r s e c t i n g  f a c e #  i n t o  f o u r  n o n - i n t e r s e c t i n g  
s u b - f a c e t s  ( two  f r o m  each f a c e t ) .  These s u b - f a c e t s  may a l s o  be 
f u r t h e r  d i v i d e d  by i n t e r s e c t i o n  w i t h  o t h e r  f a c e t s ,  r e s u l t i n g  i n  a l i s t  
o f  s u b - f a c e t s  f o r  each o r i g i n a l  f a c e t .
The f a c e t s  are  o n l y  d i v i d e d  i f  a common l i n e  segment.  A, e x i s t s ,  
and th e  d i v i d i n g  l i n e  f o r  each s u b - f a c e t  w i l l  be t he  l i n e  segment o f  P 
common t o  th e  s u b - f a c e t .  Only t h e  segments o f  th e  d i v i d i n g  l i n e  
common t o  A w i l l  be g i v e n  a n o n -s u p p re s s  BINARY-CODE, t h e  r e m a i n i n g  
segments  w i l l  be s u pp re ssed .  As t he  d i v i s i o n  t a k e s  p l a c e ,  any new
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v e r t i c e s  w i l l  be added t o  th e  LIST-OF-VERTICES f o r  t h e  c e l l ,  and any
new l i n e  segments  ( a l o n g  w i t h  t h e i r  BINARY-CODES) ,  w i l l  be added t o
t h e  L IST-OF-L INES f o r  th e  c e l l .
I f  two f a c e t s  a re  found t o  be c o - p l a n a r ,  we suspend t h e i r
p r o c e s s i n g  u n t i l  we have c o m p l e t e l y  removed any n o n - c o n v e x i t y  between 
th e  r e m a i n i n g  f a c e t s  o f  th e  two c e l l s ,  i . e .  we compare and d i v i d e  a l l  
i n t e r s e c t i n g  f a c e t s  b e f o r e  r e c o n s i d e r i n g  th e  c o - p l a n a r  f a c e t s .  For 
each p a i r  o f  c o - p l a n a r  f a c e t s  we compute th e  common area between them
and s u p p re s s  a l l  l i n e  segments i n  th e  L IST-OF-LINES f o r  b o th  c e l l s
w h i c h  l i e  on t h e  common bou nd a ry .
The l i n e s  o f  i n t e r s e c t i o n  must  be e x p l i c i t l y  c a l c u l a t e d  f o r  two 
r e a s o n s ,  f i r s t ,  so t h a t  th e  p o l y g o n a l  mesh d i s p l a y  can c o r r e c t l y  
compute t h e  f i n a l  image,  and second, so t h a t  s u b - s e t s  o f  th e s e
i n t e r s e c t i o n  l i n e s  can be used t o  compute th e  c o n t a c t  p la ne s  and hence 
t h e  c o n t a c t  t w i n s  t h a t  o c c u r  i n  a non -conve x s t r u c t u r e  (see c h a p t e r  
5 ) .  Each l i n e  segment on t he  s u b - f a c e t s  i s  g i v e n  a BINARY-CODE 
( s u p p r e s s / n o n - s u p p r e s s )  w h ich  i s  r e q u i r e d  s i n c e  th e  l i n e  o f  d i v i s i o n  
between th e  f a c e t s  may c o n t a i n  segments t h a t  a re  s u p p re s s e d .
The re  a re  two main rea son s  f o r  a supp ressed  l i n e ;
1. When two f a c e t s  i n t e r s e c t  new l i n e s  are  i n t r o d u c e d  i n t o  th e
mesh. no t  a l l  o f  wh i ch  must be v i s i b l e .  On ly  t h e  l i n e
segments  common to  both  f a c e t s  remains  n o t  su p p re s s e d ,  p a r t s
o f  t h e  ex tended  l i n e  o f  i n t e r s e c t i o n  t h a t  l i e  o n l y  i n  one
f a c e t ,  and wh ich  are  used o n l y  t o  comp le te  the  d i v i s i o n  o f  a
f a c e t  must be supp re s s ed .  ( f i g u r e  4 .3  i s  a d ia g ra m  where
such i n t e r s e c t i n g  l i n e s  have been s u p p re s s e d ) .
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2. Combin ing  f a c e t s  f rom  d i f f e r e n t  c e l l s  may i n t r o d u c e  c o p l a n a r
f a c e t s .  A l l  l i n e  segments on the  b o u n d a r i e s  o f  th e  common
area  o f  i n t e r s e c t i o n  are  a l s o  supp ressed  (see f i g u r e  4 . 4 ) .
F i g u r e  4 .5  summar ises  th e  data  s t r u c t u r e  r e p r e s e n t a t i o n  o f  th e  
e x ten de d  p o l y g o n a l  mesh,%^he o r i g i n a l  p o l y g o n a l  mesh i s  t h e r e  w i t h  t he  
a d d i t i o n  t h a t  each f a c e t  has now a SUBFACET l i s t  and each s u b - f a c e t  i s
d e f i n e d  by an o rd e r e d  l i s t  o f  l i n e  segments.  F i g u r e  4 .6  summar ises
th e  o p e r a t i o n s  w i t h i n  t he  m a n i p u l a t i o n  module n e c e s s a r y  t o  compute 
t h i s  e x te n d e d  p o l y g o n a l  mesh.
A l l  i n f o r m a t i o n  i s  r e t a i n e d  even i f  th e  s u b - f a c e t  l i e s  w i t h i n  
(and hence o bs cu re d  by) t h e  c o m p os i te  s t r u c t u r e .  In d o in g  so we a re  
a b l e  t o  use t h e  ex ten de d  mesh t o  c o n s t r u c t  o t h e r  r e l a t e d  p o l y h e d r a l  
o b j e c t s  (see c h a p t e r  5 ) .
4 .2  ADDITIONS TO THE DATA STRUCTURES IN  THE EXTENDED POLYGONAL MESH






and s e v e r a l  a d d i t i o n a l  da ta  s t r u c t u r e s  c o n t a i n i n g  t h e  s u b - f a c e t  
i n f o r m a t i o n  and l i n e  segment d e t a i l s .  D u r ing  the  c o n s t r u c t i o n  o f  t he  
e x te n de d  p o l y g o n a l  mesh new v e r t i c e s  w i l l  be computed as an a r t e f a c t  
o f  t h e  m a n i p u l a t i o n  m o d u l e ^ w i l l  be added t o  th e  LIST-OF-VERTICES, so 
t h e  LIST-OF-VERTICES i n  th e  ex tended p o l y g o n a l  mesh has a l s o  been 
i n c r e a  sed .
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F i g u r e  4 . 3
Non-c onvex  p o l y h e d r o n  where some s e c t i o n s  o f  t h e  i n f i n i t e  i n t e r s e c t i o n  
l i n e s  between f a c e t s  has been suppressed
F i g u r e  4 .4
N on -c onvex  p o l y h e d r o n  where  some f a c e t s  are  c o - p l a n a r
Orfnodase
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F i g u r e  4 . 5
G e n e ra l  d a t a  s t r u c t u r e  r e p r e s e n t a t i o n  o f  ex tende d  p o l y g o n a l  mesh 
LIST-OF-CRYSTALS
1
LIST-OF-PLANES A i h D 0- ------- ^ A B C D —  - - 4 ^ B C D /
1/
LIST-OF-FACETS j - - M
1 1
I--------------------------  ^




->EH— - Æ E







J  1 
r - z '  J
1
LIST-OF-VERTICESI I   1 b  I - u r  -  V
!_ _ L j|x Y z | o f
X Y Z
&
(d a ta  f o r  f a c e t  i n  
o r i g i n a l  f o r m a t  o f  
a l i s t  o f  d e f i n i n g  
v e r t i c e s )
(each f a c e t  
i s  d i v i d e d  
i n t o  l i s t  
o f  s u b f a c e t s ,  
each s u b f a c e t  
d e f i n e d  by a 
l i s t  o f  l i n e  
s e g m e n ts )
0 0 * /
* BINARY-CODE
/ 0 (ex te nded  p o l y g o n a l  mesh as above f o r  a n o t h e r  c r y s t a l )
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F i g u r e  4 .6
Summary o f  o p e r a t i o n s  and f u n c t i o n s  o f  m a n i p u l a t i o n  module
Compare n e x t  
f a c e t s
D i v i d e  SUBFACET f o r  f a c e t  i n  c e l l  A 
a l o n g  l i n e  o f  i n t e r s e c t i o n  A.
Any l i n e  segment common t o  A g i v e  
n o n - s u p p r e s s  BINARY-CODE.
Add new v e r t i c e s  and l i n e s  t o  
L IST-OF-VERTICES(A)  AND L IS T -O F -L INES( A
s e l e c t  n e x t  
p a i r  o f  c e l l s .
C o n s id e r
n e x t  c o - p l a n a r
p a i r
when comp le te
Repeat f o r  c e l l
Repeat  d i v i s i o n  f o r  f a c e t  i n  c e l l
Compute i n t e r s e c t i o n  l i n e  P and 
common l i n e  o f  i n t e r s e c t i o n  A
Compute boundary  o f  common area 
between f a c e t s
Search t h ro u g h  L IS T -O F -L INES 
f o r  c e l l  A and suppress  a l l  l i n e s  
on t h i s  common boundary
*Once f a c e t s  i n  c e l l  A and B d i v i d e d  
t o  remove n o n - c o n v e x i t y  between 
i n t e r s e c t i n g  f a c e t s
r e c o n s i d e r  c o - p l a n a r  f a c e t s _________
compare two c e l l s  A and B
compare p a i r  o f  f a c e t s
one f r om  c e l l  A, one f rom  B
I f  f a c e t  c o - p l a n a r  r e c o n s i d e r  l a t e r  ( *
f o r  e v e r y  c e l l
a) copy f a c e t  d e t a i l s  i n t o  SUBFACET l i s t s
b) s e t  up L IST-OF-LINES and a s s ig n  n o n -s u p p re s s  
code t o  each l i n e .
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The new s t r u c t u r e s  i n c l u d e
1. L I S T - O F - L I N E S .  I n t h e  s u b - f a c e t s  l i s t s  we d e f i n e  each c l o s e d
convex s u b - f a c e t  by l i s t s  o f  l i n e  segments .  Each l i n e
segment has a BINARY-CODE, s u p p r e s s /  n o n -s u p p re s s  and i s  
d e f i n e d  by a p a i r  o f  v e r t i c e s .  F i g u r e  4 .7  d e m o n s t r a t e s  t he  
s t r u c t u r e  o f  th e  l i n k e d  l i s t .  Each c e l l  has i t s  own 
L IST-OF-LINES (as w i t h  th e  l i s t  o f  v e r t i c e s ) .  A l l  th e  l i s t s  
a re  s t o r e d  i n  th e  two d im e n s i o n a l  a r r a y  LINES, and a s s o c i a t e d  
w i t h  each e n t r y  i n  a r r a y  LINES i s  a LINE-POINTER used t o
c o n s t r u c t  and d e l e t e  l i n k s  fCo'm th e  l i s t .  The e n t r y
L I N E ( 1 , K ) ,  L IN E (2 ,K )  d e f i n e s  th e  i n d e x  t o  t h e  d e f i n i n g
v e r t i c e s  f o r  t h e  Kth l i n e ,  
f i g u r e  4 .7
Data s t r u c t u r e  r e p r e s e n t a t i o n  f o r  t h e  L IST-OF-LINES












2. SUBFACET l i s t s ;  For e ve ry  f a c e t  i n  th e  o r i g i n a l  p o l y g o n a l  
mesh t h e r e  i s  a SUBFACET l i s t .  The SUBFACET l i s t  i s  a l i n k e d  
l i s t  o f  convex s u b - f a c e t s  and th e  un ion  o f  a l l  t h e  s u b - f a c e t s  
i n  t h e  l i s t  p roduces th e  o r i g i n a l  f a c e t .  Each s u b - f a c e t  i s  
d e f i n e d  by an o rd e re d  l i s t  o f  l i n e  segments ,  and th es e  l i s t s  
o f  l i n e s  are  s t o r e d  i n  HEAP (see f i g u r e  4 .8 )
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F i g u r e  4 . 8
Dat a  s t r u c t u r e  r e p r e s e n t a t i o n  f o r  t h e  s u b - f a c e t  l i s t s
U.LIST-OF-PACETS
■ ^ 'p o in t e r s  t o  LIST-OF-PLANES ^
6 0--------- o
SUBFACET
' 4  0 14 -^
HEAP
f a c e t s  d e f i n e d  by o rd e r e d  l i s t  o f  
" ^ v e r t i c e s  i n  HEAP
and a d d i t i o n a l  p o i n t e r  added t o  co n n e c t  
each s u b - f a c e t  l i s t  t o  each f a c e t
/
SUBFACET








LIS f - O F -L IN ES
0 0




\ >  Mr
0
/0 *
* d en o te s  a BINARY-CODE
195
Note :  each c e l l  has i t s  own un ique  L IST-OF-LINES.
As w i t h  t h e  o t h e r  l i n k e d  l i s t ,  s i n c e  a l l  t he  a r r a y s  are  shared by
th e  c e l l s ,  th e  SUBFACET i n f o r m a t i o n  a l s o  has a FREE-SUBFACET l i s t
w h i c h  i s  used t o  expand th e  l i s t s  and remove o b s o l e t e  e n t r i e s .
THE IN IT IALISAT ION OF THE, COPY DATA i_N THE EXTENDED POLYGONAL MESH
B e f o r e  any comp ar ison s t o  remove n o n - c o n v e x i t y ,  we must i n s e r t  
t h e  copy i n f o r m a t i o n  i n t o  t he  SUBFACET l i s t s  and th e  L IST-OF-LINES.  
For  e v e r y  e n t r y  i n  t h e  l i s t s  o f  LIST-OF-FACETS i n  t h e  o r i g i n a l  mesh 
t h e r e  i s  a SUBFACET l i s t .  Each SUBFACET l i s t  i s  connect ed  t o  i t s  
o r i g i n a l  f a c e t  by a p o i n t e r .
I n i t i a l l y  t h e  c o r r e s p o n d i n g  SUBFACET l i s t  c o n t a i n s  one e n t r y ,  
w h i c h  d e f i n e s  t h e  comp le te  f a c e t  as an o rd e re d  l i s t  o f  l i n e  segments.  
The SUBFACET e n t r y  c o n t a i n s  a p o i n t e r  t o  HEAP where  t h i s  l i s t  
commences. The l i n e  segments are  o rd e r e d  i n  an a n t i - c l o c k w i s e  
o r i e n t a t i o n  so t h a t  t h e  s u b - f a c e t  i s  t r a v e r s e d  i n  t h e  same sense as 
t h e  o r i g i n a l  f a c e t  i n  th e  p o l y g o n a l  mesh.
For  e v e r y  c e l l ,  we c o n s t r u c t  a L IST-OF-LINES.  As we copy th e  
f a c e t s  i n t o  t h e i r  s u b - f a c e t  l i s t ,  whenever  a new l i n e  segment i s  found 
i t  i s  added t o  t h e  L IST-OF-LINES f o r  th e  c e l l .  I n i t i a l l y ,  e v e r y  l i n e  
segment has th e  BINARY-CODE n on -s u pp re s s  and each l i n e  segment i s  
d e f i n e d  by a p a i r  o f  v e r t i c e s  i n  t he  LIST-OF-VERTICES f o r  t he  c e l l .
To o u t l i n e  t h i s  i n i t i a l i s a t i o n  o p e r a t i o n  f i g u r e  4 .9  i s  a d e t a i l e d
p o l y g o n a l  mesh f o r  a co mpos i te  s t r u c t u r e  ( o n l y  th e  f i r s t  c e l l  i s
o u t l i n e d )  and f i g u r e  4.10 i s  th e  ex ten de d  p o l y g o n a l  mesh once 
i n i t i a l i s a t i o n  i s  c o m p le te .  As we search th r o u g h  th e  f a c e t s ,  we 
s e l e c t  c o n s e c u t i v e  v e r t i c e s  around the  f a c e t .  These v e r t i c e s  d e f i n e  a
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F i g u r e  4 . 9 - 4 . 1 0
Data s t r u c t u r e  m a n i p u l a t i o n  r e q u i r e d  t o  i n i t i a l i s e  t h e  p o l y g o n a l  mesh 
o f  f i g u r e  4 .9  t o  ex tended  p o l y g o n a l  mesh o f  f i g u r e  4 .10
LIST-OF-CRYSTALS
LIST-OF-FACETS (B)

















f i g u r e  4 . 1 0
LIST-OF-CRYSTALS
( c e l l  B)
LIST-OF-FACETS (B)
__ l
(each index r e f e r s
to a v e r t e x )
SUBFACET SUBFACET SUBFACET SUBFACET
(each index r e f e r s
2 I 71 t o  a l i n e )
■LIST-OF-VERTICES (B) 
X Y Z
- 1 - 1  1
-  1 1 -  1
1 - 1  1
î
LIST-OF-LINES (B) 





( v l E f i r s t  d e f i n i n g  v e r t e x  
v2=second d e f i n i n g  v e r t e x  
c o de i  BINARY-CODE)
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l i n e  on th e  boundary  o f  t he  f a c e t ,  and are  s t o r e d  i n  TEMP-LINE such 
t h a t  TEMP-LINE( I )  i s  th e  v e r t e x  w i t h  th e  h i g h e s t  i n d e x  t o  a r r a y  X. Y, 
Z and TEMP-LINE(2)  has th e  l o w e s t  i n d e x .  A l l  l i n e s  are  s t o r e d  i n  t h i s  
s t a n d a r d i s e d  f o r m a t ,  and to  check w h e t h e r  th e  TEMP-LINE i s  i n  the  
L IST-OF-LINES f o r  th e  c e l l  we compare 
TEMP-LINE(1) w i t h  L I N E ( 1 ,K) 
and TEMP-LINE(2) w i t h  L IN E (2 ,K )
I f  t h e  TEMP-LINE i s  n o t  i n  th e  L IST-OF-LINES i t  i s  added to  t he  f r o n t  
o f  t h e  l i s t  u s in g  t h e  FREE-LINE l i s t  t o  f i n d  th e  n e x t  a v a i l a b l e  
p o s i t i o n  i n  th e  a r r a y  LINE and th e  LINE-POINTER t o  l i n k  th e  e n t r y  t o  
t h e  f r o n t  o f  t h e  l i s t .
4 .4  COMPARISON Of  FACETS
Once th e  ex ten de d  mesh i s  i n i t i a l i s e d  (see f i g u r e  4 . 1 0 ) ,  t h e  
c o m p a r i s on  t o  remove n o n - c o n v e x i t y  commences. Each c e l l  i s  compared 
w i t h  e v e r y  o t h e r  c e l l  i n  t u r n .  L e t  us say we a re  compar ing  c e l l  A and 
c e l l  B. (Note  t h e r e  i s  no need to  compare a c e l l  w i t h  i t s e l f ,  s i n c e  
n o n - c o n v e x i t y  w i l l  n o t  o c c u r ) .  The n o n - c o n v e x i t y  between c e l l s  i s  
caused by i n t e r s e c t i n g  f a c e t s .
Each f a c e t  i n  t h e  LIST-OF-FACETS f o r  c e l l  A i s  compared w i t h  
e v e r y  f a c e t  i n  LIST-OF-FACETS f o r  c e l l  8. L e t  us say we compare f a c e t  
X f r om  c e l l  A and f a c e t  Y f rom  c e l l  B. We s h a l l  compare th e  f a c e t s  
u s i n g  th e  o r i g i n a l  da ta  f o r  f a c e t  X and Y , where t he  convex f a c e t  i s  
d e f i n e d  i n  HEAP by an o rd e r e d  l i s t  o f  v e r t i c e s .  S in ce  b o th  f a c e t s  l i e  
i n  an i n f i n i t e  p la ne  t h e r e  are  t h r e e  p o s s i b i l i t i e s :
1 . The i n f i n i t e  p la nes  i n t e r s e c t  a lo ng  an i n f i n i t e  l i n e  o f  
i n t e r s e c t i o n ,  V
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2. The i n f i n i t e  p la nes  are  p a r a l l e l  and no i n t e r s e c t i o n  o ccu r
3. The i n f i n i t e  p la ne s  are  i d e n t i c a l  and th e  two f a c e t s  are
c o - p l a n a r ,
I f  t h e  a n a l y t i c  r e p r e s e n t a t i o n  o f  th e  i n f i n i t e  p l a n e ,  QX,
c o n t a i n i n g  f a c e t  X i s
f ^ ( x , y ,z )=A^x+B^y+C^z+D^ 
and t h e  a n a l y t i c  r e p r e s e n t a t i o n  o f  t h e  i n f i n i t e  p l a n e ,  QY, c o n t a i n i n g  
f a c e t  Y i s
f Y ( x , y , z ) = A Y X + B y y + C Y Z + D Y
t h e n  t h e  i n f i n i t e  p la ne s  i n t e r s e c t  i f  t h e  v e c t o r  c r o s s  p r o d u c t  between 
( A ^ , B ^ , C ^ )  and (Ay .By .Cy ) i s  n o t  ( 0 , 0 , 0 )  i . e .
( B ^ . C y - B y - C ^ . C ^ . A y - C y - A ^ . A ^ . B y - A y - B ^ )  t  ( 0 , 0 , 0 )
I f  t h e  v e c t o r  p r o d u c t  r e s u l t  i s  ( 0 , 0 , 0 )  t h en  e i t h e r  t h e  two f a c e t s  are  
c o - p l a n a r  or  l i e  i n  p a r a l l e l  p l a n e s .  S ince  th e  p la n e  e q u a t i o n s  have 
been s t a n d a r d i s e d  th e  c o - p l a n a r  f a c e t s  can be d e t e c t e d  by c h e c k in g  
e q u a l i t y  between
* X '
Bx, Bx 
‘' X '  "-Y 
^X'  “ y
C o - p l a n a r  f a c e t s  are  r e c o n s i d e r e d  when a l l  th e  r e m a i n i n g  
i n t e r s e c t i n g  f a c e t s  have been compared and s u b - d i v i d e d  (see s e c t i o n  
4 . 7 ) .  The f a c e t s  i n  p a r a l l e l  p la ne s  a re  i g n o r e d ,  s i n c e  n o n - c o n v e x i t y  
w i l l  n o t  o c c u r  between th ese  f a c e t s .  We s h a l l  f i r s t  c o n s i d e r  the  
i n t e r s e c t i n g  p la ne s  i n  more d e t a i l .
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4 . 5  FACETS I N  INTERSECTING PLANES
The f a c e t s  i n  i n t e r s e c t i n g  p la n e s  w i l l  o n l y  be s u b - d i v i d e d  i f  
t h e r e  i s  some l i n e  segment A, a lo ng  th e  i n f i n i t e  l i n e  o f  i n t e r s e c t i o n  
r  common t o  bo th  f a c e t s .  I f  a common l i n e  segment,  A, e x i s t s  th en  a l l  
th e  s u b - f a c e t s  i n  th e  l i s t  o f  SUBFACETS f o r  f a c e t  X and f a c e t  Y are  
d i v i d e d  a lo ng  th e  i n f i n i t e  l i n e  o f  i n t e r s e c t i o n .
I n t e r s e c t i n g  p la ne s  are  d e t e c t e d  by c h e c k in g  th e  v e c t o r  p r o d u c t  
( A ^ , , C^ ) X ( A ^ , B ^ , Cy ) .  A l t h o u g h  t h e  i n f i n i t e  p la n e s  c o n t a i n i n g  f a c e t  
X and f a c e t  Y i n t e r s e c t ,  th e  f a c e t s  may n o t .  To compute th e  common 
l i n e  o f  i n t e r s e c t i o n .  A, r e q u i r e s  f u r t h e r  i n s p e c t i o n .
F i r s t  we i n s p e c t  f a c e t  X and f i n d  w h e t h e r  t h i s  f a c e t  i n t e r s e c t s  
w i t h  t h e  i n f i n i t e  p la n e  QY r e p r e s e n t e d  by t h e  f o r m u la  
fY(x ,y ,z)=AYX+BYy+CYZ+DY
When we compare th e  boundary  l i n e  segments o f  th e  f a c e t  w i t h  th e  
i n f i n i t e  p la n e ,  s i n c e  f a c e t  X i s  c l o s e d  and co nvex,  t h ^ r e  w i l l  be 
e i t h e r
0 i n t e r s e c t i o n  p o i n t s  ( i f  t h e  f a c e t  misses  th e  p la n e )
1 i n t e r s e c t i o n  p o i n t  ( i f  t h e  f a c e t  touches  th e  p la n e )
2 i n t e r s e c t i o n  p o i n t s  ( i f  th e  f a c e t  i s  c u t  by t h e  p l a n e ) .
L e t  th e  v e r t i c e s  o f  f a c e t  X be 
V X = { ( x i , y i , z i ) 1 i = 1 , . . . IN}
By s u b s t i t u t i n g  the  c o n s e c u t i v e  v e r t i c e s  o f  VX i n t o  th e  a n a l y t i c  
r e p r e s e n t a t i o n  o f  QY and compar ing  th e  s i g n  o f  th e  r e s u l t  we can see 
i f  th e  l i n e  segment between the  two v e r t i c e s  i n t e r s e c t s  the  p l a n e .  
T h i s  o n l y  occu rs  when the  s i g n  o f  f ^ ( x i , y i , z i )  and f y ( x i + 1 , y i + 1 , z i + 1) 
a re  o p p o s i t e .  The a c t u a l  p o i n t  o f  i n t e r s e c t i o n  ( x h , y h , z h )  i s  g i v e n  by
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x h = ( 1 - p ) x i + M x i + 1 
y h = ( 1 -p ) y i t p y i + 1 
z h = ( 1 - p ) z i + p z i + 1  
where  p = - ( x i , y i , z i ) / ( ( x i + 1 , y i + 1 . z i + 1 ) - f ^ ( x i . y i . z i  ) )
0<p(1
I f  th e  p o i n t  o f  i n t e r s e c t i o n  l i e s  a t  one o f  t he  v e r t i c e s  o f  VX i . e .  
p=0 o r  p=1, we o n l y  co un t  i t  when p=0,  t o  p r e v e n t  t h e  v e r t e x  be ing  
coun te d  t w i c e .  We s t o r e  each p o i n t  o f  i n t e r s e c t i o n  and i f  t h e r e  are  
l e s s  t h an  two i n t e r s e c t i o n  p o i n t s  th en  VX m isse s  QY and hence VX 
m isses  f a c e t  Y and we c o n t i n u e  t o  th e  n e x t  p a i r  o f  f a c e t s .  However,  
s h ou ld  two i n t e r s e c t i o n  p o i n t s ,  and _p2_, be found th en  we r e p e a t  th e  
co m p a r i son  t h i s  t im e  w i t h  f a c e t  Y (VY) and th e  i n f i n i t e  p la n e  QX.
L e t  th e  v e r t i c e s  o f  f a c e t  Y be 
VY={ ( x i , y i , z i ) I i = 1 , . . . , IM} 
and th e  a n a l y t i c  r e p r e s e n t a t i o n  o f  QX be 
f ^ ( X , y , z ) EA^x+B^y+C^z+D^
then  we s u b s t i t u t e  c o n s e c u t i v e  v e r t i c e s  o f  VY i n  f ^  and compute and 
s t o r e  any i n t e r s e c t i o n  p o i n t s  t h a t  o c c u r .  I f  t h e r e  are  l e s s  th an  two 
i n t e r s e c t i o n  p o i n t s  t hen  VY i s  n o t  d i v i d e d  by QX and t h e r e f o r e  VX and 
VY do n o t  i n t e r s e c t  so we c o n t i n u e  t o  t h e  n e x t  p a i r  o f  f a c e t s .
L e t  us assume t h a t  a n o t h e r  two i n t e r s e c t i o n  p o i n t s ,  and
were fo un d  between VY and QX. We now have f o u r  i n t e r s e c t i o n  p o i n t s  
D l ■ d2 . d3 and From th es e  f o u r  i n t e r s e c t i o n  p o i n t s  we compute the
common l i n e  o f  i n t e r s e c t i o n  A, th e  segment o f  th e  i n f i n i t e  l i n e  o f  
i n t e r s e c t i o n ,  F , wh ich  i s  common t o  VX and VY. The segment o f  the  
l i n e  o f  i n t e r s e c t i o n  w i t h i n  VX i s  
p_L+p (£2 . - £ l )  0<p<1
where  i s  th e  f i r s t  i n t e r s e c t i o n  p o i n t  a round th e  boundary  o f  VX and
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p2 i s  t h e  second  (£j_?t£2.) .
S i n c e  t h e r e  i s  o n l y  one l i n e  o f  i n t e r s e c t i o n  be t we e n  QX and QY, name l y
r ,  t hen  t h e r e  must  be v a lu e s  p ' and p ' '  such t h a t
R l + P ‘ ( £ 2 - £ l ) = d 3  
D l + u ' ' ( 0 2 - 0 1 ) =o4 
p ' and p ' '  a re  n o t  n e c e s s a r i l y  i n  t h e  range  0 < p '< 1 ,  0 < p ' ' < 1 .
I f  p ' and p ' '  a re  both  g r e a t e r  t han  one o r  bo th  l e s s  th an  z e ro  then
t h e r e  i s  no common l i n e  segment A, and we c o n t i n u e  t o  t h e  n e x t  p a i r  o f  
f a c e t s .  O t h e rw i s e  th e  common l i n e  segment A i s  computed as f o l l o w s  
l e t
p m in = m in ( p ' ,  p ' ' ) 
pmax=max( p ' ,  p ' ' )
t h en  A ( t h e  common l i n e  segment)  i s  d e f i n e d  by t h e  two v e r t i c e s  £  and 
r. where
( Q l - Q l )  
r=R i+ w 2 (m 2 -m l )  
and p 1=max( 0 , p m i n ) 
p 2 = m in ( 1 , pmax)
The e q u a t i o n  f o r  A i s  then  
A = a + T ( r - g )  0<T(1 
T h is  l i n e  segment w i l l  be n o n -s u p p re s s e d  i n  th e  d i v i d e d  f a c e t s .
I f  we s u c c e s s f u l l y  compute a l i n e  common t o  VX and VY we s h a l l  
s u b - d i v i d e  the  SUBFACETS o f  f a c e t  X and f a c e t  Y a lo ng  th e  l i n e  o f  
i n t e r s e c t i o n  between QX and QY. We c o n s i d e r  each s u b - f a c e t  i n  t u r n ,  
and s h o u ld  F d i v i d e  t he  s u b - f a c e t  i t s  e n t r y  i n  t h e  l i s t  o f  SUBFACETS 
w i l l  be r e p l a c e d  by two new s u b - f a c e t s .  These new s u b - f a c e t s  are  th e  
two p o r t i o n s  o f  th e  r e p la c e d  s u b - f a c e t  when d i v i d e d  a lo ng  th e  l i n e  F . 
On ly  t h e  l i n e  segments a lo ng  t h i s  l i n e  o f  d i v i s i o n  common t o  A ( t h e  
common l i n e  segment o f  i n t e r s e c t i o n  between VX and VY) w i l l  be
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f i g u r e  4 . 11
Summary o f  f a c e t  c o m p a r i s o n  n e c e s s a r y  t o  c ompu t e  A
CELL A CELL B
s e l e c t  f a c e t  X f rom s e l e c t  f a c e t  Y f r om
LIST-OF-FACETS(A) LIST-OF-FACETS(8)
Face t  X den oted  by VX Face t  Y d eno te d  by VY
I n f i n i t e  p la n e  c o n t a i n i n g I n f i n i t e  p la n e  c o n t a i n i n g
VX den o te d  QX VY den o te d  by QY
Compute l i n e  
r , between QX
o f  i n t e r s e c t i o n  
: and QY
Compare VX wi  
than  two i n t e  
s e l e c t  n e x t  p 
e l s e  l i n e  seg 
to  VX i s  
o U u  ( p2-p1 )
, th QY i f  l e s s  
i r s e c t i o n  p o i n t s  
l a i r  o f  f a c e t s  
iment o f  P common
Compare VY w i t h  QX, i f  l e s s  
t h a t  two i n t e r s e c t i o n  p o i n t s  
s e l e c t  n e x t  p a i r  o f  f a c e t s  
e l s e  l i n e  segment o f  V 
common t o  VY i s  
o3+u (04 -0 3 )
By compar ing  
&1,&2,&3 
compute common l i n e  o f  
i n t e r s e c t i o n  A, 
where 
A=g+ r ( r -g. )
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non - s u p p r e s s e d .  F i g u r e  4 . 11  s u mm a r i s e s  t h e  c o m p a r i s o n  so f a r
4■6 DIVIDING THE SUB-FACETS
We c o n s i d e r  and d i v i d e  th e  s u b - f a c e t s  o f  f a c e t  X and f a c e t  Y
s e p a r a t e l y .  L e t  us c o n s i d e r  one o f  th e s e  f a c e t s ,  i t  i s  r e p r e s e n t e d  i n
th e  e x tended  p o l y g o n a l  mesh as a l i s t  o f  SUBFACETS. For  e f f i c i e n c y  i n
c o m p u t a t i o n ,  r a t h e r  than  d i v i d e  th e  s u b - f a c e t s  u s in g  t he  i n f i n i t e  l i n e  
o f  i n t e r s e c t i o n ,  P, we d i v i d e  t h e  s u b - f a c e t s  by co mpar in g  them w i t h  a 
f u r t h e r  p l a n e ,  Q1, wh ich  c o n t a i n s  t h e  l i n e  P. We can th en  use th e  
i n s i d e  and o u t s i d e  p r o p e r t i e s  o f  t h e  p l a n e ,  Q1, t o  see where  a
s u b - f a c e t  i s  d i v i d e d  by P.
For  each s u b - f a c e t ,  V ’ , i n  t h e  l i s t  we compute P i ,  t h e  l i n e  
segment i n  t h e  s u b - f a c e t  common w i t h  P, and i f  p a r t  o r  a l l  o f  Pi i s  
common t o  A we d i v i d e  th e  s u b - f a c e t  V  i n t o  two f u r t h e r  s u b - f a c e t s  VI 
and V2 such t h a t :
VI u n i o n  V2 = V  
VI i n t e r s e c t i o n  V2= Pi
Pi i s  t h e  d i v i d i n g  l i n e  f o r  t h e  s u b - f a c e t  and o n l y  t h e  segments o f  Pi 
common t o  A a re  g i v e n  a n o n -s u p p re s s  BINARY-CODE, t h e  r e s t  o f  PI w i l l  
be s u pp re ssed  (see f i g u r e  4 . 1 2 ) .
4 . 6 . 1  CALCULATING THE DIVIDING PLANE 21
L e t  us c o n s i d e r  a f a c e t  VX. Q1 i s  an i n f i n i t e  p la n e  c o n t a i n i n g  P 
( t h e  common l i n e  between QX and QY). Q1 i n t e r s e c t s  QX a lo ng  th e  same 
l i n e  o f  i n t e r s e c t i o n ,  P. One such p la n e  i s  p e r p e n d i c u l a r  t o  t he  
i n f i n i t e  p la n e  QX, and th e  d i r e c t i o n  o f  t h e  i n t e r s e c t i o n  l i n e ,  P. We 
know t h a t  t h e  d i r e c t i o n  o f  P i s  ( r - g )  s i n c e  A l i e s  a lo n g  P and the  
d i r e c t i o n  o f  A i s  ( r - g ) .  Hence Q1 has th e  normal  n_l where
n i = ( A ^ , B ^ , C ^ ) x ( r - a )
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f i g u r e  4 . 1 2
Summary o f  t h e  c o m p u t a t i o n s  r e q u i r e d  t o  d i v i d e  t h e  s u b - f a c e t s  a l o n g  A
compute Q1 and i n f i n i t e  p la ne
c o n t a i n i n g  P
t o  A then  d i v i d e  7 '  i n t o  two
new s u b - f a c e t s  VI and V2
I f  any segment o f  PI i s  common
S e l e c t  s u b - f a c e t  V ' i n  the
SUBFACET l i s t  f o r  t h e  f a c e t
s e l e c t e d
Compare V  w i t h  Q1 and compute
PI , th e  l i n e  segment o f  P
common t o  V '
A and segments o u t s i d e  A.
D i v i d e  l i n e  segment PI
i n t o  segments common to
Give each segment th e
a p p r o p r i a t e  BINARY-CODE.
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where i s  no rm a l  t o  OX.
To c o m p le te  t h e  a n a l y t i c a l  r e p r e s e n t a t i o n  o f  01 we r e q u i r e  a c o n s t a n t  
k such t h a t  
n 1 . x = k
x = ( x , y , z )  and k i s  a c o n s t a n t  u n i q u e l y  d e t e r m in e d  p r o v i d e d  we know one 
p o i n t  on t h e  p l a n e .  S in ce  01 c o n t a i n s  T and hence A. we know two 
p o i n t s ,  namely g. and r  so 
k = n 1 . 0
and th e  a n a l y t i c  r e p r e s e n t a t i o n  o f  01 i s  
f  1 ( X , y , z ) =nj_. ( X , y , z ) -n1 . a 
S i m i l a r l y  f o r  f a c e t  Y we can compute nj. f r om  th e  v e c t o r  p r o d u c t
( A Y . B Y . C y j x t f - n )
and t h e  a n a l y t i c  r e p r e s e n t a t i o n  o f  01 f o r  t h e  s u b - f a c e t s  o f  VY w i l l  be 
g i v e n  by
f 1 ( x , y , z ) = ( A Y . B Y , C Y ) x ( x - a ) - ( ( Ay , By. Cy) x ( X " f l ) ) -a.
4 . 6 . 2  COMPUTATION Of  I M .  DIVIDING LINE f i  FOR. A SUB-FACET Vj-
Once we have computed 01 f r om  A and t h e  a n a l y t i c a l  r e p r e s e n t a t i o n  
o f  t h e  i n f i n i t e  p la n e  c o n t a i n i n g  t h e  f a c e t ,  we use i t  t o  compute t he  
l i n e  segment F1 f o r  each s u b - f a c e t  i n  t h e  SUBFACET l i s t  b e l o n g i n g  t o  
th e  f a c e t  r e q u i r i n g  d i v i s i o n ,  ( f1  i s  t h e  l i n e  segment i n  t h e  s u b - f a c e t  
common t o  F ) .  The s u b - f a c e t s  f o r  t h e  o r i g i n a l  f a c e t  a re  h e ld  i n  a 
l i n k e d  l i s t  accessed v i a  i t s  e n t r y  i n  t he  LIST-OF-FACETS (see f i g u r e
4 . 1 3 ) .  We w i l l  compare e v e r y  s u b - f a c e t  i n  th e  l i s t  w i t h  01.  L e t  us
c o n s i d e r  t h e  s u b - f a c e t  V  denoted by th e  sequence o f  l i n e s  
V  = {L IN E (K )  ,K = 1  L}
where  L INE(K)  i s  t h e  l i n e  between th e  Kth and K + l t h  v e r t e x  on the  
b ou nd ar y  o f  t h e  s u b - f a c e t .  Us ing t he  a n a l y t i c  r e p r e s e n t a t i o n  o f  01,  
T1 ( X , y , z ) =n j_ . { X , y , z ) - n l - a  we s u b s t i t u t e  th e  end v e r t i c e s  o f
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f a c e t  X
0 0 0 0
SUBFACET ( l i s t  f o r  f a c e t  X)
/
0 0 0 /
each s u b - f a c e t  d e f i n e d  by o rd e re d  
l i s t  o f  l i n e  segments
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c o n s e c u t i v e  l i n e s  around th e  s u b - f a c e t  V  i n t o  f 1. By compar ing  th e  
s i g n  o f  t h e  r e s u l t  we can f i n d  th e  l i n e  segment& in  V  w h ic h  i n t e r s e c t  
w i t h  01.  I f  f 1 ( x k , y k , z k ) and f 1 ( x k + 1 , y k + 1 , z k + 1) have o p p o s i t e  s i g n s  
t hen  01 d i v i d e s  L INE(K)  and th e  p o i n t  o f  i n t e r s e c t i o n  ( x ' , y ‘ , z ’ ) i s  
g i v e n  by
x ' = ( 1 - o ) x k + o x k + 1  
y ' = ( 1 - o ) yk + oyk + 1 
z ■ = ( 1 -o ) z k - o z k + 1 
and
G = - f 1 ( x k , y k , z k ) / ( ( f 1 ( x k + 1 , y k + 1 , z k + 1 ) - f 1 ( x k . y k . z k ) )
T h i s  i s  a l s o  t h e  i n t e r s e c t i o n  p o i n t  between L INE(K)  and P ( t h e  
i n f i n i t e  l i n e  o f  i n t e r s e c t i o n  between OX and OY). The s u b - f a c e t  V  
w i l l  o n l y  r e q u i r e  d i v i s i o n  i f  two i n t e r s e c t i o n  p o i n t s ,  g f  and 
(.gSAgl) , a re  f o u n d .  I f  l e s s  t h a n  two i n t e r s e c t i o n  p o i n t s  o c c u r  t hen  
V  r e q u i r e s  no a l t e r a t i o n  and we c o n t i n u e  t o  th e  n e x t  s u b - f a c e t  i n  th e  
l i s t .
The l i n e  o f  d i v i s i o n  FI i s  
F 1 = g l + 5 ( ^ - ^ )  0<a<1 
b u t  b e f o r e  we a c t u a l l y  d i v i d e  V ’ one f u r t h e r  check  i s  r e q u i r e d ,  
nam ely ,  t h e r e  must be some segment o f  FI common t o  A ( t h e  common l i n e  
o f  i n t e r s e c t i o n  between 7X and VY) where  A=g.+T(r-ÇL) 0< r< 1.  S ince  F 1 
and A l i e  a lo n g  th e  same i n f i n i t e  l i n e  F , t hen  f o r  some v a lu e s  5 ‘ and
a'  '
g . = £ 5 . +  a ' ( d 6 - o 5  ) 
r , = g f + a  ' ' ( d B - p 5 )
a ' and a ' '  need n o t  be i n  th e  range z e ro  t o  one b u t  sh ou ld  6 '  and a ' '  
bo th  be l e s s  t h a t  ze ro  or  g r e a t e r  than one then  t h e r e  i s  no common 
segment between F 1 and A and V  r e q u i r e s  no d i v i s i o n ,  and we c o n t i n u e  
t o  t h e  n e x t  s u b - f a c e t .  O t h e r w i s e ,  b e f o r e  any f u r t h e r  a c t i o n ,  and
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g f  a re  added t o  the  LIST-OF-VERTICES f o r  th e  c e l l  and th e  s u b - f a c e t  
w i l l  be d i v i d e d  a lo ng  F I .  I f  F1 i s  an edge o f  th e  s u b - f a c e t ,  i . e .  g f
and a l r e a d y  d e f i n e  a l i n e  on th e  bou ndary  o f  t h e  s u b - f a c e t ,  i t
r e q u i r e s  no d i v i s i o n  e x c e p t  f o r  d i v i d i n g  F1 i n t o  supp ressed  and
n o n -s u p p re s s e d  r e g i o n s  (see s e c t i o n  4 . 6 . 4 )  and s e c t i o n  4 . 8 . 3  w i l l  n o t
be used on th e  s u b - f a c e t .
4 . 6 . 3  DIVIDING THE SUB-FACET ALONG THE DIVIDING LINE Fj_
L e t  us c o n s i d e r  th e  s u b - f a c e t  V' i n  more d e t a i l .  F i g u r e  4 .14 i s
a d ia g r a m  r e p r e s e n t i n g  a s u b - f a c e t ,  th e  a r r ow s  i n  f i g u r e  4 .14 i n d i c a t e  
t h e  o r i e n t a t i o n  o f  t h e  s u b - f a c e t .  F i g u r e  4 .15  i s  i t s  c o r r e s p o n d i n g  
d a ta  s t r u c t u r e  r e p r e s e n t a t i o n  i n  t h e  SUBFACET l i s t .  LI i s  th e  f i r s t  
l i n e  o f  t h e  s u b - f a c e t ,  g j .  i s  th e  f i r s t  i n t e r s e c t i o n  p o i n t  w i t h  Q1 and 
p6 t h e  second,  F 1 i s  t h e  d i v i d i n g  l i n e .  A f t e r  d i v i s i o n  th e  p a r t i t i o n  
can be r e p r e s e n t e d  by f i g u r e  4 .16  and i t s  d a ta  s t r u c t u r e  i s  g i v e n  
4 . 1 7 .  To a c h ie v e  t h i s  d i v i s i o n  we a l t e r  t h e  d a ta  s t r u c t u r e  
r e p r e s e n t a t i o n  so t h a t  th e  new s t r u c t u r e  f o r  th e  f i r s t  s u b - f a c e t  VI i s
c o n s t r u c t e d  f r o m  th e  o l d  r e p r e s e n t a t i o n  o f  V ’ , and th e  second
s u b - f a c e t  V2 i s  added t o  th e  end o f  l i s t  o f  SUBFACETS.
VI f o l l o w s  th e  l i n e s  o f  V  u n t i l  we rea ch  the  l i n e  c o n t a i n i n g  the
f i r s t  i n t e r s e c t i o n  p o i n t  say L I N E ( I ) .  P r o v id ed  t h a t  g5. i s  n o t  an
end v e r t e x  o f  th e  l i n e  ( i . e .  ( x i  , y i  , z i  ) , no te  i f  g_5 i s  an end
v e r t e x  i t  i s  o n l y  c o n s i d e r e d  when i t  i s  th e  f i r s t  v e r t e x  o f  t he  l i n e )
we d i v i d e  t h e  l i n e  i n t o  two segments:
1. a l i n e  f rom  ( x i , y i , z i )  t o  £5 ( c a l l e d  LA)
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2. a l i n e  f rom  ^  to  ( x i + 1 , y i + 1 , z i+ -1 ) c a l l e d  LB
Each o f  t h e s e  new l i n e  segments w i l l  be added t o  t he  L IST-OF-LINES f o r  
t he  c e l l  and each w i l l  have the  i d e n t i c a l  s u p p r e s s / n o n - s u p p r e s s  code 
as L I N E ( I ) .  LA w i l l  r e p l a c e  th e  i n d e x  t o  L I N E ( I )  i n  th e  data
s t r u c t u r e  f o r  V I ,  and the  p o i n t e r  w i l l  r e - a s s i g n e d  l a t e r .  I f
J2l = ( x i , y i , z i ) t h e r e  i s  no need t o  d i v i d e  L I N E ( I ) ,  however LA w i l l  be 
L I N E ( 1 - 1 )  ( t h e  p r e v i o u s  l i n e  i n  th e  s u b - f a c e t )  and LB w i l l  be L I N E ( I ) .
LB w i l l  be th e  f i r s t  l i n e  i n  t he  new s u b - f a c e t ,  V2. T h i s  w i l l  be
added to  t h e  end o f  th e  l i s t  o f  SUBFACETS and th e  f i r s t  l i n e  i n  the  
new p a r t i t i o n  i s  LB, f o l l o w e d  by L IN E (1+1)  ( t h e  n e x t  l i n e ) ,  i n  V .
R e t u r n i n g  t o  th e  example i n  f i g u r e  4 . 1 5 .  Once t h e  l i n e  segment
LA and LB have been computed th e  d a ta  s t r u c t u r e  w i l l  be a l t e r e d  t o
p ro du c e  f i g u r e  4 . 1 8 .  V' commencerai  L I ,  and VI w i l l  a l s o  commence a t  
L I .  L2 i s  d i v i d e d  by Pi and i s  d i v i d e d  i n t o  two l i n e  segments LA and 
LB. LA r e p l a c e s  th e  e n t r y  L2 i n  V ' and th e  p o i n t e r  i s  l e f t  f o r
r e a s s i g n m e n t .  LB i s  p la c e d  i n  a new e n t r y  i n  HEAP, and t h i s  commences
t h e  new s u b - f a c e t  V2. The new e n t r y  i n  HEAP w i t h  t h e  i n d e x  t o  l i n e  LB
has t h e  p o i n t e r  t o  t h e  n e x t  l i n e  L3 i n  V ' .
The d a t a  f o r  V2 w i l l  c o n t i n u e  around th e  l i n e s  o f  V ' u n t i l  we
reach  th e  l i n e  c o n t a i n i n g  the  second p o i n t  o f  i n t e r s e c t i o n  say
L I N E ( J ) .  T h i s  l i n e  goes f rom  v e r t e x  ( x j , y j . z j )  t o  ( x j + 1 , y j + 1 . z j + 1 ) . 
P r o v id e d  n l f ( x j , y ] , z ] )  then l i n e  J i s  d i v i d e d  i n t o  two segments
1. ( x j . y j . z j )  t o  c a l l e d  LC
2. £6 t o  ( X j + 1 , y j + 1 , z j + 1) c a l l e d  LD
I f  £ i = ( X j , y j , z j ) th en  LC w i l l  be t h e  p r e c e d i n g  l i n e  i n  V2 and LD i s
L I N E ( J ) .  A new l i n e  segment a lo ng  PI f r om  g5 t o  j&6 w i l l  a l s o  be
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c r e a t e d ,  say L INE(LN) and a l l  t h r e e  l i n e  segments a re  added t o  t he  
L IST-OF-LINES f o r  th e  c e l l  ( d u p l i c a t i o n s  are  r em ove d) .  The new 
s u b - f a c e t  V2 w i l l  be comp le te d  by add in g  an i n d e x  f o r  LC f o l l o w e d  by 
LN, ( o r  s i m p l y  LN i f  B l=  ( x 1. y j  . z' j  ) ) • The o t h e r  s u b - f a c e t  VI w i l l  
c o n t i n u e  f rom  l i n e  LA to  LN f o l l o w e d  by LD and the  r e m a i n i n g  l i n e  
segments around V ' .  C o n t i n u i n g  th e  example f r om  f i g u r e  4 . 1 0 ,  th e  
c o m p le te d  d i v i s i o n  i n  shown i n  f i g u r e  4 . 1 9 .  V2 c o n t a i n s  L3, L4, L5.
The l i n e  den oted  L6 c o n t a i n s  the  second i n t e r s e c t i o n  p o i n t  and i s
d i v i d e d  i n t o  l i n e  segments LC and LD. The i n d e x  t o  l i n e  LC r e p l a c e s  
t h e  i n d e x  t o  L6 i n  V2, and V2 i s  comp le te d  by th e  a d d i t i o n  o f  t h e  new 
l i n e  LN. The p o i n t e r  i n  VI a w a i t i n g  a s s ig nm e n t  i s  c o nnec te d  t o  a new 
HEAP e n t r y  c o n t a i n i n g  t h e  l i n e  LN, f o l l o w e d  by LD and th e  re m a in d e r  o f  
th e  s u b - f a c e t  V ‘ .
The f i n a l  s t e p  i s  t o  d i v i d e  LN ( P I )  i n t o  d i s t i n c t  l i n e  segments 
so t h a t  each l i n e  segment has a un iqu e  BINARY-CODE 
( s u p p r e s s / n o n - s u p p r e s s ) and o n l y  t h e  segment o f  LN common v^ i th  A i s
g i v e n  a n o n -s u p p re s s  code.  The o t h e r  segments o f  LN a re  s u pp re s s ed .
4 . 6 . 4  DIVISION O L _THE DIVIDING LINE £ i  INTO SUPPRESSED AND 
NON-SUPPRESSED LINE SEGMENTS
Pi i s  th e  d i v i d i n g  l i n e  between ^  and ^  f o r  th e  s u b - f a c e t  V ' ,  
o n l y  t h e  segment o f  PI common to  A ( t h e  common l i n e  o f  i n t e r s e c t i o n
between VX and VY) i s  g i v e n  th e  n o n -s u p p re s s  BINARY-CODE. I t  may be
n e c e s s a r y  t o  d i v i d e  PI (L INE(LN)  i n  f i g u r e  4 .1 9 )  i n t o  f u r t h e r  segments 
so t h a t  each segment has a un ique  BINARY-CODE.
The g e n e r a l  p o i n t  on t he  l i n e  PI i s  g i v e n  by t he  f o r m u l a :
2^+5 (g6.-g5 ) where O^ô^l  
t o  d i v i d e  PI we compute th e  v a lu e s  o f  5 ’ and 5 where
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q.=£5.+ 5 ' ( 06- 05 )
r = ^ + 5  ' ' (2 I - & 5  ) 
f r o m  5 ‘ and 5 ' '  we compute 5min and 5max where  
5max=min( 1 , max( 5 ' , 5 ‘ ' ) )  
ômin=max( 0 , m i n ( 6 ' , 5 ‘ ' ) )
The l i n e  segment o f  Pi f r om  6min t o  5max has th e  BINARY-CODE 
n o n - s u p p r e s s .  I f  6max<1, th en  th e  l i n e  segment f r om  
o5 +5max(e6. -£ l )  t o  ^6. i s  s u pp re s s ed .
I f  5min>0,  t h en  the  l i n e  segment f r om
o5 t o  _B^+(5min (g^-g_5 ) i s  a l s o  su p p re s s e d .
Each o f  th e s e  segments are  found and added t o  th e  L IST-OF-LINES f o r  
t h e  c e l l ,  and any new v e r t i c e s  a re  added t o  t he  L IST -OF-VER TICES f o r  
t h e  c e l l .  The e n t r i e s  t o  PI ( i . e .  LN i n  f i g u r e  4 . 1 9 )  i n  t h e  d a ta
s t r u c t u r e  f o r  t h e  s u b - f a c e t s  71 and 72 are  r e p l a c e d  by t h e  l i s t  o f
l i n e  segments i n  th e  c o r r e c t  sequence a lo ng  P I .
For  example i f  LN i n  f i g u r e  4 .19  i s  d i v i d e d  i n t o  th ree*  segments
1. t o  £5.+ 5min ( p ^ - £ ^ )  den o te d  by LN1 w i t h  BINARY-CODE supp re ss
2. £ ^ + 6 m i n ( £ i - £ l )  t o  p5+5max( d 6 - d 5 ) den oted  by LN2, BINARY-CODE 
n o n -s u p p re s s
3. £j.+ 5max ( £ ^ -£ j . )  t o  _g_6 den oted  by LN3 w i t h  BINARY-CODE supp ress
t hen  f i g u r e  4 .19  becomes f i g u r e  4 . 2 0 ,  where LN f o r  VI i s  r e p la c e d ,  by 
LN1, LN2, LN3 and LN i n  72 i s  r e p la c e d  by LN3, LN2, LN1. The r e v e r s e  
o r d e r i n g  ensu res  m a in ten an c e  o f  th e  a n t i - c l o c k w i s e  o r i e n t a t i o n .
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4.7  SUPPRESSION OF REDUNDANT LINES _IN COPLANAR FACETS
In  s e c t i o n  4 .5  and 4 .6  we were conce rned  o n l y  w i t h  i n t e r s e c t i n g  
f a c e t s .  Any c o - p l a n a r  f a c e t s  found d u r i n g  t he  f a c e t  compar ison s  
between c e l l  A and c e l l  B were s e t  a s id e  t o  be r e c o n s i d e r e d  when a l l  
th e  n o n - c o n v e x i t y  between i n t e r s e c t i n g  f a c e t s  had been removed by 
d i v i d i n g  t h e  f a c e t s  i n t o  l i s t  o f  s u b - f a c e t s .  L e t  f a c e t  X and f a c e t  Y 
be a p a i r  o f  n o n - i n t e r s e c t i n g  fa ceS .  Face t  X l i e s  i n  th e  i n f i n i t e  
p la n e  QX r e p r e s e n t e d  by t h e  f u n c t i o n  
f ^ ( x , y , z ) = A ^ . x + B ^ . y + C ^ . z + D ^
and f a c e t  Y , VY, l i e s  i n  th e  i n f i n i t e  p la n e  QY r e p r e s e n t e d  by 
f ^ ( X , y , z ) e A ^ . x + By . y + CY* z + Dy
Si nce  th e  p la n e s  do n o t  i n t e r s e c t  we know t h a t
{Ax , Bx . Cx ) x ( Ay . By . Cy ) = ( o . o . o )
However ,  because o f  th e  s t a n d a r d i s a t i o n  imposed on t h e  LIST-OF-PLANE 
e q u a t i o n s  i n  ACTUAL space (see c h a p t e r  t h r e e  s e c t i o n  3 . 9 ) ,  we can t e s t  
i f  t h e  f a c e t s  a re  c o - p l a n a r  by c h e c k in g  f o r  e q u a l i t y  between th e  
A , B, C, D c o e f f i c i e n t s .  Face ts  t h a t  a re  n o t  c o - p l a n a r  r e q u i r e  no 
f u r t h e r  c o n s i d e r a t i o n .
L e t  us suppose VX and VY are  c o - p l a n a r ,  i f  t h e y  a re  d i s j o i n t  and 
do n o t  c o n t a i n  an area common to  b o th  f a c e t s  th en  t h e y  r e q u i r e  no 
a l t e r a t i o n ,  (see f i g u r e  4 . 2 1 ) ,  however ,  i f  t h e y  have a common area o f  
i n t e r s e c t i o n  as i n  f i g u r e  4 .2 2 ,  th es e  f a c e t s  w i l l  be fused  t o g e t h e r  
and a l l  bound ary  edges around the  common area shou ld  be supp ressed  
(see dashed l i n e s  i n  f i g u r e  4 . 2 2 ) .
When we c o n s i d e r  t he  c o - p l a n a r  facetg,  we f i r s t  compute th e  common 
area between the  f a c e t s .  Face t  X i s  compared w i t h  f a c e t  Y and a 
t e m p o r a r y  l i s t  o f  l i n e  segments (TEMPX) f o r  f a c e t  X i s  c o n s t r u c t e d  
w h ic h  c o n t a i n s  a l l  l i n e  segments f r om  th e  boundary  o f  VX t h a t  l i e  on
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F i g u r e  4 . 21
D i s j o i n t  c o - p l a n a r  f a c e t s
F i g u r e  4 .22
I n t e r s e c t i n g  c o - p l a n a r  f a c e t s
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o r  i n s i d e  th e  convex body o f  VY. T h i s  i s  r e p e a t e d  f o r  f a c e t  Y t o  
c o n s t r u c t  a second te m p o r a ry  l i s t ,  TEMPY, c o n t a i n i n g  a l l  th e  l i n e  
segments on th e  bound ary  o f  f a c e t  Y w i t h i n  th e  convex body o f  VX. The 
u n io n  o f  th ese  two l i s t s  g i v e s  the  l i s t  o f  l i n e  segments on the  
boundary  o f  t h e  common area o f  i n t e r s e c t i o n  between VX and VY,
A l l  l i n e  segments common to  TEMPX and TEMPY are  d e l e t e d  f r om  the  
l i s t s  because th es e  segments are  on th e  boundary  o f  b o th  f a c e t s  and do 
n o t  r e q u i r e  s u p p r e s s i o n .  The o n l y  e x c e p t i o n  t o  t h i s  r u l e  o c c u rs  when 
TEMPX and TEMPY c o n t a i n  a s i n g l e  l i n e  segment,  i . e .  t h e  common area 
o f  i n t e r s e c t i o n  d e g e n e r a t e s  t o  a l i n e  segment,  w h ich  r e q u i r e s  
s u p p r e s s i o n .
L i n e s  r e q u i r i n g  s u p p r e s s i o n  are  s e l e c t e d  by s e a r c h i n g  th r o u g h  the  
l i n e  segments i n  t h e  L IST-OF-LINES f o r  bo th  c e l l s  common t o  t he  
r e m a i n i n g  l i n e s  i n  TEMPX and TEMPY. These l i n e s  a re  supp ress ed  by 
r e - a s s i g n i n g  t h e i r  BINARY-CODEs to  th e  supp ress  code ( z e r o ) .
To f i n d  t h e  l i s t  TEMPX, we compare each ex tende d  l i n e  on the  
b oundary  o f  VX w i t h  e v e r y  l i n e  on th e  boundary  o f  VY. The v e r t i c e s  o f  
t h e  f a c e t  VX are  :
VX = { ( x i  , y i , z i  ) 1 i = 1 , . . . , I N }  
and t h e  i t h  l i n e  o f  VX has th e  g e n e r a l  p o s i t i o n
( 1 - e ) ( x i , y i , z i ) + e ( x i + 1 , y i + 1 , z i + 1 )
The v e r t i c e s  o f  f a c e t  VY a re ;
VY ={ ( x j  , y j  , z j  ) I -j= 1 . . . . , IM}
and th e  j t h  l i n e  o f  VY has the  g e n e r a l  p o s i t i o n
( 1 - ( p ) { x j , y j , z j ) + ( p ( x j + 1 , y j + 1 , z j + 1 )
P r o v id e d  th e  i t h  l i n e  f r om  VX i s  n o t  p a r a l l e l  t o  t he  j t h  l i n e  o f  VY,
t h e  ex te nded  i t h  l i n e  w i l l  c u t  t he  ex tended  j t h  l i n e  a t  a p o i n t
( 1 - e ) ( x i , y i , z i )  + e ( x i + 1 , y i + 1 . z i + 1 ) = ( 1 - ( p ) ( x j , y j f j ) + v ( x j + 1 , y j + 1 , z j + 1  )
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R e - a r r a n g i n g  t h i s  g i v e s  th e  f o r m u la e  
ip=( ( x j - x i )  ( y i + 1 - y i )  + ( y i - y j )  ( x i + 1 - x i )  )
( ( x j - x j + 1 ) ( y i + 1 - y i )  + ( y j + 1 - y j ) ( x i  + 1- x i )  )
o r
(p= ( ( y j - y i )  ( z i + l - z i )  + ( z i - z j )  ( y i + 1 - y i )  ) 
( ( y ] - y j + 1 ) ( z i + 1 - z i ) + ( z j + 1 - z j ) ( y i + 1 - y i ) )
o r
(p=( ( z j - z i )  ( x i + 1 - x i )  + ( x i - x j )  ( z i + 1 - z i )  ) 
( ( z j - z j + 1 ) ( x i + 1 - x i ) + ( x j + 1 - x j ) ( z i + 1 - z i ) )
I f  t h e  g i v e n  ip v a lu e  i s  such t h a t  (p<0 o r  ip> 1 we c o n t i n u e  t o  t h e  n ex t  
l i n e  o f  VY. O t h e r w i s e ,  th e  ex ten de d  i t h  l i n e  o f  VX c r o s s e s  i n t o  t he  
area o f  VY a t  a p o i n t  on i t s  j t h  l i n e .  Because t h e  f a c e t s  i n  th e  
LIST-OF-FACETS f o r  a l l  t h e  c e l l s  a re  convex,  t h e  number o f  c r o s s i n g
p o i n t s  a lo n g  th e  i t h  l i n e  i s  e i t h e r  z e ro  i f  th e  l i n e  m isses th e  f a c e t
o r  two i f  t h e  l i n e  c u t s  th e  f a c e t .  In  t h e  l a t t e r  case,  we f i n d  the  
two c r o s s i n g  p o i n t s  on th e  i t h  l i n e ,  2I  and where  t h e  two p o i n t s  
o f  i n t e r s e c t i o n  s a t i s f y
( 1 - e m i n ) ( x i , y i  , z i  ) + e m i n ( x i + 1 , y i + 1 , z i + 1 )  ( i )
( 1 -em ax ) ( x i , y i , z i ) + e m a x ( x i + 1 , y i + 1 , z i + 1 )  ( i i )
and emin<emax
I f  £m in > 1 .0  o r  emax<0.0 t h e  l i n e  segment between ^  and l i e s
o u t s i d e  VX, so i t  i s  a r e d u n d a n t  i n t e r s e c t i o n .  O t h e r w i s e ,  we s t o r e
t h e  l i n e  segment 3, where  a g e n e r a l  p o i n t  on th e  l i n e  segment D
s a t i s f i e s
d 7  +  £ '  ( d 8 - p 7  )
c l ( s ' < c 2  
and e 1=max( c m i n ,0)  
c2 = m in ( emax,1)
P r o v id e d  e1#e2 th en  a l i n e  segment o f ^ i t h  l i n e  f r om  VX l i e s  i n s i d e  the
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convex body o f  VY and the  end p o i n t s  o f  t he  l i n e  segment are  the  
p o i n t s  a lo n g  th e  l i n e  3,  when e '=e1 and e ’ =e2 r e s p e c t i v e l y .  The l i n e  
i s  s t o r e d  i n  TEMPX and d e f i n e d  by the  p a i r  o f  end v e r t i c e s .  We r e p e a t  
t h i s  compar i son  w i t h  t h e  n e x t  l i n e  i n  f a c e t  VX.
I f ,  when we have compared e v e ry  l i n e  i n  f a c e t  VX w i t h  f a c e t  VY, 
we found  no l i n e  segments w i t h i n  VY and TEMPX i s  empty ,  then the  two
f a c e t s  are  d i s j o i n t  and r e q u i r e  no f u r t h e r  c o n s i d e r a t i o n .  I f  we do
f i n d  such l i n e  segments ,  then TEMPX c o n t a i n s  th e  bou ndary  segments o f  
VX w i t h i n  VY.
To f i n d  th e  bou ndary  o f  VY w i t h i n  VX, we r e p e a t  t h e  p ro cess  by 
c h e c k i n g  each ex ten de d  l i n e  o f  f a c e t  VY w i t h  VX, and s t o r e  a l l  th e  
l i n e  segments on th e  boundary  o f  VY w i t h i n  th e  p o l y g o n a l  body o f  VX i n  
TEMPY.
Once t h i s  i s  c o m p le te  we have two l i s t s  o f  l i n e  segments .  At  
p r e s e n t  th e  l i n e  segments w i t h i n  t he  L IST-OF-LINES common-to th ose  i n  
TEMPX and TEMPY a l l  have a n o n -s u p p re s s  code s i n c e  t h e y  a re  edges o f  
t h e  convex h u l l  o f  t h e  c e l l s .  To supp ress  th e s e  l i n e  segments we 
s e l e c t  each l i n e  i n  TEMPX and TEMPY i n  t u r n ,  say t h e  l i n e  segment v ,
we check th ro u g h  the  L IST-OF-LINES f o r  b o th  c e l l s  and supp ress  a l l
l i n e s  common t o  v by a l t e r i n g  t h e i r  BINARY-CODE.
B e fo re  t h i s  compar ison  takes  p l a c e ,  we remove f r om  TEMPX and 
TEMPY a l l  th e  l i n e s  common to  both  l i s t s .  These l i n e s  are  on th e  
bou ndary  o f  VX and VY and r e q u i r e  no s u p p r e s s i o n  (see f i g u r e  4 . 2 3 ) .
The e x c e p t i o n  to  t h i s  r u l e  occu rs  when TEMPX and TEMPY c o n t a i n  a
s i n g l e  l i n e  segment and th e  common area o f  i n t e r s e c t i o n  between VX and 
VY d e g e n e r a t e s  to  a l i n e  (see f i g u r e  4 . 2 4 ) .  A l t h o u g h  t h i s  l i n e  i s  on
th e  bou ndary  o f  VX and VY t h i s  t im e  i t  r e q u i r e s  s u p p r e s s i o n  and w i l l
223
F i g u r e  4 . 2 3




L1, L2,  L 3 , L4 a re  th e  boundary  l i n e s  around th e  common area on
i n t e r s e c t i o n  between th e  c o - p l a n a r  f a c e t s  VX and VY.
TEMPX w i l l  c o n t a i n  t h e  l i n e  segments L2, L3, L4
TEMPY w i l l  c o n t a i n  th e  l i n e  segments L 1, L2, L3.
S in ce  L2 and L3 are  i n  b o th  TEMPX and TEMPY t h e y  do n o t  r e q u i r e
s u p p r e s s i o n .
F i g u r e  4 .24
C o - p l a n a r  f a c e t s  where  LI (common t o  b o th  f a c e t s )  r e q u i r e s  s u p p r e s s i o n
v y
Here TEMPX c o n t a i n s  th e  l i n e  segment LI and TEMPY c o n t a i n s  L I .
S in ce  t h e  common area o f  i n t e r s e c t i o n  has d e g en e ra ted  i n t o  a s i n g l e  
l i n e ,  L I ,  even though L 1 i s  common t o  both  TEMPX and TEMPY i t  r e q u i r e s  
s u p p r e s s i o n .
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not  be d e l e t e d  f r om  TEMPX or  TEMPY.
Once th e  r e m a i n i n g  l i n e s  have been su pp re ssed  we can c o n t i n u e  to  
th e  n e x t  p a i r  o f  c o - p l a n a r  f a c e t s  and r e p e a t  th e  p ro c e d u r e  f o r  a l l  
r e m a i n i n g  c o - p l a n a r  f a c e t s .  When we have su pp ressed  a l l  t he  n ec e s s a ry  
l i n e s  we can c o n t i n u e  to  th e  n e x t  p a i r  o f  c e l l s  w i t h i n  t h e  p o l y g o n a l  
mesh .
To d e m o n s t r a t e  th e  s u p p r e s s i o n  o f  l i n e  segments i n  c o - p l a n a r  
f a c e t s  see f i g u r e  4 .26 where  two c r y s t a l s  o f  th e  t y p e  shown i n  f i g u r e  
4 .25 have been t w i n n e d .  T h i s  t w i n n i n g  o p e r a t i o n  has produced 
c o - p l a n a r  f a c e t s  and th e  l i n e  segments have been su pp re s s ed .
4 .8  OVERALL CHANGES I N  THE DATA STRUCTURES
The o v e r a l l  changes t o  th e  d a ta  s t r u c t u r e s  are  summar ised i n  f i g s  
4 . 2 7 ,  4 .28  and 4 . 2 9 .  F i g u r e  4.27 r e p r e s e n t s  t h e  i n i t i a l  ex tende d
p o l y g o n a l  mesh b e f o r e  any s u b - d i v i s i o n  o f  th e  copy f a c e t s .
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F i g u r e  4 . 2 5
C r y s t a l  o f  S t r u v i t e
F i g u r e  4 .26
Twin  o f  4 .2 5  c o n t a i n i n g  c o - p l a n a r  f a c e t s
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F i g u r e  4 . 2 7 - 4 . 2 9  O v e r a l l  d a ta  s t r u c t u r e  m a n i p u l a t i o n  t h a t  o c c u rs  
d u r i n g  th e  m a n i p u l a t i o n  module
LIST-OF-CRYSTALS
c e l l  A c e l l  B
LIST-OF-FACETS (A) L IST-OF-FACETS(B)
VX VY VZ
SUBFACET SUBFACET SUBFACET SUBFACET
* p o i n t e r s  t o  HEAP where  each f a c e t  i s  d e f i n e d  by
o r d e r e d  l i s t  o f  v e r t i c e s  and each s u b - f a c e t  d e f i n e d  by 
o r d e r e d  l i s t  o f  l i n e  segments
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Each c e l l  i n  th e  mesh i s  compared w i t h  each o t h e r .  Say we are  
co m par ing  c e l l  A and c e l l  B. Every  f a c e t  i n  c e l l  A i s  compared w i t h  
e v e r y  f a c e t  i n  c e l l  B. I f  f a c e t  VX f r om  c e l l  A and f a c e t  VY f rom c e l l  
B i n t e r s e c t ,  th en  th e  copy d a ta  f o r  f a c e t  VX and VY i s  d i v i d e d  i n t o  
two s u b - f a c e t s  see f i g u r e  4 . 2 8 .  VX i s  now r e p r e s e n t e d  by t he  
s u b - f a c e t s  VX1 and VX2, s i m i l a r l y  VY i s  r e p r e s e n t e d  by th e  s u b - f a c e t s  
VY1 and VY2.
F i g u r e  4 .28
LIST-OF-CRYSTALS
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* p o i n t e r s  t o  HEAP where  each f a c e t  i s  d e f i n e d  by
o r d e r e d  l i s t  o f  v e r t i c e s  and each s u b - f a c e t  d e f i n e d  by 
o r d e r e d  l i s t  o f  l i n e  segments
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T h i s  p ro c es s  o f  compar i son  and d i v i s i o n  c o n t i n u e s  u n t i l  e v e ry  
f a c e t  has been compared w i t h  ev e ry  o t h e r  f a c e t .  I f  f o r  example ,  we 
f i n d  t h a t  f a c e t  VX o f  c e l l  A a l s o  i n t e r s e c t s  w i t h  f a c e t  VZ o f  c e l l  B 
t h e n ,  f a c e t  VX w i l l  be f u r t h e r  s u b - d i v i d e d ,  and i t s  SUBFACET l i s t  w i l l  
i n c r e a s e  i n  l e n g t h ,  see f i g u r e  4 . 2 9 .  Now VX i s  r e p r e s e n t e d  by t he  
s u b - f a c e t  l i s t  VX11, VX12, VX21, VX22 where  VX11 u n io n  VX12 i s  VX1 and 
VX21 u n io n  VX22 i s  VX2.
F i g u r e  4 .29 
LIST-OF-CRYSTALS
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VZ1 VZ2
* p o i n t e r s  t o  HEAP where  each f a c e t  i s  d e f i n e d  by
o rd e r e d  l i s t  o f  v e r t i c e s  and each s u b - f a c e t  d e f i n e d  by 
o rd e r e d  l i s t  o f  l i n e  segments
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When we have comp le te d  the  compar i son  o f  f a c e t s  f r om  two c e l l s  we 
r e t u r n  t o  th e  l i s t  o f  c o - p l a n a r  f a c e t s  t h a t  have been f o u n d .  These
f a c e t s  are  s t o r e d  i n  p a i r s ,  i f  any l i n e  segment f r om  one o f  th e
c o - p l a n a r  f a c e t s  l i e s  w i t h i n  the  common area o f  i n t e r s e c t i o n  between
th e  two f a c e t s ,  th e s e  l i n e  segments a re  supp ressed  i n  t h e  s u b - f a c e t s  
by r e - a s s i g n i n g  th e  BINARY-CODE i n  th e  L IST-OF-LINES f o r  the  c e l l .  
T h i s  f i n a l  o p e r a t i o n  co m p le te s  th e  rem ova l  o f  n o n - c o n v e x i t y  between 
t h i s  p a i r  o f  c e l l s .  The who le  p ro c e d u r e  w i l l  then  be re p e a te d  f o r  the  
r e m a i n i n g  c o m b in a t i o n s  o f  c e l l s .
The f i n a l  da ta  s t r u c t u r e  can be v e ry  complex ,  c o n s i s t i n g  o f  
e x t e n s i v e  l i s t s  o f  s u b - f a c e t s ,  however  once i n  t h i s  f o r m a t  i t  i s
s u i t a b l e  f o r  t he  a p p l i c a t i o n  o f  a g e n e r a l  h id den  l i n e  o r  s u r f a c e  
re m o v a l  a l g o r i t h m  as used i n  t h e  p o l y g o n a l  mesh d i s p l a y  and f o r  th e  
c o m p u t a t i o n  o f  c o n t a c t  t w i n s  w h ich  we s h a l l  c o n s i d e r  i n  t h e  f o l l o w i n g  




5 ■ 1 INTRODUCTION
In  t h e  p r e v i o u s  c h a p t e r  we o u t l i n e d  th e  a l t e r a t i o n s  and a d d i t i o n s  
r e q u i r e d  to  c o n s t r u c t  t he  ex tende d  p o l y g o n a l  mesh where  the  
n o n - c o n v e x i t y  between c e l l s  i s  e l i m i n a t e d  by d i v i d i n g  t he  f a c e t s  i n t o  
convex r e g i o n s  bounded by l i n e  segments .  The scene i s  now d e s c r i b e d  
by
a l i s t  o f  o b j e c t s  or  c e l l s ,
each c e l l  d e f i n e d  by a l i s t  o f  f a c e t s ,
each f a c e t  d e f i n e d  by a l i s t  o f  s u b - f a c e t s ,
each s u b - f a c e t  d e f i n e d  by a l i s t  o f  l i n e  segments ,
each l i n e  segment d e f i n e d  by a p a i r  o f  v e r t i c e s  and a BINARY-CODE.
T h i s  d a ta  model  i s  s u i t a b l e  f o r  t he  a p p l i c a t i o n  o f  a g e n e r a l  h id de n  
l i n e  a l g o r i t h m ,  as used w i t h i n  t h e  p o l y g o n a l  mesh d i s p l a y  (%ee c h a p t e r  
seven s e c t i o n  7 . 3 ) ,  and f u r t h e r  i n v e s t i g a t i o n  d u r i n g  the  c o n s t r u c t i o n  
o f  t h e  ex te nded  p o l y g o n a l  mesh w i l l  e n a b le  th e  c o n s t r u c t i o n  o f  o t h e r  
r e l a t e d  c o m p o s i t e  s t r u c t u r e s  o r  c o n t a c t  t w i n s .
From th e  d a ta  g a th e r e d  d u r i n g  th e  c o n s t r u c t i o n  o f  t h e  ex tended  
p o l y g o n a l  mesh we are  a b le  to  c a l c u l a t e  th e  p o s s i b l e  c o n t a c t  p la nes 
w h ic h  o c c u r  a t  th e  p la ne  o f  i n t e r s e c t i o n  Q, between two c e l l s  i n  the  
s t r u c t u r e .  For  a c o n t a c t  p la ne  to  o c c u r  between a p a i r  o f  c e l l s ,  (A 
and B) ,  t h e y  must  i n t e r p e n e t r a t e  (see c h a p t e r  t h r e e ) .  The c o n t a c t  
p la n e  then  d i v i d e s  th e  c e l l s  i n t o  an o u t s i d e  o r  p o s i t i v e  volume and an 
i n s i d e  o r  n e g a t i v e  volume u s in g  th e  p r o p e r t i e s  o f  th e  a n a l y t i c a l  
r e p r e s e n t a t i o n  o f  R. From each c e l l  th e  c o n t a c t  p la n e  c o n s t r u c t s  two 
volumes :
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A+ ( p o s i t i v e  volume o f  c e l l  A)
A- ( n e g a t i v e  volume o f  c e l l  A)
B+ ( p o s i t i v e  volume o f  c e l l  B)
B- ( n e g a t i v e  volume o f  c e l l  B) 
such t h a t
A+ u n io n  A- i s  t he  c e l l  A 
B+ u n io n  B- i s  the  c e l l  B
I f  t h e  i n t e r s e c t i o n  o p e r a t i o n  i s  den oted  by A, then
A+ A A- e q u a l s  B+ A B- e qu a ls  A- A B+ e q u a l s  A+ A B- e q u a l s  V
where  V i s  t h e  c o n t a c t  f a c e t  between th e  two c e l l s  and l i e s  on th e
p la n e  0.
From t h e s e  volumes we can c o n s t r u c t  t h e  c o n t a c t  t w i n :
A+ u n io n  B-
and i t s  complement
A- u n io n  B+
Hence f o r  each c o n t a c t  p la n e  we can p ro duce  two c o n t a c t  t w j n s .  From
one p a i r  o f  i n t e r p e n e t r a t e  c r y s t a l s  t h e r e  may be more than one
p o s s i b l e  c o n t a c t  p la n e ,  and t h e r e  may be s e v e r a l  p a i r s  o f  
i n t e r p e n e t r a t i n g  c e l l s  c o n t a i n i n g  c o n t a c t  f a c e t s  i n  a scene.  By 
s e l e c t i n g  a v a r i e t y  o f  c o n t a c t  p la ne s  th e  u se r  can c o n s t r u c t  a w ide 
v a r i e t y  o f  r e l a t e d  c o m pos i te  s t r u c t u r e s .
The d a ta  t o  compute t he  c o n t a c t  p la ne s  i s  a u t o m a t i c a l l y  c o l l a t e d  
d u r i n g  th e  c o n s t r u c t i o n  o f  the  ex ten de d  p o l y g o n a l  mesh, however  the  
c o n t a c t  t w i n s  w i l l  no t  be produced u n le s s  s p e c i f i c a l l y  r e q u e s t e d  by 
t h e  u s e r .  I f  a c o n t a c t  t w i n  i s  r e q u i r e d  i t  can o n l y  be d i s p l a y e d  v i a  
th e  p o l y g o n a l  mesh d i s p l a y  (see c h a p t e r  seven s e c t i o n  7 . 3 ) .
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When a c o n t a c t  p la n e  i s  s e l e c t e d  t h e  ex tende d  p o l y g o n a l  mesh i s  
a l t e r e d  to  r e p r e s e n t  th e  r e s u l t i n g  p o l y h e d r a l  o b j e c t .  The a l t e r a t i o n s  
r e q u i r e d  a re  m in i m a l  and i n v o l v e  th e  c h an g ing  o f  BINARY-CODEs f o r  some 
l i n e  segments i n  th e  mesh. The use r  can v iew  th e  e f f e c t  o f  the  
c o n t a c t  p la n e  or  a c o m b in a t i o n  o f  c o n t a c t  p la nes  by a p p l i c a t i o n  o f  the  
p o l y g o n a l  mesh d i s p l a y  w i t h i n  the  d i s p l a y  modu le .  Once th e  s t r u c t u r e  
has been v iewed  the  u se r  can a l t e r  i t  f u r t h e r  by
1. s e l e c t i n g  o t h e r  c o n t a c t  p l a n e s ,
2. r e q u e s t i n g  t h e  complement o f  some or  a l l  o f  t h e  c o n t a c t  
t w i n s ,
3. o r  r e t u r n i n g  t o  th e  o r i g i n a l  non -c onvex  s t r u c t u r e  by 
r e - s e t t i n g  th e  BINARY-CODES.
The c o n t a c t  p la ne s  are  computed f r om  th e  l i n e s  o f  i n t e r s e c t i o n  
f ound  by t h e  m a n i p u l a t i o n  module when d i v i d i n g  th e  ^ f a c e t s  o f  
n o n -c o n v e x  c e l l s .  S ince
A- A B+ = A- A A+ = B- A B+ = A+ A B- = V
a l l  t h e  bou ndary  edges o f  V ( t h e  c o n t a c t  f a c e t )  must  a l r e a d y  be 
p r e s e n t  i n  th e  LIST-OF-LINES f o r  bo th  c e l l s  A and B. They are  formed 
f r o m  t h e  l i n e s  o f  i n t e r s e c t i o n  t h a t  o c c u r  between t h e  two 
i n t e r p e n e t r a t i n g  c e l l s  ( c e l l s  A and B i n  t h i s  c a s e ) .  I f  the  boundary  
l i n e s  o f  V oc c u r  i n  bo th  c e l l s  th en  t h e y  must be a lo ng  th e  
i n t e r s e c t i o n  l i n e s  found between the  i n t e r s e c t i n g  f a c e t s  o f  c e l l  A and 
B. F u r t h e r m o r e  f o r  V t o  be common t o  both  c e l l s ,  th e  edges o f  V must 
be t h e  composed o f  s u b - s e t s  o f  the  common i n t e r s e c t i o n  l i n e s .  A, where 
A d i v i d e s  th e  f a c e t s  i n  such a way t h a t  t h e r e  are  no supp re ssed  l i n e  
segments a lo n g  th e  l i n e  o f  d i v i s i o n  (see f i g u r e  5 . 1 ) .  T h i s  means t h a t  
t o  c o n s t r u c t  th e  c o n t a c t  f a c e t s  we o n l y  c o n s i d e r  i n t e r s e c t i o n  l i n e s
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F i g u r e  5 . 1
I n t e r p e n e t r a t e  c e l l s  where  th e  l i n e s  o f  i n t e r s e c t i o n  do n o t  have 
su pp re ssed  segments
F i g u r e  5 .2  
I n t e r p e n e t r a t e  t w i n
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between f a c e t  VX f r om  c r y s t a l  A and VY fo rm  c r y s t a l  B. when 
( i )
VX A VY = VX A QY = VY A QX = Â 
and QX i s  th e  i n f i n i t e  p la ne  c o n t a i n i n g  VX,
QY i s  t h e  i n f i n i t e  p la ne  c o n t a i n i n g  VY,
A i s  common l i n e  o f  i n t e r s e c t i o n  between VX and VY.
As we c o n s t r u c t  the  ex tended  p o l y g o n a l  mesh we can r e t r i e v e  these  
l i n e  segments and s t o r e  them i n  a l i s t  o f  CONTACT-LINES, f o r  th e  c e l l  
c o m b i n a t i o n  A and B. When we have removed a l l  n o n - c o n v e x i t y  between 
c e l l  A and B, t h e  CONTACT-LINES c o n t a i n s  th e  c o m p le te  l i s t  o f  p o s s i b l e  
c o n t a c t  l i n e s  f o r  t h i s  p a i r  o f  c e l l s .  No te :  a new l i s t  o f
CONTACT-LINES i s  c o n s t r u c t e d  f o r  each p a i r  o f  c e l l s .  I f  a s u b - s e t  o f  
t h e s e  l i n e s  pro du ces  a c l o s e d  f a c e t  wh ich  l i e s  i n s i d e  b o th  c e l l s  ( i . e .  
n o t  on t h e  convex h u l l  o f  one o r  bo th  o f  t h e  c e l l s )  t hen  t h i s  f a c e t  i s  
a p o s s i b l e  c o n t a c t  f a c e t .  From the  CONTACT-LINES we may be a b le  t o  
c o n s t r u c t  s e v e r a l  c o n t a c t  f a c e t s ,  each o f  wh ich  d e f i n e s  a c o n t a c t  
p la n e  between th e  c e l l s .  The c o n t a c t  p la n e  must  d i v i d e  b o th  c e l l s
i n t o  a p o s i t i v e  and n e g a t i v e  volume so t h a t  A + , A - ,  B+ o r  B-
i s  a d e g e n e r a t e  volume i . e .
A- u n io n  B- # B- o r  A- 
and
A+ u n io n  B+ A B+ or  A*-
The c o n t a c t  p la ne s  w i l l  be found f r om  th e  v e r t i c e s  o f  t he  c o n t a c t  
f a c e t s ,  and are  s t o r e d  i n  the  l i s t  o f  CONTACT-PLANES f o r  th e  c e l l s  
c o m b i n a t i o n  A and B. A comp le te  l i s t  o f  CONTACT-PLANES f o r  each p a i r  
o f  c e l l s  i s  r e t a i n e d  and used o n l y  i f  the  use r  r e q u e s t s  a c o n t a c t  
t w i n  .
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To compute t h e  c o n t a c t  t w i n s  between a p a i r  o f  c e l l s ,  A and B, 
t he  p o s i t i v e  volume o f  A i s  j o i n e d  to  th e  n e g a t i v e  volume o f  B, the  
r e m a i n i n g  vo lumes are  supp ressed  by a l t e r i n g  th e  BINARY-CODES. The 
BINARY-CODES are  supp ressed
1. f o r  each l i n e  on the  s u r f a c e  o f  th e  unwanted vo lume s ,
2. to  remove i n t e r s e c t i o n  l i n e s  t h a t  o c c u r  i n  o t h e r  c e l l s  t h a t  
were produced by th e  n o n - c o n v e x i t y  between th e  unwanted 
vo lumes o f  A and B and th e  o t h e r  c e l l s  i n  t h e  s t r u c t u r e .
To compute t h e  complement c o n t a c t  t w i n ,  we r e s e t  t h e  p r e v i o u s l y  
supp re ssed  vo lumes by r e - e s t a b l i s h i n g  t h e  codes f o r  a l l  t h e  a l t e r e d  
BINARY-CODES, and s u p p r e s s i n g  t h e  n e g a t i v e  volume o f  & and the  
p o s i t i v e  volume o f  A .
T h i s  a l t e r a t i o n  p ro cess  can c o n t i n u e  f o r  o t h e r  c e l l s  c o n t a i n i n g  
c o n t a c t  p la n e s  t o  produ ce  a w ide  v a r i e t y  o f  r e l a t e d  s t r u c t u r e s ,  a l l  o f  
w h ic h  a re  r e p r e s e n t e d  w i t h i n  th e  ex tende d  p o l y g o n a l  mesh i n  a f o r m a t  
s u i t a b l e  f o r  th e  a p p l i c a t i o n  o f  th e  d i s p l a y  modu le .  F i g u r e  5 . 3 - 5 . 1 0  
a re  s e v e r a l  c o m b in a t i o n s  o f  c o n t a c t  t w i n s  s e l e c t e d  f r om  th e  i d e n t i c a l  
i n i t i a l  d a ta  o f  t he  s t r u c t u r e  i n  f i g u r e  5 . 2 .
5 .2  CONTACT PLANES BETWEEN CRYSTALS WITHOUT CO-PLANAR FACETS
We s h a l l  c o n s i d e r  th ese  c e l l s  f i r s t  s i n c e  t h e i r  c o n t a c t  p la nes 
can be found d i r e c t l y  f rom the  CONTACT-LINES s t o r e d  w h i l s t  d i v i d i n g  
t h e  i n t e r s e c t i n g  f a c e t s  between th e  c e l l s .  These CONTACT-LINES are  
t he  l i n e  segments a lo ng  th e  l i n e  o f  i n t e r s e c t i o n  between f a c e t s ,  such 
t h a t  t h e  l i n e  o f  d i v i s i o n  i s  non -s u pp re sse d  ac ro ss  both  f a c e t s .  Once 
we have compared a l l  p a i r s  o f  f a c e t s ,  we s o r t  t h ro u g h  the  
CONTACT-LINES t o  g e n e r a t e  a l l  p o s s i b l e  c l o s e d  p l a n a r  f a c e t s  bounded by
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F i g u r e  5 , 3 - 1 0
V a r i o u s  p o l y h e d r a  produced f r om  th e  same u s e r  d e f i n i t i o n  by t h e  
a p p l i c a t i o n  o f  the  m a n i p u l a t i o n  module and s e l e c t i o n  o f  c o n t a c t  p la nes
5.4
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F i g u r e  5 . 3 - 1 0  c o n t
5.ST
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F i g u r e  5 . 3 - 1 0  c o n t .
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s u b - s e t s  o f  t h e  CONTACT-LINES i n  t h e  l i s t  f o r  t h i s  c e l l  c o m b i n a t i o n .
The e q u a t i o n  o f  th e  c o n t a c t  p la n e  can be found f r om  two l i n e s
around th e  bou ndary  o f  t he  c o n t a c t  f a c e t .  L e t  us say Â 1 , f r om  v e r t e x
X1 t o  x2. and Â2 f rom  x2. t o  ><3, Then th e  e q u a t i o n  o f  th e  p la n e  b e f o r e
s t a n d a r d i s a t i o n  i s  g i v e n  by
(x%-_xl) X (_xl-x_2 ) . ( X , y , z ) - (  ><2.-2il) x ( x3_-_x2.) . x 1 = 0 
Each p la n e  i s  th en  s t a n d a r d i s e d  t o  t h e  a n a l y t i c  r e p r e s e n t a t i o n  
g ( x , y , z ) = A . x  + B.y  + C. z + D = 0
where  (A ,B ,C )  i s  th e  u n i t  v e c t o r  no rma l  t o  th e  p la n e  and D<0.
Each p la n e  i s  s t o r e d  i n  t h e  CONTACT-PLANE l i s t  f o r  th e  c e l l
c o m b i n a t i o n .
These s t a n d a r d i s e d  e q u a t i o n s  a re  used t o  ensu re  t h a t  t h e  p la ne
d i v i d e s  b o th  c e l l s  i n t o  n o n -d e g e n e ra t e  vo lumes ,  i . e .  th e  p la ne  does
n o t  l i e  on t h e  convex h u l l  o f  e i t h e r  c e l l .  I f  th e  p la n e  i s  on th e
convex h u l l  o f  one o f  th e  c e l l s ,  th en  one o f  th e  f a c e t s  i n  the  
LIST-OF-FACETS f o r  t h a t  c e l l  l i e s  on th e  p la n e  (see f i g u r e  5 . 1 1 ) .
S ince  each f a c e t  i n  t he  LIST-OF-FACETS was produced i n  the  
c o n s t r u c t i o n  module by s l i c i n g  a t e t r a h e d r o n  w i t h  th e  p la ne s  i n  the  
LIST-OF-PLANES f o r  t h e  c e l l  (see c h a p t e r  t w o ) ,  th e  c o n t a c t  p la ne  must 
a l s o  be i n  th e  L IST-OF-PLANES. Each c o n t a c t  p la ne  can be v a l i d a t e d  by 
t e s t i n g  f o r  e q u a l i t y  i n  th e  A, B, C, 0 c o e f f i c i e n t s  s i n c e  bo th  l i s t s  
have been u n i f o r m l y  s t a n d a r d i s e d .  Shou ld  any p la n e  i n  the  
CONTACT-PLANE l i s t  a l s o  appear  i n  the  LIST-OF-PLANES f o r  e i t h e r  c e l l ,  
i t  i s  n o t  a v a l i d  c o n t a c t  p la n e  and i s  d e l e t e d  f rom  the  CONTACT-PLANE 
l i s t .
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F i g u r e  5.11
C e l l  c o m b in a t i o n  w i t h  d e g e n e r a t e  c o n t a c t  p la ne  h i g h l i g h t e d
Once we have removed th e  p la ne s  t h a t  wou ld  r e s u l t  i n  a d e g e n e r a t e  
p o s i t i v e  o r  n e g a t i v e  volume f o r  e i t h e r  c e l l  we are  l e f t  w i t h  th e  f i n a l  
l i s t  o f  v a l i d  c o n t a c t  p la ne s  t h a t  o c c u r  between t h i s  p a i r  o f  c e l l s .  
So t h a t  we can r e t u r n  t o  t h e  o r i g i n a l  ex tende d  p o l y g o n a l  mesh, b e f o r e  
any l i n e  s u p p r e s s i o n  i s  p e r f o r m e d ,  i . e .  b e f o r e  th e  use r  s e l e c t s  a 
c o n t a c t  p l a n e ,  t he  BINARY-CODES f o r  each l i n e  i n  th e  L IS T - O F -L INES f o r  
each c e l l  a re  c o p ied  i n t o  TEMPORARY-CODE l i s t s .  I f  t h e  u se r  w ishe s  t o  
r e t u r n  t o  t h e  o r i g i n a l  da ta  model  where  th e  ex ten de d  p o l y g o n a l  mesh 
r e p r e s e n t s  th e  un ion  o f  t h i s  c e l l  c o m b i n a t i o n ,  th e  TEMPORARY-COOES are  
used t o  r e - s e t  th e  BINARY-CODES.
To d e m o n s t r a te  the  c o m p u t a t i o n  o f  t h e  CONTACT-PLANE l i s t  l e t  us 
c o n s i d e r  th e  c o n t a c t  p la ne s  between th e  two cube c e l l s  i n  f i g u r e  5 .1 2 .  
F i g u r e  5 .12  summar ises th e  LIST-OF-PLANES f o r  each c e l l .  From t h i s  
s t r u c t u r e  t h e r e  w i l l  be e i g h t e e n  CONTACT-LINES found when rem ov in g  th e  
n o n - c o n v e x i t y  and c o n s t r u c t i n g  th e  ex ten de d  p o l y g o n a l  mesh (see f i g u r e  
5 . 1 3 ) .  From the CONTACT-LINES we can c o n s t r u c t  s i x t e e n  p o s s i b l e  
c o n t a c t  f a c e t s ,  see f i g u r e  5 . 1 3 ,  and t h e i r  s t a n d a r d i s e d  a n a l y t i c
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F i g u r e  5 . 1 2
Twi n  cube  c r y s t a l  and L I ST-OF- PLANES f o r  each c e l l
LIST-OF-PLANES ( c e l l  one) LIST-OF-PLANES ( c e l l  two)
A B C D A B c - D
- 0 . 3 3 3 0 ,. 6 6 6 0 . 6 6 6 - 1 0 0
0 ,. 6 6 6 - 0 , , 3 3 3 0 . 6 6 6 0 -  1 0
0 . 6 6 6 0 , 6 6 6 - 0  . 3 3 3 0 0 - 1
- 0 . 6 6 6 - 0  , 6 6 6 0 . 3 3 3 0 0 1
- 0 . 6 6 6 0 , 3 3 3 - 0 . 6 6 6 0 1 0
0 ,. 333 - 0  ,. 6 6 6 - 0 . 6 6 6 1 0 0
242
F i g u r e  5 . 1 3
L i s t s  o f  c o n t a c t  v e r t i c e s ,  c o n t a c t  l i n e s  and p o s s i b l e  c o n t a c t  p la ne s 




p o s s i b l e  CONTACT-PLANES (computed f r om  c o n t a c t  l i n e s )
A B c D
0 ,.333 -0 .666 -0 .666 -1
1,, 0 0,, 0 0,. 0 -1
-0 ,.577 -0 ,.577 -0 .577 0
0,. 0 0,, 0 -1 ,. 0 -1
0 .,4082 -0 , 8164 0,.4082 0
-0  . 4082 -0 , ,4082 0 ,8164 0
0 , 0 - 1 , 0 0 , 0 - 1
-0 . ,666 0 ,, 333 -0  , 666 -1
0 ., 0 1,, 0 0 , 0 - 1
0 .,8164 -0 , ,4 082 -0 , ,4082 0
- 1 ., 0 0 .. 0 0, , 0 - 1
- 0  . 666 - 0  , 665 0, .333 -1
0 ,, 0 0 ,. 0 1 , 0 - 1
0 . 666 0 ,,666 - 0 , , 333 - 1
0 ,, 666 - 0  , 333 0 , 666 - 1
- 0  . 333 0 , 666 0, ,666 -1
o n l y  f o u r  o f  t hese  are  t r u e  c o n t a c t  p la nes
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r e p r e s e n t a t i o n s  are  l i s t e d  i n  t h e  l i s t  o f  CONTACT-PLANES. I f  we 
compare the  CONTACT-PLANE l i s t  w i t h  th e  LIST-OF-PLANES f o r  t he  two, 
c e l l s  we can see t h a t  some o f  th e  c o n t a c t  p la ne s  wou ld  produce  a 
d e g e n e r a t e  p o s i t i v e  o r  n e g a t i v e  vo lumes,  and wou ld  n o t  be v a l i d  
c o n t a c t  p l a n e s .  These are  d e l e t e d  f r om  th e  l i s t  o f  CONTACT-PLANES f o r  
t h i s  c o m b in a t i o n  t o  l e a v e  f o u r  t r u e  c o n t a c t  p la ne s  i n  the  l i s t  o f  
CONTACT-PLANES namely ;
A B C D
- 0 .  577 -0 . 577 - 0 . 5 7 7 0
0.4082 0.8164 0 .4082 0
0.4082 - 0 . 4 0 8 2 0.8164 0
0.8164 -0 .4 0 8 2 -0 .4 0 8 2 0 .
I f  t h e  use r  r e q u e s t s  a c o n t a c t  t w i n  between th e s e  c e l l s ,  we use 
th e  CONTACT-PLANES t o  a l t e r  th e  ex te nded  p o l y g o n a l  mesh and produce 
th e  d a ta  model  f o r  th e  s e l e c t e d  c o n t a c t  p l a n e .  The c o n t a c t  t w i n  
d i v i d e s  both  c e l l s  i n t o  two vo lume s ,  A+ , A - , B+ and B - . ^  From each 
c o n t a c t  p la n e  we can c o n s t r u c t  two p i c t u r e s  e i t h e r  A+ un ion  B- or  A- 
u n io n  B+. Given th e  s t a n d a r d i s e d  a n a l y t i c  r e p r e s e n t a t i o n  o f  the  
c o n t a c t  p la n e  as
g ( x , y , z ) = A x  +By + Cz +D
where (A ,B ,C )  i s  t he  u n i t  v e c t o r  no rma l  t o  th e  p la ne  and D<0 
Then th e  p o s i t i v e  volume o f  c e l l  A i s  th e  vo lume o f  A w h ich  s a t i s f i e s  
g ( X , y , z ) >0
and t h e  n e g a t i v e  volume o f  A, A - , i s  t h e  volume s a t i s f y i n g  the  
i n e q u a l i t y
g ( X , y , z )<0
S i m i l a r l y  t h e  p o s i t i v e  volume o f  B, B+ s a t i s f i e s  
g ( X . y , z ) >0
and th e  n e g a t i v e  volume o f  c e l l  B s a t i s f i e s
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g ( X , y , z ) < 0  .
L e t  us suppose th e  u se r  has s e l e c t e d  t h e  c o n t a c t  t w i n  
A+ u n ion  B-
th e  u n io n  o f  th e  p o s i t i v e  volume o f  A and th e  n e g a t i v e  vo lume o f  B. 
S in ce  th e  f a c e t s  have a l r e a d y  been p a r t i t i o n e d  a lo ng  t he  i n t e r s e c t i o n
l i n e s  i n  t h e  l i s t  o f  CONTACT-LINES, ( n e c e s s a ry  t o  remove n o n - c o n v e x i t y
and c r e a t e  ex ten de d  p o l y g o n a l  mesh),  we su pp re ss  a l l  t he  s u b - f a c e t s  o f  
c e l l  A t h a t  l i e  i n  th e  n e g a t i v e  vo lume,  and a l l  t he  s u b - f a c e t s  o f  c e l l  
B t h a t  l i e  i n  th e  p o s i t i v e  vo lume.
To check th e  volume i n  wh i ch  a s u b - f a c e t  l i e s  we compute t he
p o s i t i o n  o f  i t s  v e r t i c e s  r e l a t i v e  t o  th e  c o n t a c t  p l a n e .  I f  a t  any
t im e  i n  a s u b - f a c e t  t h e r e  i s  a v e r t e x  ( x i , y i , z i )  on t h e  bound ary  o f
th e  s u b - f a c e t  such t h a t  
g ( x i , y i , z i ) < 0
th en  t h i s  s u b - f a c e t  i s  i n  th e  n e g a t i v e  vo lume and hence a n e g a t i v e  
s u b - f a c e t . -
I f
g ( x i , y i  , z i  ) >0
th en  th e  s u b - f a c e t  l i e s  i n  th e  p o s i t i v e  volume and i s  a p o s i t i v e  
s u b - f a c e t .
To s e l e c t  A+ we must  supp ress  a l l  t h e  n e g a t i v e  s u b - f a c e t s  o f  
c r y s t a l  A, by s u p p r e s s in g  a l l  l i n e s  i n  th es e  s u b - f a c e t s ,  e x c e p t  those  
on th e  c o n t a c t  p la ne  i t s e l f .  To s e l e c t  B- we suppress  th e  l i n e s  o f  
th e  p o s i t i v e  s u b - f a c e t s  o f  B, e x c ep t  f o r  th ose  on th e  c o n t a c t  p la n e .
To f i n d  t he  s u b - f a c e t s  r e q u i r i n g  s u p p r e s s i o n  we se a rch  though  the
l i s t  o f  f a c e t s  f o r  c e l l  A and c e l l  B. Each f a c e t  i n  th ese  l i s t s  i s
d e f i n e d  i n  th e  ex tended p o l y g o n a l  mesh as a l i s t  o f  SUBFACETS. For 
e v e r y  s u b - f a c e t  i n  th es e  l i s t s ,  we s e l e c t  th e  f i r s t  l i n e  segment on
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i t s  b ou nd a ry .  L e t  us say t h i s  l i n e  i s  d e f i n e d  by v e r t e x  j  ( x j . y j . z j )  
and v e r t e x  k. ( x k . y k . z k ) .  We s u b s t i t u t e  ( x j . y j . z j )  i n t o  th e  a n a l y t i c  
r e p r e s e n t a t i o n  o f  th e  c o n t a c t  p l a n e ,  and compute t he  s i g n  o f  
g ( x j , y j , z j ) .  There are  t h r e e  p o s s i b i l i t i e s
1 . g ( X j , y j , z j )>0 and th e  s u b - f a c e t  i s  p o s i t i v e
2 . g ( Xj  , y j , z j )<0 and th e  s u b - f a c e t  i s  n e g a t i v e
3. g ( X j , y j  , z j )=0 and th e  v e r t e x  i s  on th e  c o n t a c t  p l a n e .
In t h e  f i r s t  two cases,  no f u r t h e r  i n f o r m a t i o n  i s  r e q u i r e ^ ,  Tn the  
l a s t  case,  we r e p e a t  th e  s u b s t i t u t i o n  w i t h  ( x k , y k . z k ) .  Aga in  t h e r e  
w i l l  be t h r e e  p o s s i b l e  r e s u l t s ,  and sh ou ld  g ( x k , y k , z k )  a l s o  be zero  
th en  t h e  comp le te  l i n e  segment f r om  v e r t e x  k t o  v e r t e x  j  i s  on th e  
c o n t a c t  p l a n e .  We r e p e a t  th e  o p e r a t i o n  w i t h  th e  second l i n e  segment 
around th e  s u b - f a c e t .  T h i s  t i m e  we s e l e c t  th e  1 th  v e r t e x  
( ( x l , y l , z l ) f ( x k , y k , z k )  and ( x l , y l , z l ) A( x j , y j , z j ) ) .  S ince  th e  c o n t a c t  
p la n e s  d i v i d e  the  c e l l  i n t o  two vo lume s,  and no d e g e n e ra t e  volumes 
e x i s t ,  t h en  g ( x l , y l , z l )  must g i v e  e i t h e r  a p o s i t i v e  o r  n e g a t i v e  v a lu e .  
( I f  th e  r e s u l t  was ze ro  then  a l l  t h r e e  v e r t i c e s  are  on the  c o n t a c t  
p l a n e ,  hence th e  comp le te  s u b - f a c e t  l i e s  on th e  c o n t a c t  p l a n e ,  and the  
f a c e t  c o n t a i n i n g  the  s u b - f a c e t  l i e s  on th e  c o n t a c t  p la n e ,  wh ich  wou ld  
r e s u l t  i n  a d e g e n e r a t e  v o lu m e ) .
I f  th e  s u b - f a c e t  i s  i n  the  volume to  be supp re ssed ,  we go t h ro ug h  
each l i n e  segment around th e  bou ndary  o f  th e  s u b - f a c e t  and suppress  
each l i n e  by chan g ing  i t s  BINARY-CODE to  s u p p re s s .  Any l i n e  segments 
K,  f r o m  ( x k , y k , z k )  t o  ( x k + 1 , y k + 1 , z k + 1) ,  t h a t  l i e  on th e  c o n t a c t  p la ne
i . e .  g ( x k , y k , z k ) = 0  and g { xk 1 . y k + 1 . zk H  ) = 0 . a re  l e f t  unchanged.  Once 
we have suppressed  a l l  the  l i n e  segments f o r  bo th  c e l l s ,  f u r t h e r  l i n e  
s u p p r e s s i o n  i s  s t i l l  r e q u i r e d  b e f o r e  th e  ex tended p o l y g o n a l  mesh
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r e p r e s e n t s  t h e  d a t a  mode l  f o r  t h e  c o n t a c t  t w i n .
The su ppressed  volumes o f  c e l l  A and c e l l  B may have g e n e r a t e d  
i n t e r s e c t i o n  l i n e s  w i t h i n  o t h e r  c e l l s  i n  the  c o m p os i te  s t r u c t u r e .  
These i n t e r s e c t i o n  l i n e s  must  a l s o  be su pp re s s ed .  Every t i m e  we f i n d  a 
l i n e  segment i n  A or  B t o  be supp re ssed  we check t h i s  l i n e  w i t h  the  
L IST-OF-LINES f o r  t he  r e m a i n i n g  c e l l s  i n  th e  s t r u c t u r e .  Any l i n e  
segments i n  th ese  l i s t s  common t o  t h e  supp ressed  l i n e  i s  a l s o  
su pp re sse d  by ch an g ing  t h e i r  BINARY-CODES.
I f  t h e  use r  w ishes  t o  v iew  th e  complement o f  t h i s  c o n t a c t  t w i n  
i . e .  A- u n ion  B+, th e  BINARY-CODES f o r  c e l l  A and B are  
r e - e s t a b l i s h e d  u s in g  th e  TEMPORARY-CODES so t h a t  th e  ex tende d  
p o l y g o n a l  mesh h o ld s  t h e  data  f o r  th e  u n io n  o f  A and B. The s u b - f a c e t  
s u p p r e s s i o n  i s  then  r e p e a t e d ,  t h i s  t i m e  i t  i s  th e  p o s i t i v e  s u b - f a c e t s  
o f  A and th e  n e g a t i v e  s u b - f a c e t s  o f  B w h ic h  are  su pp re ssed .
5 .3  CONTACT PLANES BETWEEN CELLS WITH CO-PLANAR FACETS
When a p a i r  o f  c e l l s  c o n t a i n  c o - p l a n a r  f a c e t s ,  th e  l i s t  o f  
CONTACT-LINES must be expanded to  i n c l u d e  p o s s i b l e  c o n t a c t  l i n e s  i n  
t h e  c o - p l a n a r  f a c e t s .  These are  n o t  d e t e c t e d  d u r i n g  th e  rem ova l  o f  
n o n - c o n v e x i t y  ( c h a p t e r  f o u r ) .  However a c o n t a c t  p la ne  between c e l l s  
w i t h  c o - p l a n a r  f a c e t s  w i l l  no t  o c c u r  u n le s s
1. t h e  c o - p l a n a r  f a c e t s ,  say VX f r om  c e l l  A and VY f r om  c e l l  B, 
c o n t a i n  a common area o f  i n t e r s e c t i o n ,  i . e .  i t  does not  
d eg e n e ra t e  i n t o  a common l i n e  segment,
2. and th e  c o - p l a n a r  f a c e t s  i n t e r p e n e t r a t e  (see f i g u r e  5 . 1 4 ) .
T h i s  means t h a t
VX A VY A { }  ( an empty a re a)
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and a t  l e a s t  one ( n o n - e x t e n d e d ) l i n e  segment o f  VX i n t e r s e c t s  t w i c e  
w i t h  t h e  area o f  VY^ S i m i l a r l y ,  a t  l e a s t  one ( n o n - e x t e n d e d )  l i n e  
segment o f  VY i n t e r s e c t s  t w i c e  w i t h  t h e  area o f  VX. The c o - p l a n a r  
f a c e t s  are  d e t e c t e d  by the  m a n i p u l a t i o n  module and we can d e t e r m i n e  
w h e t h e r  a p a i r  o f  c o - p l a n a r  f a c e t s  i n t e r p e n e t r a t e  by c o n s i d e r i n g  th e  
TEMPX and TEMPY l i s t s  c o n s t r u c t e d  i n  s e c t i o n  4 . 7 .  The TEMPX l i s t  
h o ld s  a l l  th e  l i n e  segments on the  boundary  o f  VX w i t h i n  t h e  body o f  
VY, and TEMPY h o ld s  a l l  t h e  l i n e  segments on the  boundary  o f  VY i n s i d e  
VX. I f  t h e s e  two l i s t s  h o ld  th e  same number o f  l i n e  segments n, (even 
number n, n>1) and th e  l i n e  segments i n  b o th  l i s t s  a re  th e  same, then  
t h e  f a c e t s  . i n t e r p e n e t r a t e .  Note n i s  g r e a t e r  th an  one because the  
common area must n o t  d e g e n e r a t e  t o  a l i n e  segment.
Any p a i r  o f  c e l l s  c o n t a i n i n g  c o - p l a n a r  f a c e t s  wh ich  do n o t  
i n t e r p e n e t r a t e  r e q u i r e  no f u r t h e r  c o n s i d e r a t i o n ,  s i n c e  t h ey  c o n t a i n  no 
c o n t a c t  p l a n e s ,  and we c o n s i d e r  t h e  n e x t  p a i r  o f  c o - p l a n a r  f a c e t s  i f  
any .  When the  c o - p l a n a r  f a c e t s  i n t e r p e n e t r a t e ,  we j d i v i d e  t h e  
c o - p l a n a r  f a c e t s  a lo ng  a number o f  p o s s i b l e  c o n t a c t  l i n e s *  Tn f i g u r e  
5 . 1 4 ,  th e  c o - p l a n a r  f a c e t s  wou ld  be d i v i d e d  a lo ng  th e  c o n t a c t  l i n e s  
; A 1 , Â 2 , A3. These are  th e  o n l y  p o s s i b l e  CONTACT-LINES on th e  
c o - p l a n a r  f a c e t s  because they  are  th e  o n l y  l i n e  segments w i t h i n  t h e  
common area o f  i n t e r s e c t i o n  between th e  c o - p l a n a r  f a c e t s  t h a t  c o u ld  
c o n t r i b u t e  t o  a s u b - s e t  o f  CONTACT-LINES found f rom  the  
i n t e r p e n e t r a t i n g  f a c e t s  t o  compose a c o n t a c t  f a c e t .
TEMPX and TEMPY h o ld  t he  same d a t a ,  the  l i s t  o f  l i n e  segments 
a round th e  boundary  o f  t he  common area o f  i n t e r s e c t i o n ,  V i n t ,  between 
VX and VY. The a d d i t i o n a l  CONTACT-LINES can be foun d  by s o r t i n g  
e i t h e r  TEMPX or  TEMPY so t h a t  th e  l i n e  segments are  c o n v e r t e d  i n t o  an 
o r d e r e d  l i s t  o f  v e r t i c e s  around th e  boundary  o f  V i n t .  The
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F i g u r e  5 . 1 4
I n t e r p e n e t r a t e  c o - p l a n a r  f a c e t s  w i t h  c o n t a c t  l i n e s  shown
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CONTACT-LINES are  composed o f  l i n e  segments j o i n i n g  o p p o s i t e  v e r t i c e s  
a round th e  boundary  o f  V i n t .  These l i n e  segments are  added t o  the  
l i s t  o f  CONTACT-LINES f o r  t he  c e l l  c o m b in a t i o n  A and B, and used 
a l o n g s i d e  th e  CONTACT-LINES found between i n t e r s e c t i n g  f a c e t s  to  
compute t h e  c o n t a c t  p l a n e s .
So t h a t  th e  s u b - f a c e t s  can be su pp re ssed  c o r r e c t l y ,  t he  c o - p l a n a r  
f a c e t s  i n  the  p o l y g o n a l  mesh must a l s o  be d i v i d e d  a lo ng  the  c o n t a c t  
l i n e s  i n  V i n t .  The a l g o r i t h m  f o r  d i v i d i n g  th e  c o - p l a n a r  f a c e t s  i s  
i d e n t i c a l  t o  the  a l g o r i t h m  f o r  d i v i d i n g  t he  i n t e r s e c t i n g  f a c e t s ,  
( s e c t i o n  4 . 6 ) ,  t he  o n l y  d i f f e r e n c e  i s  t h a t  t h e  common l i n e  o f  
i n t e r s e c t i o n  between VX and VY w i l l  r em ain  su pp re ssed ,  r a t h e r  than  
n o n - s u p p r e s s e d . F i g u r e  5 .15  summar ises th e  c o m p u t a t i o n  o f  the  
CONTACT-LINES i n  c o - p l a n a r  f a c e t s .
The c o n t a c t  t w i n s  are  c a l c u l a t e d  u s in g  th e  ex tende d  CONTACT-LINES 
and t h e  c e l l s  a re  d i v i d e d  i n t o  p o s i t i v e  and n e g a t i v e  volumes by 
s u p p r e s s i o n  o f  th e  s u b - f a c e t s  as i n  s e c t i o n  5 . 2 .  In a d d i t i o n ,  some o f  
t h e  l i n e  segments wh ich  were suppressed  when we removed red u n d a n t  l i n e  
segments i n  th e  c o - p l a n a r  f a c e t s  ( s e c t i o n  4 . 7 ) ,  may r e q u i r e  
r e - i n s t a t i n g  by r e - a s s i g n i n g  t h e i r  BINARY-CODES t o  n o n - s u p p r e s s ,
To f i n d  th ese  l i n e  segments l e t  us c o n s i d e r  c e l l s  A and B wh i ch  
c o n t a i n  c o - p l a n a r  f a c e t s  VX and VY r e s p e c t i v e l y .  Le t  us assume t h a t  
VX and VY i n t e r p e n e t r a t e .  When we checked th es e  f a c e t s  f o r  red un da n t  
l i n e  segments ,  we supp ressed  a l l  l i n e s  common to  ;
VX A VY = V i n t
e x c e p t  t h o s e  t h a t  were common to  t h e  boundary  o f  bo th  VX and VY. I f  
t h e  u s e r  s e l e c t s  a c o n t a c t  t w i n  between c e l l s  A and B, the  c o n t a c t  
p la n e  w i l l  d i v i d e  c e l l  A and c e l l  B i n t o  p o s i t i v e  and n e g a t i v e  
vo lu mes,  w h ich  i n  t u r n  means t h a t  VX and VY w i l l  be d i v i d e d  i n t o
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f i g u r e  5 . 1 5
Summary o f  c o m p u t a t i o n s  r e q u i r e d  t o  c ompu t e  t h e  c o n t a c t
l i n e s  i n  c o - p l a n a r  f a c e t s
C o n s t r u c t  CONTACT-PLANES f rom
s u b - s e t s  o f  th e  CONTACT-LINE
LIST-OF-PLANES f o r  e i t h e r  c e l l
CONTACT-PLANES common to  the
re d u n d a n t  l i n e  segments i n
produced when rem ov in g
c o - p l a n a r  f a c e t s
C o n s ide r  TEMPX and TEMPY
o f  v e r t i c e s  around V i n t ,
o f  i d e n t i c a l  l i n e  segments
and th e  number o f  l i n e s  i s  even
s o r t  TEMPX i n t o  o rd e r e d  l i s t
I f  TEMPX and TEMPY c o n s i s t
l i n e s .
o f  CONTACT-LINES
Add l i n e  segments t o  l i s t
on c o - p l a n a r  f a c e t s .
D i v i d e  f a c e t s  a lo ng  c o n t a c t
C o n s t r u c t  c o n t a c t  l i n e s
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p o s i t i v e  and n e g a t i v e  s u b - f a c e t s  VX+, V X - , VY+, VY- r e s p e c t i v e l y .  I f  
th e  u s e r  s e l e c t s  th e  c o n t a c t  t w i n  A+ u n io n  B- ,  then th e  boundary  o f  
t h e  c o - p l a n a r  f a c e t s  i n  th e  c o n t a c t  t w i n  shou ld  be th e  boundary  o f  the  
u n io n  o f  t h e  s u b - f a c e t s  VX+ and V Y - , and o n l y  th e  l i n e  segment around 
th e  bou nd ar y  o f
VX+ u n io n  VY-
s h o u ld  be n o n -s u p p re s s e d ,  th e  r e m a in d e r  o f  t he  l i n e  segment around
V i n t  s h o u ld  remain  s upp re ssed .  T h i s  means t h a t  t h e  segments on the
b oundary  o f  V i n t ,  common t o  th e  boundary  o f
VX+ u n io n  VY-
s h o u ld  be r e i n s t a t e d  i f  t h e i r  BINARY-CODE i s  su pp re s s .
To f i n d  th e s e  l i n e  segments we check a l l  t h e  s u b - f a c e t s  o f  A» 
a d j o i n i n g  VX+, Any l i n e  segments i n  A+ , w h ic h  are  common t o  th e  l i n e  
segments  o f  VX+ t h a t  a re  supp ressed  are  r e s e t  t o  a n on -s u pp re s s  
BINARY-CODE. S i m i l a r l y ,  we compare a l l  th e  l i n e  segments o f  th e  
s u b - f a c e t s  o f  B- w i t h  VY-,  and common l i n e  segments w i t f i  supp ress
BINARY-CODES a re  r e s e t  t o  n o n -s u p p re s s .
A l t h o u g h  th e  c o n t a c t  p la nes  have been cove red  i n  a s e p a ra t e
c h a p t e r ,  i t  i s  i m p o r t a n t  t o  remember t h a t  th e  deve lo pm en t  o f  l i s t  o f  
CONTACT-LINES used t o  compute th e  CONTACT-PLANES . J k jc  p la ne s  c L t£  
computed d u r i n g  the  d i v i s i o n  o f  i n t e r s e c t i n g  f a c e t s  and th e  re m ova l  o f  
r e d u n d a n t  l i n e  segments i n  c o - p l a n a r  f a c e t s  o u t l i n e d  i n  c h a p t e r  f o u r ,  
and th e  c o m p u t a t i o n  o f  t he  c o n t a c t  t w i n s  t a k e s  p la c e  w i t h i n  the  
m a n i p u l a t i o n  module ,  a l t h o u g h  i t  i s  o n l y  a c t i v a t e d  a t  th e  r e q u e s t  o f  
t he  u s e r .
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In  f i g u r e  5 .15  are  a v a r i e t y  o f  i n t e r p e n e t r a t e  c r y s t a l s  and t h e i r  
c o r r e s p o n d i n g  c o n t a c t  t w i n s .
F i g u r e  5 .16
C o m b i n a t i o n s  o f  i n t e r p e n e t r a t e  p o l y h e d r a  and t h e i r  c o r r e s p o n d i n g  
c o n t a c t  t w i n s  ^
O rH io c l <kS€
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F i g u r e  5 . 1 6  c o n t .
2 5 4
F i g u r e  5 .16  c o n t .
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c o n t .
2 5 6 ( 1 )
2 5 6 ( i i
F i g u r e  5 .16  c o n t .
1
2 5 8 ( i i i )
CHAPTER SIX 
PROJECTION AND DISPLAY OPERATIONS
In  th e  p r e v i o u s  c h a p t e r s  we d i s c u s s e d  th e  c o n s t r u c t i o n  and 
m a n i p u l a t i o n  o f  the  da ta  model  r e p r e s e n t i n g  th e  p o l y h e d r a l  o b j e c t s .  
We s h a l l  now d e f i n e  the  v a r i e t y  o f  d i s p l a y  o p e r a t i o n s  a p p l i c a b l e  to  
t h i s  d a ta  mod e l .  Use o f  p r o j e c t i o n  and d i s p l a y  o p e r a t i o n s  on the  
o b j e c t s  w i t h i n  th e  p o l y g o n a l  o r  ex ten de d  p o l y g o n a l  mesh may ta k e  a 
v a r i e t y  o f  d i f f e r e n t  s t y l e s ,  dep end in g  on the  t y p e  o f  image r e q u i r e d .  
The d i s p l a y  module can access a range o f  p r o j e c t i o n s  and d i s p l a y  
o p e r a t i o n s ,  each i s  s e l e c t e d  f o r  i t s  e f f i c i e n c y  i n  p r o d u c i n g  th e  f i n a l  
image o f  t h e  scene,  g i v e n  th e  number o f  c e l l s  w i t h i n  t h e  mesh, th e  
p r o j e c t i o n  and d e v i c e  s e l e c t e d .
The d i s p l a y  module w i l l  t a k e  t h e  t h r e e  d i m e n s i o n a l  scene w i t h i n  
t h e  d a ta  model  ( p o l y g o n a l  o r  ex tende d  p o l y g o n a l  mesh) and use 
t r a n s f o r m a t i o n ,  and p r o j e c t i o n  o p e r a t i o n s  t o  t r a n s f o r m  th e  t h r e e  
d i m e n s i o n a l  scene o n to  th e  two d i m e n s i o n a l  v iew  p o r t  f o r  t he  s e l e c t e d  
g r a p h i c s  d e v i c e .  F i g u r e  6.1 summar ises th e s e  o p e r a t i o n s .
The d a ta  w i t h i n  th e  mesh r e p r e s e n t s  th e  o b j e c t s  i n  ACTUAL 
p o s i t i o n .  A d i s p l a y  m a t r i x  t r a n s f o r m s  th e  v e r t i c e s  o f  t h e  o b j e c t s  
i n t o  obse rved  p o s i t i o n .  The user  s e l e c t s  a p r o j e c t i o n ,  and th e  
g eome t r y  o f  th e  p r o j e c t i o n  d e f i n e s  th e  p r o j e c t e d  v e r t i c e s  on a two 
d i m e n s i o n a l  v i e w  p la n e .  A h idden  l i n e  or  h id den  s u r f a c e  o p e r a t i o n  
p ro duces  the  f i n a l  image on th e  v ie w  p la n e .  The scene i s  c l i p p e d  to  a 
two d i m e n s i o n a l  r e c t a n g u l a r  window on th e  v iew  p la ne  wh ich  equates  
w i t h  t h e  v iew  p o r t  on the  g r a p h i c s  d e v i c e  and the  f i n a l  image i s  drawn 
u s in g  p r i m i t i v e s  wh ich  are  the  g r a p h i c s  i n t e r f a c e  to  t he  s e l e c t e d  
o u t p u t  d e v i c e .
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f i g u r e  6.1
Summary o f  th e  d i s p l a y  o p e r a t i o n  to  t r a n s f o r m  th e  t h r e e  d i m e n s i o n a l  
scene o n to  a two d i m e n s i o n a l  g r a p h i c s  v iew  p o r t .
t h r e e  d i m e n s i o n a l  scene 
i n  d a ta  model  i n  ACTUAL 
p o s i t i o n
S e l e c t  o bs e rv ed  p o s i t i o n  
C o n s t r u c t  d i s p l a y  m a t r i x
S e l e c t  p r o j e c t i o n
t h r e e  d i m e n s i o n a l  scene 
i n  da ta  model  i n  
OBSERVE p o s i t i o n
two d i m e n s i o n a l  scene 
on v ie w  p la ne
Hidden s u r f a c e / l i n e  
rem ova l
c l i p  t o  two d i m e n s i o n a l  
window
T ra n s fo rm  to  window
T ra n s fo rm  to  d e v i c e  
c o - o r d i n a t e s  and 
6KS p r i m i t i v e s .
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The d i s p l a y  m a t r i x  t r a n s f o r m s  th e  c o - o r d i n a t e s  o f  t he  f u n d a m e n t a l  
c e l l s  f r om  t h e i r  ACTUAL p o s i t i o n  to  t h e i r  OBSERVE p o s i t i o n .  The 
o b s e rv e  p o s i t i o n  i s  s e l e c t e d  by t h e  use r  and d e f i n e s  t he  o r i e n t a t i o n  
and p o s i t i o n  i n  wh i ch  t o  v iew  the  o b j e c t s  by s e l e c t i n g
1. th e  p o s i t i o n  o f  t he  eye r e l a t i v e  t o  t he  A b s o l u t e  axes
2. t he  d i r e c t i o n  o f  v i e w .
Us ing a s e r i e s  o f  e l e m e n t a r y  m a t r i x  t r a n s f o r m a t i o n s  w h ic h  c a l c u l a t e  
t h e  c o - o r d i n a t e s  o f  th e  v e r t i c e s  r e l a t i v e  t o  a t r i a d  o f  axes,  ca lJâ^the 
OBSERVER sys tem,  we can c o n s t r u c t  t h e  d i s p l a y  m a t r i x .
Once we have t r a n s f o r m e d  the  t h r e e  d i m e n s i o n a l  scene i n t o  i t s  
o bs e rv ed  p o s i t i o n  th e  u se r  can s e l e c t  t he  p r o j e c t i o n  t e c h n i q u e  
d e s i r e d .  These t e c h n i q u e s  p r o j e c t  t he  t h r e e  d i m e n s i o n a l  scene o n to  a 
two d i m e n s i o n a l  v iew  p la n e  p e r p e n d i c u l a r  t o  th e  l i n e  o f  s i g h t  (see 
f i g u r e  6 . 2 ) .
f i g u r e  6 .2
p r o j e c t i n g  an o b j e c t  i n  o bse rv e  p o s i t i o n  o n to  a v iew  p la ne
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There  a re  two b a s i c  methods f o r  p r o j e c t i n g  t h r e e  d i m e n s i o n a l  o b j e c t s  
o n to  a two d i m e n s i o n a l  v ie w  p la ne
1. p o i n t s  can be p r o j e c t e d  a lo ng  p a r a l l e l  l i n e s  ( p a r a l l e l  
p r o j e c t i o n s )
2. p o i n t s  can be p r o j e c t e d  a lo ng  l i n e s  t h a t  co nve rg e  t o  a 
p o s i t i o n  c a l l e d  t he  c e n t r e  o f  p r o j e c t i o n  ( c o n i c a l  
p r o j e c t i o n s ) see f i g u r e  0 .2 4 .
In  e i t h e r  case the  i n t e r s e c t i o n  o f  th e  p r o j e c t e d  l i n e  w i t h  th e  
v i e w  p la n e  d e t e r m i n e s  t h e  c o - o r d i n a t e s  o f  th e  p r o j e c t e d  p o i n t s .  We 
have im p lem en te d  two p a r a l l e l  p r o j e c t i o n ^ '  
o r t h o g r a p h i c  
c l i n o g r a p h i c
and a c o n i c a l  p e r s p e c t i v e  p r o j e c t i o n .
Once a use r  s e l e c t s  a p a r t i c u l a r  p r o j e c t i o n  i t s  ^ g e o m e t r i c  
p r o p e r t i e s  w i l l  be used t o  p e r f o r m  th e  h id de n  l i n e  and h id den  s u r f a c e  
c o m p u t a t i o n s  e f f i c i e n t l y .
The p a r t i c u l a r  a l g o r i t h m  used t o  p ro ce ss  th e  p r o j e c t e d  image 
depends on th e  c o m p l e x i t y  o f  th e  model  and th e  g r a p h i c s  d e v i c e  
s e l e c t e d .  For  a s i n g l e  c e l l  d e f i n i t i o n  s p e c i a l i s e d  h id den  l i n e  and 
h id de n  s u r f a c e  o p e r a t i o n s  can be used.  For the  non -convex  
c o m b in a t i o n s  a g e n e r a l  h id den  l i n e  or  h id de n  s u r f a c e  re m ova l  a l g o r i t h m  
i s  n e c e s s a r y  and we have implemented two d i s p l a y  o p e r a t i o n s - t h e  
p o l y g o n a l  mesh d i s p l a y  and th e  auad t r e e  d i s p l a y  (see s e c t i o n  7 . 4 ) .  
The p r o j e c t e d  scene on the  two d i m e n s i o n a l  v iew  p la ne  i s  c l i p p e d  to 
p r e - d e f i n e d  v i e w  window c o r r e s p o n d i n g  t o  a two d im e n s i o n a l  v ie w  p o r t  
on th e  s e l e c t e d  d e v i c e .
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The h id de n  l i n e / s u r f a c e  rem ova l  o p e r a t i o n  i s  p e r fo rm e d  a f t e r  the  
a p p l i c a t i o n  o f  the  d i s p l a y  m a t r i x  (see f i g u r e  6 . 3 ) .  In the  p o l y g o n a l  
mesh d i s p l a y ,  i f  the  d a ta  model  i s  n o t  i n  th e  fo rm  o f  th e  ex tende d  
p o l y g o n a l  mesh we a p p ly  th e  m a n i p u l a t i o n  module and then the  d i s p l a y
module (see f i g u r e  6 . 4 ) .
W i th  a l l  th e s e  p r o j e c t i o n s  we have adopted th e  c r y s t a l l o g r a p h i c  
s t a n d a r d  o f  p r o j e c t i n g  th e  t h r e e  d i m e n s i o n a l  o b j e c t s  o n to  a v iew  p la ne
p a r a l l e l  t o  t h e  x / z  p l a n e .  I f  we assume t h i s  page i s  t h e  v iew  p la ne
t h en  t h e  p o s i t i v e  x a x i s  i s  h o r i z o n t a l  a c ro s s  t h e  page f rom l e f t  t o  
r i g h t  and t h e  p o s i t i v e  z a x i s  i s  v e r t i c a l  f r o m  b o t t om  t o  t o p .
We have a l s o  imp lem ented  th e  s t e r e o g r a p h i c  p r o j e c t i o n  used i n  
c r y s t a l l o g r a p h y  (see f i g u r e  0 . 1 ) .  T h i s  t e c h n i q u e  d i f f e r s  f r om  the  
above i n  t h a t  th e  f i n a l  image r e p r e s e n t s  th e  s y m m e t r i c a l  p r o p e r t i e s  o f  
th e  c e l l  c o m b in a t i o n s  and p r o j e c t s  t h e  t h r e e  d i m e n s i o n a l  scene i n t o  a 
s e r i e s  o f  p o i n t s  on th e  two d i m e n s i o n a l  w indow.  Each p o i n t  r e p r e s e n t s  
th e  f o rm  i n d e x  o f  a f a c e t  i n  a c e l l .  No f u r t h e r  d i s p l a y  o p e r a t i o n s  
( i . e .  h id de n  l i n e  o r  h id den  s u r f a c e )  are  r e q u i r e d .  The v iew  p la ne  i n  
t h i s  p r o j e c t i o n  i s  th e  z=0 p la n e  and th e  w indow i s  a c i r c l e  on t h i s  
v i e w  p la n e  (see s e c t i o n  6 . 3 . 4 ) .
6.1 DISPLAY MATRIX D
C o n s t r u c t i o n  o f  t h e  o b s e r v e r  sys tem i s  s ta n d a r d  t o  eve ry
p r o j e c t i o n  so we s h a l l  c o n s i d e r  t h i s  f i r s t .  We s h a l l  assume t h a t  the
i n f o r m a t i o n  a bou t  t he  scene i s  s t o r e d  i n  th e  p o l y g o n a l  o r  ex tended
p o l y g o n a l  mesh i n  ACTUAL p o s i t i o n  s p e c i f i e d  r e l a t i v e  t o  the  ABSOLUTE
c o - o r d i n a t e  sys tem.  In e i t h e r  case th e  scene w i l l  e v e n t u a l l y  be
d e f i n e d  by v e r t i c e s .
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f i g u r e  6 . 3
Summary o f  t h e  d i s p l a y  o p e r a t i o n  on t h e  p o l y g o n a l  mesh
D i s p l a y  m a t r i x
ACTUAL p o s i t i o n
30 scene i n
OBSERVE p o s i t i o n
30 scene i n
i n  v iew  p la ne
20 p r o j e c t e d  scene
Hidden l i n e / s u r f a c e
rem ova l
S e l e c t  p r o j e c t i o n
f i g u r e  8 .4
Summary o f  th e  p o l y g o n a l  mesh d i s p l a y
D i s p l a y . m a t r i x
M a n i p u l a t i o n
ModuleACTUAL p o s i t i o n
30 scene i n
30 scene i n
OBSERVE p o s i t i o n
i n  v iew  p la ne
2 0 p r o j e c t e d  scene
Mesh
Extended P o l y g o n a l
S e l e c t  p r o j e c t i o n ,
Hidden l i n e
remova l
262
The eye i s  p l a c e d  a t  a p o s i t i o n  ( EX . E Y . EZ )  r e l a t i v e  t o  t h e
A b s o l u t e  axes l o o k i n g  i n  a f i x e d  d i r e c t i o n  (DX,DY,DZ) .  We use m a t r i x
t r a n s f o r m a t i o n s  t o  compute th e  c o - o r d i n a t e s  o f  th e  v e r t i c e s  r e l a t i v e  
t o  a t r i a d  o f  axes,  c a l l e d  the  OBSERVER sys tem,  wh ich  has the  eye a t  
t h e  o r i g i n  and th e  d i r e c t i o n  o f  v i e w  a lo n g  the  p o s i t i v e  y - a x i s .  The 
new c o - o r d i n a t e  v a lu e s  are  c a l l e d  th e  OBSERVED c o - o r d i n a t e s  o f  the  
v e r t i c e s .  The m a t r i x  wh i ch  r e p r e s e n t s  th e  t r a n s f o r m a t i o n  f rom 
ABSOLUTE t o  OBSERVER system w i l l  be c a l l e d  D t h r o u g h o u t .
8 . 1 . 1  CONSTRUCTION OF THE ACTUAL TO OBSERVE TRANSFORMATION MATRIX D
The OBSERVER system has t h e  o r i g i n  a t  (EX,EY,EZ)  r e l a t i v e  t o  th e  
A b s o l u t e  sys tem,  w i t h  t h e  p o s i t i v e  y - a x i s  p a r a l l e l  t o  and w i t h  the  
same sense o f  d i r e c t i o n  as v e c t o r  (DX,DY,DZ) .  Given a p o i n t  w i t h  
c o - o r d i n a t e s  s p e c i f i e d  r e l a t i v e  t o  t h e  A b s o l u t e  sys tem,  we want t o
d e t e r m i n e  t h e  c o - o r d i n a t e s  r e l a t e  t o  t he  OBSERVER sys tem.  These
c o - o r d i n a t e s  may be found by p r e - m u l t i p l y i n g  a column v e c t o r  h o l d i n g
t h e  A b s o l u t e  c o - o r d i n a t e s  by a m a t r i x  wh ich  r e p r e s e n t s  th e  s e r i e s  o f  
s te p s  r e q u i r e d  t o  t r a n s f o r m  the  A b s o l u t e  axes i n t o  the  OBSERVER axes.  
Once i n  OBSERVER space we can p r o j e c t  t h e  c e l l s  o n to  a v iew  p la ne  
p e r p e n d i c u l a r  to  the  y - a x i s  (see s e c t i o n  6 .3 )
G e n e r a t i o n  o f  t he  p r o j e c t i o n  m a t r i x  D can be d ev e lo ped  f r om  a
c o m b i n a t i o n  o f  m a t r i x  t r a n s f o r m a t i o n s .  The a f f i n e  m a t r i x  (4 by 4) i s
r e q u i r e d  because the  m a t r i x  D has a t r a n s l a t i o n  component .
1. The c o - o r d i n a t e  o r i g i n  i s  t r a n s l a t e d  to  the  p o i n t
( - E X , - E Y , - E Z ) so t h a t  t h e  eye i s  a t  th e  o r i g i n .  T h i s  i s  
a c h ie v e d  by the  m a t r i x  F
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1 0 0 -EX
0 1 0 -EY
F= 0 0 1 -EZ
0 0 0 1
The OBSERVER y - a x i s  i s  now o f  th e  fo rm  ( p ( DX. DY, DZ))  r e l a t i v e  
t o  t he  t r a n s f o r m e d  sys tem.  We now r e q u i r e  t he  y - a x i s  o f  the  
OBSERVER system to  be c o i n c i d e n t .  T h i s  i s  a c h ie v e d  by the  
n e x t  two m a t r i c e s .
2. The axes are  r o t a t e d  about  t he  y - a x i s  by an ang le  
_ 1
a = ta n  ( D%/DX) .  T h i s  i s  r e p r e s e n t e d  by t h e  m a t r i x  G
1 OX 0 DZ 0
G = 0 t 0 0
t -DZ 0 DX 0
0 0 0 t
2 2 2where th e  p o s i t i v e  number t  i s  g i v e n  by t  =DX +0Z .
The OBSERVER y - a x i s  r e l a t i v e  to  t h e  r e s u l t i n g  j : o - o r d i n a t e  
axes,  i s  a l i n e  l y i n g  i n  th e  x / y  p la ne  p a s s in g  th ro u g h  the  
p o i n t  ( t , DY,0)  .
3. The axes are  then r o t a t e d  abo ut  th e  z -  a x i s  by an ang le  
-1p = t a n  ( t /DY)| ,  a t r a n s f o r m a t i o n  r e p r e s e n t e d  by t h e  m a t r i *  H
1 -DY f t 0 0~
Hz - - t  - DY 0 0
s 0 0 s 0
_0 0 0 s
2 2 2 2 2 2 where s i s  the  p o s i t i v e  number g i v e n  by s = t  +DY =DX *-DY +DZ
The c o m b in a t i o n  o f  HxGxF t r a n s f o r m s  the  y - a x i s  o f  the  ABSOLUTE system 
i n t o  th e  y - a x i s  o f  th e  OBSERVER sys tem.
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A l t h o u g h  th e  y -axe s  o f  th e  two systems are  c o i n c i d e n t ,  t h i s  does 
n o t  mean t h a t  the  t r i a d s  are  i d e n t i c a l .  N o t h i n g  can be s a id  about  the  
p o s i t i o n  o f  th e  x and y -axe s  o f  th e  OBSERVER t r i a d .  We c anno t  assume 
t h a t  th e  ABSOLUTE and OBSERVER x / y  axes are  p a r a l l e l .  The r o t a t i o n  
t r a n s f o r m a t i o n s  used t o  r e l a t e  A(.SOLVtE; and OBSERVER axes can i n d uc e  a 
t o r q u e .  We t h e r e f o r e  have to  s t a n d a r d i s e  i n  o r d e r  t o  a v o id  s p u r i o u s  
t o r q u e s .
S in c e  t h e  OBSERVER sys tem r e p r e s e n t s  th e  p o s i t i o n  and o r i e n t a t i o n  
o f  t h e  v i e w e r ' s  head we ado pt  t he  c o n v e n t i o n  t h a t  th e  z - a x i s  i s  i n  the  
v e r t i c a l  p l a n e ,  p a r a l l e l  t o  th e  y / z  p la n e  o f  th e  AE»ioU>^ sys tem,  
w h ic h  means t h a t  t he  OBSERVER i s  s t a n d i n g  u p r i g h t .  T h i s  c o n v e n t i o n  i s  
c a l l e d  m a i n t a i n i n g  th e  v e r t i c a l .
6 . 1 . 2  MAINTAINING THE VERTICAL
Once i n  OBSERVER space any f u r t h e r  r o t a t i o n  abo u t  t h e  y - a x i s  w i l l  
l e a v e  th e  eye on the  o r i g i n  l o o k i n g  a lo ng  the  p o s i t i v e  y - a x i s .  To g e t  
s t a n d a r d  p r o j e c t i o n s  we s t i p u l a t e  t h a t  any l i n e s  t h a t  were v e r t i c a l ,  
t h a t  i s ,  p a r a l l e l  t o  th e  z - a x i s  i n  ACTUAL space w i l l  rem ain  v e r t i c a l  
i n  OBSERVER space.  T h i s  means t h a t  t he  g e n e r a l  p o i n t  
( E X , E Y , E Z ) + p ( 0 , 0 , 1 )  r e l a t i v e  t o  th e  sys tem w i l l  t r a n s f o r m  to
th e  g e n e r a l  p o i n t  (0 , 0 , 0 ) + p ( x ' , y ’ , z ' ) r e l a t i v e  to  th e  OBSERVER sys tem.  
P r e - m u l t i p l i c a t i o n  o f  such a p o i n t  on t h i s  l i n e  by th e  m a t r i x  E=HxGxF 
g i v e s  t h e  new c o - o r d i n a t e s  
p ( D Y . D Z , t D Z , s D X ) / t . s = { p , q , r )  say.
In  o r d e r  t o  m a i n t a i n  th e  v e r t i c a l  we must f u r t h e r  r o t a t e  t he  sys tem 
abo u t  t h e  y -  a x i s  ( l e a v i n g  the  y c o - o r d i n a t e s  unchanged)  so t h a t  the  
v e c t o r  ( p , q , r )  has a new x c o - o r d i n a t e  o f  z e ro .  Th is  i s  ach ieved  by 
r o t a t i o n  o f  the  axes about  t he  y - a x i s  t h r o u g h  an ang le
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E= t a n  f-DY. DZ/ s  . DX) = - t a n  ^ p / r  ) r e p r e s e n t e d  by t h e  m a t r i x  V.
1 r 0 -P 0 "
v =  - 0 Vk 0 0
a p 0 1- 0
L 0 0 0 a ,
where  a s a t i s f i e s 2a . p ' + q^ .
t hen
p" ' o '
V. q = q
r a
, 1 1 ^
as r e q u i r e d
Thus th e  c o m p le te  t r a n s f o r m a t i o n  f r om  ABSOLUTE c o - o r d i n a t e s  to  
OBSERVED c o - o r d i n a t e s  i s  a ch ieve d  by p r e - m u l t i p l i c a t i o n  w i t h  the  
m a t r i x  D
D=VxHxGxF
6 . 1 . 3  TRANSFORMING CRYSTALS INTO OBSERVER SPACE
To t r a n s f o r m  a f u n d a m e n t a l  c e l l  o r  a g roup  o f  c e l l s  we 
p r e - m u l t i p i y  each v e r t e x  i n  the  L I ST-OF-VERTI CES f o r  each c e l l  by the  
d i s p l a y  m a t r i x  D. No a l t e r a t i o n  t o  th e  data  s t r u c t u r e s  i s  r e q u i r e ^ .  
The v e r t i c e s  f o r  each c e l l  can be found f rom i t s  LIST-OF-VERTICES. I f  
each v e r t e x  i n  ACTUAL p o s i t i o n  r e l a t i v e  t o  the  A b s o l u t e  a x i a l  system 
i s  ( x . y . z )  then the  e q u i v a l e n t  OBSERVE p o s i t i o n ,  ( x ' , y ' , z ' ) ,  i s  g i v e n  
by
x ' = D ( 1 , 1 ) . x + D ( 1 , 2 ) . y + D ( 1 , 3 ) . z + D ( 1,4)  
y ' = D ( 2 , 1 ) . x » D ( 2 , 2 ) . y » D ( 2 , 3 ) . z + D ( 2 , 4 )
266
z ' = D ( 3 . 1 ) . x + D ( 3 . 2 ) . y + D ( 3 , 3 ) . z + D ( 3 , 4 )
In  a d d i t i o n  we c o n v e r t  t h e  a n a l y t i c a l  r e p r e s e n t a t i o n  o f  e v e ry  p la ne  i n  
t he  LIST-OF-PLANES f o r  each c e l l  i n t o  t h e i r  OBSERVE p o s i t i o n .  The 
t e c h n i q u e  used i s  i d e n t i c a l  to  the  c o m p u ta t i o n s  r e q u i r e d  to  change the  
p la ne s  f r o m  t h e i r  SETUP t o  ACTUAL o r i e n t a t i o n  (see s e c t i o n  3 .9  and 
r e p l a c e  m a t r i x  0 by m a t r i x  0 ) ,  Once the  v e r t i c e s  and p la ne s  are  i n  
o bs e rv e  p o s i t i o n  we can imp lem en t  any p r o j e c t i o n  r e q u i r e d .
When c o n v e r t i n g  t he  LIST-OF-VERTICES to  obse rve  p o s i t i o n  we 
c o n s t r u c t  a copy l i s t  so t h a t  we can r e t u r n  t o  th e  ACTUAL c o - o r d i n a t e s  
and r e - c o m p u t e  a l t e r n a t i v e  v iews  o f  the  same scene.  S i m i l a r l y ,  when 
t h e  LIST-OF-PLANES f o r  each c e l l  a re  c o n v e r t e d  i n t o  t h e i r  obse rve  
p o s i t i o n  we do n o t  l o  se t he  t h e  ACTUAL p o s i t i o n  o f  each p l a n e .
6 .2 THE VIEW PLANE. THE WINDOW AND THE VIEW PORT
The v i e w  p o r t  i s  t w o - d i m e n s i o n a l  (a p la n e )  so i n  o r d e r  t o  c r e a t e  
an image o f  a t h r e e  d i m e n s i o n a l  scene,  a mapping f rom  t h r e e  
d i m e n s i o n a l  space onto  t h i s  p o r t  i s  r e q u i r e d .  What t he  eye sees when 
l o o k i n g  a t  a t h r e e  d i m e n s i o n a l  scene i s  a p r o j e c t i o n  o f  t h e  v e r t i c e s ,  
l i n e s  and f a c e t s  o f  t he  o b j e c t  on to  a v iew  p la ne  wh i ch  i s  norma l  to  
t h e  l i n e  o f  s i g h t .  A p r o j e c t i o n  i s  d e f i n e d  by a s e t  o f  l i n e s  c a l l e d  
t h e  l i n e s  o f  p r o j e c t i o n . The p r o j e c t i o n  o f  a p o i n t  on to  a p la ne  i s  
the  p o i n t  o f  i n t e r s e c t i o n  o f  the  p la ne  w i t h  the  un ique  l i n e  o f  
p r o j e c t i o n  w h ich  passes th ro u g h  the  p o i n t .  The p r o j e c t i o n  o f  a l i n e  
o n to  a p la n e  i s  the  l i n e  i n  t he  p la ne  j o i n i n g  th e  p r o j e c t i o n s  o f  i t s  
two end p o i n t s .  The p r o j e c t i o n  o f  a f a c e t  on to  a p la ne  i s  t h e  po l ygo n  
fo rmed by th e  p r o j e c t i o n  o f  i t s  v e r t i c e s .
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I n  t h e  OBSERVER s y s t e m  t h e  v i e w  p l a n e  i s  a p l a n e  p a r a l l e l  t o  t h e
x / z  p l a n e ,  i . e .  y=d ( f o r  d > 0 ) .  V e r t i c e s  are  p r o j e c t e d  o n to  t h i s
p la n e  by some method,  p r o d u c i n g  p r o j e c t e d  p o i n t s  w i t h  c o - o r d i n a t e s  o f  
th e  t y p e  ( x p . d , z p )  where x p , z p  depend upon th e  t y p e  o f  p r o j e c t i o n  and 
d i s  t h e  f i x e d  p e r p e n d i c u l a r  d i s t a n c e  o f  t h e  v ie w  p la ne  f r om  the  eye.
The p ro b le m  i s  thus  reduced to  t h a t  o f  r e p r e s e n t i n g  t he  g r a p h i c s  v ie w
p o r t ,  t h e  two d i m e n s i o n a l  image wh ich  i s  p r o j e c t e d  o n to  the  v ie w  
p l a n e .
We i d e n t i f y  th e  v iew  p o r t  w i t h  a r e c t a n g u l a r  area o f  th e  
t w o - d i m e n s i o n a l  C a r t e s i a n  p la ne  wh ich  we c a l l  a w in d o w . P o i n t s  w i t h i n  
t h i s  w indow are  i d e n t i f i e d  w i t h  p i x e l s  w i t h i n  t he  v iew  p o r t  u s in g  two 
f u n c t i o n ^  IPX, and IFZ wh ich  t r a n s f o r m  t h e i r  C a r t e s i a n  x,  z 
c o - o r d i n a t e s  i n t o  t h e i r  p i x e l  c o - o r d i n a t e s  (see s e c t i o n  6 . 2 , 1 ) .  To 
s p e c i f y  a w indow we d e f i n e  a two d i m e n s i o n a l  c o - o r d i n a t e  sys tem on the  
v i e w  p la n e  w h ich  we c a l l  t he  window s y s t e m . s i m p l y  by s a y in g  t h a t  a 
p o i n t  on t h e  v ie w  p la ne  w i t h  OBSERVER c o - o r d i n a t e s  ( x & , d , z p )  has 
w indow c o - o r d i n a t e s  ( x p , z p ) .  Thus th e  x,  z axes o f  th e  window system 
are  l i n e s  i n  th e  v i e w  p la ne  wh ich  a re  p a r a l l e l  t o  th e  x and z axes 
( r e s p e c t i v e l y )  o f  th e  OBSERVER sys tem,  and i t s  o r i g i n  i s  on the  
OBSERVER y - a x i s  a t  y=d.  The window i t s e l f  i s  d e f i n e d  as a r e c t a n g l e ,
c e n t r e d  on th e  o r i g i n ,  w i t h  edges o f  l e n g t h  HORIZ p a r a l l e l  t o  t h e ^  x / z
c o - o r d i n a t e s  o f  th e  p o i n t s  i n  t he  window w i t h  p i x e l s  i n  th e  v iew  p o r t .  
Once th e  v e r t i c e s  have been p r o j e c t e d  o n to  t he  v iew  p la ne  and thence 
o n to  t h e  v ie w  p o r t ,  we can c o n s t r u c t  th e  p r o j e c t i o n  o f  f a c e t s .
The f a c e t  d e f i n i t i o n s  i n  te rms o f  v e r t e x  i n d i c e s  ( o r  l i n e s  and 
v e r t e x  i n d i c e s )  a re  p re s e r v e d  w h a te v e r  p o s i t i o n  or  c o - o r d i n a t e  system 
we use.  So we may use p r e c i s e l y  th e  same d e f i n i t i o n  f o r  the
c o n s t r u c t i o n  o f  the  p r o j e c t e d  f a c e t s  w i t h  th e  u n d e r s t a n d in g  t h a t  the
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i n d i c e s  to  v e r t i c e s  now r e f e r  t o  th e  WINDOW c o - o r d i n a t e s  and hence the  
v iew  p o r t  r e p r e s e n t a t i o n  o f  t hese  v e r t i c e s  as opposed to  t he  ACTUAL or  
OBSERVER sys tems .
6 . 2 . 1  CONVERSION 0£ WINDOW SYSTEM TO VIEW PORT
We must c o n s i d e r  th e  r e l a t i o n s h i p  between the  two d i m e n s i o n a l
w indow and th e  g r a p h i c s  v iew  p o r t .  The v iew  p o r t  i s  composed o f  a
r e c t a n g u l a r  m a t r i x  o f  p i x e l s ,  t he  s i z e  and number o f  p i x e l s  depends 
upon t h e  g r a p h i c s  d e v i c e  s e l e c t e d .  There  are  NXPIX v e r t i c a l  columns 
o f  p i x e l s  and NZPIX h o r i z o n t a l  rows o f  p i x e l s  i n  t h e  v iew  p o r t .  
I n d i v i d u a l  p o i n t s  f r om  th e  s e t  o f  NXPIX and NZPIX p o i n t s  can be
u n i q u e l y  i d e n t i f i e d  by th e  i n t e g e r  p a i r  ( I , J )  where 0 < i< (N X P IX -1 )  and
0 < ( N Z P IX -1 ) , and the  p i x e l  ( 0 , 0 )  d e f i n e s  th e  b o t t om  l e f t  hand c o r n e r  
o f  t h e  v i e w  p o r t .
The two d i m e n s i o n a l  window sys tem i s  a r e c t a n g u l a r  r e g i o n  on the  
v ie w  p la n e  w i t h  t he  l e n g t h s  o f  the  h o r i z o n t a l  and v e r t i c a l  edges HORIZ 
and VERT r e s p e c t i v e l y .  The c o - o r d i n a t e  o r i g i n  i s  i n  th e  c e n t r e  o f  t he  
r e c t a n g l e .  We can u n i q u e l y  f i x  th e  p o s i t i o n  o f  p o i n t  g  i n  space by 
s p e c i f y i n g  i t s  c o - o r d i n a t e  ( x , z ) .  S in ce  th e  w indow sys tem maps 
e x a c t l y  o n to  th e  v iew  p o r t  the  r a t i o s  
HORIZ:VERT and NXPIX:NZPIX 
are  e q u a l  and hence we o n l y  need t o  s p e c i f y  the  HORIZ, NXPIX and NZPIX 
d im e n s io n s  and VERT=NZPIX.HORIZ/NXPIX.
The s c a l i n g  f a c t o r  f rom the  r e a l  w indow to  th e  v iew  p o r t  i s  hence
SCALE=NXPIX/HORIZ
and th e  r e a l  c o - o r d i n a t e  ( - X 0 R I 6 , -ZORIG ) maps t o  th e  p i x e l  ( 0 , 0 ) ,  
where  X0RIG=H0RIZ/2 .0 and Z0RIG=VERT/2.0 .  Hence th e  r e a l - t o - p i x e l  
f u n c t i o n  IPX and IFZ are
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IFX(X)=INT((XORIG+X)*SCALE)
I F Z ( Z ) z I N T ( ( ZORIG + Z ) *SCALE)
These c o n v e r t  th e  window p o i n t  ( x . z )  t o  th e  e q u i v a l e n t  p i x e l
( I F X ( X ) , I F Z ( z ) ) on th e  v ie w  p o r t .
6 .3 PROJECTIONS Of FUNDAMENTAL CELLS
We are  now ready to  c o n s i d e r  t h e  p r o j e c t i o n s  o f  t h e  fu nd a m e n ta l  
c e l l s .  The f u n d a m e n ta l  c e l l s  a re  r e p r e s e n t e d  w i t h i n  a m e s h ^ T h i s  
t h r e e  d i m e n s i o n a l  image must  be p r o j e c t e d  o n to  a two d i m e n s i o n a l  v iew  
p l a n e .  Each p r o j e c t i o n  t e c h n i q u e  g i v e s  r i s e  t o  a d i f f e r e n t
i n t e r p r e t a t i o n  o f  th e  t h r e e  d im e n s i o n a l  scene.  The p r o j e c t i o n  





A d e t a i l e d  e x p l a n a t i o n  o f  th e  c l i n o g r a p h i c  and s t e r e o g r a p h i c  
p r o j e c t i o n s  i s  g i v e n  i n  Dana [ D a n a , 1948 ] .  A l t h o u g h  th e s e  p r o j e c t i o n s  
can be used on any t h r e e  d im e n s i o n a l  p o l y g o n ,  ( i n d e e d ,  the  
s t e r e o g r a p h i c  p r o j e c t i o n  has been ex tended t o  f o u r  d i m e n s i o n a l  c r y s t a l  
sym metr ie s  by W h i t t a k e r  [ W h i t t a k e r , 1985] )  t h e y  are  u s u a l l y  a s s o c i a t e d
w i t h  c r y s t a l l o g r a p h y .  The s t e r e o g r a p h i c  p r o j e c t i o n  i s  u n l i k e  the  
o t h e r  p r o j e c t i o n s  i n  t h a t  i t  o n l y  r e p r e s e n t s  t he  symmetry o f  the  
f a c e t s  w i t h i n  the  fu nd a m e n ta l  c e l l s  and i s  no t  a p r o j e c t i o n  o f  the  
t h r e e  d i m e n s i o n a l  image bu t  r a t h e r  a p r o j e c t i o n  o f  th e  f a c e t  M i l l e r  or  
M i l l e r - B r a v a i s  i n d i c e s .  The o t h e r  p r o j e c t i o n s  are  commonly used to
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r e p r e s e n t  t h r e e  d i m e n s i o n a l  o b j e c t s ,  p a r t i c u l a r l y  th e  o r t h o g r a p h i c  
p r o j e c t i o n  wh ich  r e q u i r e s  l e s s  c o m p u t a t i o n  i n  h id de n  s u r f a c e  and 
h id de n  l i n e  e l i m i n a t i o n .  We s h a l l  d i s c u s s  each o f  t h e  p r o j e c t i o n  
methods i n  t u r n ,  commencing w i t h  the  p a r a l l e l  p r o j e c t i o n s  
c l i n o g r a p h i c  and o r t h o g r a p h i c .
6 . 3 . 1  CLINOGRAPHIC PROJECTION
T h i s  method o f  p r o j e c t i o n  was p o p u l a r i s e d  by Neumann
[ N e u m a n n . F . E . , 1823] ,  who p u b l i s h e d  a s im p le  c o n s t r u c t i o n  f o r  the  
c l i n o g r a p h i c  p r o j e c t i o n .  In t he  c l i n o g r a p h i c  p r o j e c t i o n  t h e  i dea  i s  
t o  s e l e c t  a v iew  p o s i t i o n  so t h a t  as many f a c e t s  o f  th e  c r y s t a l  can be 
seen as p o s s i b l e .  C r y s t a l l o g r a p h e r s  c o n s t r u c t  t h i s  p a r a l l e l  
p r o j e c t i o n  as f o l l o w s
1. r o t a t i o n  o f  t he  c e l l ( s )  t h ro u g h  an a ng le  0 abou t  th e  ABSOLUTE 
z - a x i s  ,
2 . p r o j e c t i o n  o f  c e l l ( s )  o n to  a v e r t i c a l  p la ne  (o u r  v iew  p l a n e ) ,
p a r a l l e l  t o  th e  x - z  p la n e ,  by p a r a l l e l  s t r a i g h t  l i n e s ,  wh i ch
a re  n o t  h o r i z o n t a l  b u t  i n c l i n e d  a t  an a ng le  Y . (see f i g u r e
6 . 5 )  .
F i g u r e  6 .6  i s  th e  c l i n o g r a p h i c  p r o j e c t i o n  o f  z i n c i t e .
The ang le s  chosen were s i m p l i f i e d  by f o l l o w i n g  Neumann. I f  0 i s
th e  chosen a n g le  o f  r o t a t i o n  about  t he  z - a x i s  and Y i s  t he  ang le  o f
e l e v a t i o n  o f  the  l i n e  o f  p r o j e c t i o n  above the  normal  t o  the  paper ,
then  th e  a ng le s  chosen are  such t h a t  t a n 0 = 1 /3  and ta n Y = 1 /6 .
271
F i g u r e  6 . 5
C l i n o g r a p h i c  p r o j e c t i o n  o f  an o b j e c t  o n t o  t h e  v i e w  p l a n e
F i g u r e  6 .6
C l i n o g r a p h i c  p r o j e c t i o n  o f  z i n c i t e
r e g u l a r
g g
H
I  L 0 
0 1 1 .00
i' i l
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To r e p r o d u c e  such a p r o j e c t i o n  th e  d i s p l a y  m a t r i x  D w i l l  a lways 
be th e  same. I f  the  ' e y e '  p o s i t i o n  f o r  th e  d i s p l a y  m a t r i x  i s  s e l e c t e d  
as ( 6 , 2 , 1 )  i n  ABSOLUTE space,  w i t h  d i r e c t i o n  o f  v iew  ( - 6 , - 2 , - 1 ) ,  then  
th e  d i s p l a y  m a t r i x  D produces by such an ' e y e '  p o s i t i o n  w i l l  p roduce a 
c l i n o g r a p h i c  p r o j e c t i o n  s i n c e  the  c r y s t a l  w i l l  be r o t a t e d  by 0 about  
th e  z - a x i s  where  t a n0 = 1 /3  and Y abo ut  th e  ^ - a x i s  where  t a n Y = 1 / 6 .  We 
can choose th e  v iew  p la ne  to  b%Lany p la ne  w i t h  norma l  v e c t o r  a lo ng  the  
l i n e  o f  s i g h t  w h ic h  means t h a t  we can choose any p la n e  p a r a l l e l  t o  th e  
x / z  p la n e  o f  th e  OBSERVER sys tem,  l e t  us say th e  p la n e  th ro u g h  the  
o r i g i n ,  y=0.
The p o i n t  ( x , y , z )  i n  OBSERVER space w i l l  p r o j e c t  t o  t h e  p o i n t  
( x p , 0 , z p )  i n  th e  v i e w  p la n e ,  however,  i n  th e  c l i n o g r a p h i c  p r o j e c t i o n ,  
t h e  h e i g h t  o f  t h e  c r y s t a l s  shou ld  be p r e s e r v e d ,  w h ich  means t h a t  th e  
p r o j e c t e d  z c o - o r d i n a t e s  o f  e ve ry  v e r t e x  o f  th e  c r y s t a l  sh ou ld  be 
s c a le d  by secY, so t he  p r o j e c t i o n  o f  t h e  v e r t e x  i n  th e  WINDOW system 
w i l l  be ( x p , z p . s e c (Y ) ) .
I f  t h i s  p r o j e c t i o n  i s  s e l e c t e d  by t h e  u s e r ,  s i n c e  th e  d i s p l a y  
m a t r i x  D i s  a lways s ta n d a rd  i t  w i l l  be c o n s t r u c t e d  a u t o m a t i c a l l y  and 
th e  u s e r  w i l l  n o t  be asked t o  s u p p ly  th e  OBSERVE p o s i t i o n - .
6 . 3 . 2  ORTHOGRAPHIC PROJECTION
E a r l i e r  d ra w in g s  o f  c r y s t a l s  were made u s in g  th e  o r t h o g r a p h i c  
p r o j e c t i o n ?  I t  was superceded by th e  c l i n o g r a p h i c  p r o j e c t i o n ,  wh ich  
was e a s i e r  t o  r e p ro d u c e  by hand, b u t  i t  i s  becoming i n c r e a s i n g l y  
p o p u l a r  once more.
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T h i s  i s  a l s o  a p a r a l l e l  p r o j e c t i o n ,  l i k e  t h e  c l i n o g r a p h i c
p r o j e c t i o n ,  where  t he  p o i n t s  i n  t h r e e  d i m e n s i o n a l  space a re  p r o j e c t e d  
a lo n g  a f i x e d  d i r e c t i o n  onto  a v ie w  p l a n e .  The o r t h o g r a p h i c
p r o j e c t i o n  ( a l s o  known as the  m e t r i c  p r o j e c t i o n )  i s  a s p e c i a l  case
whereby th e  l i n e s  o f  p r o j e c t i o n  are  p e r p e n d i c u l a r  t o  th e  v iew  p la n e .  
Aga in  t h e  v i e w  p la ne  can be any p la n e  w i t h  norma l  v e c t o r  a lo ng  the  
l i n e  o f  s i g h t  and f o r  co nv e n ien c e  we s h a l l  t a k e  th e  p la n e  y=0.  The 
v e r t i c e s  o f  th e  o b j e c t  i n  OBSERVER space are  th us  p r o j e c t e d  onto  the  
v i e w  p la n e  by s e t t i n g  t h e i r  y c o - o r d i n a t e s  t o  z e r o .  Thus any two 
d i f f e r e n t  p o i n t s  w i t h  obs e rved  c o - o r d i n a t e s  ( x , y , z )  and ( x , y , z ' )  yAy '  
a re  p r o j e c t e d  o n to  th e  same p o i n t  ( x , 0 , z )  on th e  v iew  p la n e  and hence 
t o  t h e  p o i n t  ( x , z )  i n  th e  WINDOW sys tem.
I f  t h e  o bs e rv e  p o s i t i o n  i n p u t  by th e  u se r  i s  ( 6 , 2 , 1 )  then the  
a n g le s  o f  r o t a t i o n  abo u t  th e  x and z axes w i l l  be i d e n t i c a l  t o  th e  
c l i n o g r a p h i c  p r o j e c t i o n .  The two v iews are  th en  c l o s e l y  s i m i l a r  (see 
f i g u r e  6 .7  and 5 . 6 ) .  The o n l y  d i f f e r e n c e  b e in g  t h a t  tf],e v e r t i c a l  
d im e n s io n s  o f  th e  c l i n o g r a p h i c  are  m a g n i f i e d  by the  f a c t o r  secY 
compared w i t h  t h e  o r t h o g r a p h i c ,  t h a t  i s ,  the  h e i g h t  o f  t he  c r y s t a l  
w i l l  be p r e s e r v e d  i n  t h e  c l i n o g r a p h i c  p r o j e c t i o n ,  whereas i n  the  
o r t h o g r a p h i c  p r o j e c t i o n  i t  w i l l  appear  hcosY.
W i th  th e  o b s e r v e r  i n  p o s i t i o n  ( 6 , 2 , 1 )  then  secY= ( ^ 3 7 /6 )= 1 . 0 1 3 8  
and cosY=G.9864.  The f a c t  t h a t  th e s e  two f i g u r e s  are  c l o s e  t o  u n i t y
shows t h a t  the  two v iews w i l l  be n e a r l y  the  same. Hence an 
o r t h o g r a p h i c  p r o j e c t i o n  wh ich  i s  c l o s e l y  s i m i l a r  t o  th e  s ta nd a rd  
c r y s t a l l o g r a p h i c  i s  when the  o b s e r v e r  i s  i n  the  p o s i t i o n  ( 6 , 2 , 1 ) .
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F i g u r e  5 . 7
O r t h o g r a p h i e  p r o j e c t i o n  o f  z i n c i t e  f r o m  6 2 1
REGULAR 
H K I
0  - I  1 .0 0  
-1 1 1.00
F i g u r e  6 .8
A l t e r n a t i v e  o r t h o g r a p h i e  v ie w  o f  z i n c i t e
0 0 0 t  /  
î 8 ?1 î' 1
MîiH
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The advan ta ge  o f  t h e  o r t h o g r a p h i c  p r o j e c t i o n ,  i s  t h a t  t h e  user  
can s e l e c t  any v iew  p o s i t i o n ,  whereas i n  the  c l i n o g r a p h i c  p r o j e c t i o n  
t h e  o b s e rv e  p o s i t i o n  i s  f i x e d .  F i g u r e  6 .8  i s  a d i f f e r e n t  o r t h o g r a p h i c  
v iew  o f  th e  c e l l  i n  f i g u r e  6 . 7 .  The o r t h o g r a p h i c  p r o j e c t i o n  i s  
p a r t i c u l a r l y  u s e f u l  f o r  c o m p os i te  c r y s t a l  s t r u c t u r e s  where  the  
c l i n o g r a p h i c  p r o j e c t i o n  i s  t o o  l i m i t e d  t o  p r o v i d e  a good 
i n t e r p r e t a t i o n  o f  th e  i n t e r - c o n n e c t i o n s  between the  f u n d a m e n t a l  c e l l s .
6 . 3 . 3  PERSPECTIVE VIEWS
When we l o o k  a t  o b j e c t s  we do n o t  use a p a r a l l e l  p r o j e c t i o n  b u t  a 
p e r s p e c t i v e  p r o j e c t i o n ,  A p e r s p e c t i v e  v iew  i s  a c o n i c a l  p r o j e c t i o n  
w i t h  t h e  apex o f  t he  cone a t  th e  eye.  In  t h e  p a s t  few ye a rs  s e v e r a l  
a l g o r i t h m s  have been d eve lo ped  f o r  r e a l i s t i c  r e n d e r i n g  o f  complex  
t h r e e  d i m e n s i o n a l  scenes [ B l i n n ,  C a r p e n t e r ,  Lane, and W h i t t e d ,  1980; 
W h i t t e d ,  1980; P o t m e s i l  and C h a k r a v a r t y ,  1982] .  These a l g o r i t h m s  a l l  
i n c o r p o r a t e  h id de n  s u r f a c e  a l g o r i t h m s  and are  based upon a p i n h o l e  
camera p r o j e c t i o n .  The p i n h o l e  camera model  p r o v i d e s  "a g e o m e t r i c  
t r a n s f o r m a t i o n  o f  a p o i n t  i n  a t h r e e  d i m e n s i o n a l  scene t o  a p o i n t  on 
t h e  two d i m e n s i o n a l  v i ew  p la n e ,  and re p ro d u c e s  th e  p e r s p e c t i v e  v ie w .
To p rodu ce  t h i s  p e r s p e c t i v e  v iew  the  eye i n  OBSERVER space i s  on 
th e  o r i g i n  ( t h e  apex o f  th e  cone)  w i t h  t h e  a x i s  o f  th e  cone o f  v i s i o n  
a lo n g  th e  p o s i t i v e  y - a x i s .  As i n  the  p r e v i o u s  p r o j e c t i o n s .  the  
v e r t i c e s .  l i n e s  and f a c e t s  o f  th e  o b j e c t s  are  p r o j e c t e d  o n to  th e  v iew  
p la n e  ( p e r s p e c t i v e  p la n e )  wh i ch  i s  no rma l  t o  the  a x i s  o f  the  cone o f  
v i s i o n . The p r o j e c t i o n  o f  t h i s  v e r t e x  be ing  the  p o i n t  o f  i n t e r s e c t i o n  
between th e  un iqu e  l i n e  o f  p r o j e c t i o n  and th e  v iew  p l a n e .  The 
p r o j e c t i o n  o f  a l i n e  o n to  a p la ne  i s  t h e  l i n e  i n  th e  p la ne  j o i n i n g  th e  
p r o j e c t i o n s  o f  i t s  two end p o i n t s ,  the  p r o j e c t i o n  o f  a f a c e t  on to  a 
p la n e  i s  t he  po ly gon  fo rmed by th e  p r o j e c t i o n  o f  i t s  v e r t i c e s .
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As w i t h  t he  c l i n o g r a p h i c  and o r t h o g r a p h i c  p r o j e c t i o n s  b e f o r e  we 
can compute t he  p e r s p e c t i v e  p r o j e c t i o n  th e  o b j e c t s  must be i n  Obser ve r  
space.  G iven th e  eye p o s i t i o n  (EX,EY,EZ)  and d i r e c t i o n  o f  v i ew  we 
compute th e  d i s p l a y  m a t r i x  0 and t r a n s f o r m  e ve ry  v e r t e x  f rom i t s  
ACTUAL p o s i t i o n  r e l a t i v e  t o  th e  ABSOLUTE a x i a l  sys tem to  the  
e q u i v a l e n t  v e r t i c e s  i n  OBSERVER space.  The eye w i l l  th en  be a t  the  
o r i g i n  and th e  a x i s  o f  t he  cone o f  v i s i o n  w i l l  be t he  p o s i t i v e  y - a x i s .
We p la c e  th e  v ie w  p la ne  p e r p e n d i c u l a r  t o  t h e  a x i s  o f  the  cone o f  
v i s i o n  a t  a d i s t a n c e  d>0 f r om  th e  eye.  We c o n s i d e r  th e  r a y s  t h a t  
emanate f rom th e  eye to  th e  v e r t i c e s  o f  t h e  scene and compute t h e i r  
p r o j e c t e d  p o i n t s  on th e  p e r s p e c t i v e  p l a n e .  As b e f o r e ,  we s e l e c t  an 
area on th e  two d i m e n s i o n a l  C a r t e s i a n  v i e w  p la n e  w h ic h  d e f i n e s  th e  
WINDOW sys tem.  The WINDOW system w i l l  be such t h a t  a p o i n t  on th e  
v i e w  p la n e  w i t h  c o - o r d i n a t e s  ( x p , d , z p )  has WINDOW c o - o r d i n a t e s  
( x p , z p ) .  T h i s  w indow w i l l  t hen  be i d e n t i f i e d  w i t h  th e  v iew  p o r t  o f  
th e  g r a p h i c s  s c re e n .
F i g u r e  6 .9  shows a cube t h a t  i s  obse rved  by an eye and p r o j e c t e d  
o n to  two v ie w  p l a n e s .  Two example r a y s  a re  shown: t he  f i r s t  f r om  the
eye t o  A, one o f  t he  near  c o r n e r s  o f  t h e  cube ( r e l a t i v e  t o  th e  e y e ) ,  
and th e  second B, one o f  t he  f a r  c o r n e r s  o f  th e  cube. The p e r s p e c t i v e  
p r o j e c t i o n s  o f  th es e  p o i n t s  on to  th e  near  p la n e  are  A ' and B ' ,  and 
o n to  t he  f a r  p la n e  A ' and B ' ' .  The p r o j e c t i o n s  have the  same shape 
and o r i e n t a t i o n ,  b u t  t hey  w i l l  be o f  d i f f e r e n t  s i z e s  and any two 
p o i n t s  w i t h  OBSERVER c o - o r d i n a t e s  ( x , y , z ) and ( x , y ' , z )  where y f y '  w i l l  
no t  be p r o j e c t e d  onto  the  same p o i n t  i n  the  v iew  p la n e .
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F i g u r e  6 . 9
P o s i t i o n i n g  o f  v i e w  p l a n e  i n  p e r s p e c t i v e  p r o j e c t i o n
F i g u r e  6 . 10
P e r s p e c t i v e  p r o j e c t i o n  o f  a p o i n t  ( x . y . z )  on t o  t he  p e r s p e c t i v e  p l ane
278
I f  t he  p e r s p e c t i v e  p l ane  i s  d i s t a n c e  d f r om t he  eye,  t hen  t he 
c o - o r d i n a t e s  i n  t he y=d p l ane  o f  t he  p o i n t s  where t he  i m p o r t a n t  r ays  
c u t  t he  p l a ne  can be f ound by compar i son  o f  s i m i l a r  t r i a n g l e s  see 
f i g u r e  6 . 10 .  Le t
0 . = ( x , y , z ) ,  a v e r t e x  i n  OBSERVER space and 
£ ' = ( x ' , d , z ' )  be i t s  p r o j e c t e d  p o i n t  on t he  p l ane  y=d.
Us i ng  t he  geomet r y  o f  s i m i l a r  t r i a n g l e s  we see f r om f i g u r e  6.10 t h a t  
z ‘ /d = z / y  
z ■= z ( d / y  ) 
and s i m i l a r l y  
X ' = x ( d / y ) 
hence
P ' = ( x ( d / y ) , d , z ( d / y ) ) 
and t he  c o r r e s p o n d i n g  p o i n t  i n  t he  WINDOW system i s  
( x ( d / y  ) , y ( d / y ) )
The s i z e  o f  t he  p i c t u r e  w i l l  be d e t e r m i n e d  no t  o n l y  by t he  s i z e  o f  t he  
o b j e c t  bu t  a l s o  by t he  r e l a t i v e  d i s t a n c e s  o f  t he  eye t o  t he 
p e r s p e c t i v e  p l a ne  and t he  eye t o  t h e  o b j e c t .  Once t he  p o s i t i o n  o f  t he  
eye r e l a t i v e  t o  t he  o b j e c t  i s  f i x e d ,  t hen  t he  shape o f  t he  p e r s p e c t i v e  
image o f  t he  o b j e c t  i s  i nd e p e n d e n t  o f  t he  p l a c i n g  o f  t he  p e r s p e c t i v e  
p l a n e .  A l l  t h a t  changes w i t h  t he  p o s i t i o n  o f  t he  p l ane  i s  t he  s i z e  o f  
t h e  image.  The p o s i t i o n  o f  t he  p e r s p e c t i v e  p l ane  i s  u s u a l l y  chosen so 
t h a t  i t  matches as f a r  as p o s s i b l e ,  t he  v i ew a person woul d  ge t  o f  the 
o b j e c t .  Wi t h  t h i s  c h o i c e  o f  p e r s p e c t i v e  p l ane  t he  eye ge t s  a ' t r u e '  
v i ew o f  t he  c o - o r d i n a t e  space and i s  ac h i ev ed  by s e l e c t i n g  d=3.VERT.
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6 . 3 . 4  STEREOGRAPHIC PROJECTION
T h i s  i s  t h e  me t hod  o f  p r o j e c t i o n  mos t  w i d e l y  used i n
c r y s t a l l o g r a p h y .  I t  was a p r o j e c t i o n  known t o  t he  A n c i e n t  Greeks but  
f i r s t  u t i l i s e d  i n  t h i s  way by F. E. Neumann [Neumann,1823]  and
s u b s e q u e n t l y  b r o u g h t  i n t o  g e n e r a l  use by W, H. M i l l e r  
[ M i l l e r . W . H . , 1839] ,  [ M i l l e r . W . H . ,  1863] .
The method o f  c o n s t r u c t i o n  i s  as f o l l o w s .  The f i r s t  s t ep  i s  to  
g e n e r a t e  t h e  s p h e r i c a l  p r o j e c t i o n  f o r  t h e  c r y s t a l  (see f i g u r e  6 . 1 1 ) .  
I mag i ne  a sphere  d e s c r i b e d  about  t he  c r y s t a l  w i t h  i t s  c e n t r e  a t  t he
o r i g i n .  The nor ma l s  t o  t he  p l anes  c o n t a i n i n g  t h e  f a c e t s  o f  t he
c r y s t a l  a re  ex t ended  f r om t he  o r i g i n ,  c u t  t h e  f a c e t  s u r f a c e  and t hen 
t h e  s u r f a c e  o f  t he  sphe r e .  At  each p o i n t  o f  i n t e r s e c t i o n  a d o t  ( t he  
p o l e  o f  t he  c o r r e s p o n d i n g  f a c e )  i s  marked on t he  sphe r e .
The s t e r e o g r a p h i c  p r o j e c t i o n  i s  c r e a t e d  f r om t h i s  s p h e r i c a l  
p r o j e c t i o n .  I magi ne t h a t  a p l ane  o f  paper  passes h o r i z o n t a l l y  t h r ough  
t h e  c e n t r e  o f  t h e  s p h e r i c a l  p r o j e c t i o n  ( z - a x i s  p e r p e n d i c u l a r  t o  t he 
p l a ne  o f  t he  paper ,  y - a x i s  v e r t i c a l  and x - a x i s  h o r i z o n t a l  i n  OBSERVER 
space)  wh i c h  d i v i d e s  t he  sphere i n t o  two vo l umes.  I f  t he  r a d i u s  o f  
t he  sphere  i s  r  t hen  ever y  p o l e  on t he  s u r f a c e  o f  t he  sphere w i t h  
0<z<r  i s  j o i n e d  t o  t he  p o i n t  2 ' on t hen  z - a x i s  where £ ' = ( 0 , 0 , - r ) .  The 
i n t e r s e c t i o n  o f  t hese  l i n e s  w i t h  t he  paper  are marked w i t h  a s ma l l  
d o t .  Every  p o l e  i n  t he  o p p o s i t e  volume w i t h  - r < z < 0  i s  j o i n e d  t o  the 
p o i n t  £ = ( 0 , 0 , r ) .  The i n t e r s e c t i o n  o f  t h es e  l i n e s  w i t h  t he  paper  are 
marked w i t h  an open r i n g .  Poles on t he  f a c e t s  w i t h  z=0 are marked by 
a d o t  on t he  p r i m i t i v e  c i r c l e , t he  c i r c l e  formed by t he  i n t e r s e c t i o n  
o f  t h e  sphere  and t he  paper  (see f i g u r e  6 . 12)
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F i g u r e  6 . 11
S p h e r i c a l  p r o j e c t i o n  o f  a p o l y h e d r o n
F i g u r e  8 . 12




Th i s  p r o j e c t i o n  i s  u s e f u l  i n  t h a t  i t  p r e s e r v e s  a n g u l a r  t r u t h  and 
symmet r y ,  wh i c h  i s  p a r t i c u l a r l y  u s e f u l  t o  c r y s t a l l o g r a p h e r s .
To r ep r o d u c e  t h i s  p r o j e c t i o n  we o r i e n t a t e  t he  c e l l s  i n t o  OBSERVER 
space u s i n g  t he  d i s p l a y  m a t r i x  D w i t h  eye p o s i t i o n  (EX.EY.EZ)  and 
d i r e c t i o n  o f  v i e w  ( - E X . - E Y . - E Z )  and t r a n s l a t e  a l ong  t he  y - a x i s  so t h a t  
t he  c r y s t a l  i s  aga i n  c e n t r e d  about  t he  o r i g i n  by t he  m a t r i x  T:
1 0  0 0
T= 0 1 0  - d i s t
0 0 1 0  
0 0 0 1 
where d i s t > 0  and d i s t ^=EX^+EY^+EZ^
The v i e w  p l a n e  w i l l  be z=0 and t he  wi ndow w i l l  encompass t he  u n i t  
s phere  used t o  c o n s t r u c t  t he  s t e r e o g r a p h i c  p r o j e c t i o n .  Le t  t he  
c r y s t a l  be su r r ounded  by a u n i t  sphere  S and t he  f u n c t i o n a l  
r e p r e s e n t a t i o n  o f  a t y p i c a l  f a c e t  V o f  a f u n d a me n t a l  c e l l  be 
f ( x , y , 2 )EAx + By + Cz +D -
where t h e  v e c t o r  (A. B . C)  i s  a u n i t  v e c t o r  no r ma l  t o  t he  p l a ne  and 0<0.  
Then t h e  s p h e r i c a l  p r o j e c t i o n  ( x ' . y ’ j o f  t he  f a c e t  V i s  c a l c u l a t e d  as 
f o l l o w s  :
1 . The nor ma l  o f  t he  p l ane  0 i n  wh i ch  V l i e s  c u t s  t h e  sphere S 
a t  t h e  p o i n t  ( A . B . C ) .  I f  C> 0 t hen  t he  l i n e  V f r om t he  po l e  
( A . B . C)  i s  p r o j e c t e d  downwards t o  ( 0 . 0 . - 1 ) .
r 1 = ( 0 . 0 . - 1 ) + A ( A . B . C t I )
The p o i n t  o f  i n t e r s e c t i o n  w i t h  T1 and the h o r i z o n t a l  p l ane  
z=0 i s  a t  t he  p o i n t  ( x ' . y ' )  where 
A = 1 / ( C + 1 )
and
x ' = ( 1 / ( C + 1 ) ) A
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y ' = ( i / ( c + i ) ) B
2. I f  C<0 t hen  a l i n e  T2 i s  p r o j e c t e d  upwards f r om ( A , B , C)  t o  
( 0 . 0 , 1 )
r 2 = ( 0 , 0 , 1 )  + A (A . B , C-1  )
Then t he  p o i n t  o f  i n t e r s e c t i o n  i s  g i v e n  by 
A = - 1 / ( C - 1 ) = 1 / ( 1 - C )  
and t he  p r o j e c t e d  p o i n t  ( x ' , y ' )  i s  
x ' = ( 1 / ( 1 - C ) ) A  
y ' = ( 1 / ( 1 - C ) ) B  
Hence g i v e n  any ( A, B , C)  v a l u e s  t he  p r o j e c t i o n  i s  
x ' = ( 1 / ( 1 + a b s ( C ) ) ) A  
y ' = ( 1 / ( 1 + a b s ( C ) ) )B
In a d d i t i o n  t o  t he  p r o j e c t i o n s  o f  t he  f a c e t s ,  t he  zone c i r c l e s
are  a l s o  drawn on t o  t h e  s t e r e o g r a p h i c  p r o j e c t i o n .  A zone i s  a se t  o f
f ac es  w i t h  m u t u a l l y  p a r a l l e l  i n t e r s e c t i o n s ,  t he  common d i r e c t i o n  be i ng  
te rmed t h e  z o n e - a x i s .  Normal s t o  a l l  t he  f aces  i n  one zone w i l l  l i e  
i n  a p l a ne  a t  r i g h t  ang l es  t o  t he  z o n e - a x i s ,  and t he  p l a ne  • w i l l  c u t  
t h e  sphere  i n  a g r e a t  c i r c l e .  A f u n d ame n t a l  p r o p e r t y  o f  t he  
s t e r e o g r a p h i c  p r o j e c t i o n  i s  t h a t  any c i r c l e  drawn upon t he  sphere  w i l l  
be p r o j e c t e d  as a c i r c l e ,  hence t he  g r e a t  c i r c l e  p r o j e c t s  t o  a zone 
c i r c l e .
We compute t he  zone c i r c l e s  f r om t he  p l a n a r  e q u a t i o n s  o f  t he
f a c e t s .  Le t
Ol =2 - x + k 1 and
S2=a. x+k2
be t h e  a n a l y t i c  r e p r e s e n t a t i o n  o f  t he  p l anes  c o n t a i n i n g  two f a c e t s  on 
t he  c r y s t a l ,  and assume w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  t h e i r  po l es
283
l i e  i n  t h e  upper  vo lume o f  t he  sphere i n  t he  s p h e r i c a l  p r o j e c t i o n .  
The d i r e c t i o n  o f  t he  l i n e  o f  i n t e r s e c t i o n  between t he two f a c e t s  
s a t i s f i e s  
t=£xçi
I f  any o t h e r  f a c e t  l i e s  i n  t he  p l ane  
Q3 = r  . >i+l<3
where Q3 l i e s  i n  t h i s  same zone t hen t  s a t i s f i e s ;
t.. r.= 0 .
T\avS 11) (A
d i r e c t  consequence o f  Weiss Zone Law [ p205,  P h i l l i p s .  1960] ,  wh i ch
s t a t e s  t h a t  i f  any o t h e r  f a c e t  w i t h  i n d e x  ( h k ( i )  1) l i e s  i n  t h e  zone
CU V ( * )  W] t hen
Uh+Vk+W1=Q l i )
s i n c e  t he  e q u a t i o n  t h e  p l a ne  t h r o u g h  t he  o r i g i n  p a r a l l e l  t o
(h k ( i )  1) i s
X y z
h-  + k -  + 1-  =0 ( i i )
a b c
where a,  b,  c a re  t he  a x i a l  r a t i o s ,  ^
to \qA
and f o r  t h e  t h r e e  p l anes  a*e t a u t o z o n a l  t h i s  must  c o n t a i n  t he  l i n e  
X y z
( i i i )
aU bV cW
by s u b s t i t u t i n g  i n  ( i i )  t h e  v a l u es  o f  x / a ,  y / b ,  z / c  d e r i v e d  f r om ( i i i )  
we a r r i v e  a t  e q u a t i o n  ( i ) .  The s t e r e o g r a p h i c  p r o j e c t i o n S o f  01,  02,  03 
a l l  l i e  on t he  p e r i m e t e r  o f  t he zone a x i s .  Us i ng t h i s  we can f i n d  t he 
e q u a t i o n  o f  t he  c i r c l e .
L e t  t h e  s t e r e o g r a p h i c  p r o j e c t i o n  o f  01,  02,  03 be t h e  p o i n t s
( x 1 , y 1 ) ,  ( x 2 , y 2 ) ,  ( x 3 , y 3 )  r e s p e c t i v e l y .  The c e n t r e  C = ( x c , y c )  o f  t he
r e q u i r e d  c i r c l e  l i e s  on t he  p e r p e n d i c u l a r  b i s e c t o r  o f  each s i d e .  The 
l i n e  f r om ( x 1 , y 1 )  t o  ( x 2 , y 2 )  has t he  m i d - p o i n t  
0 . 5 . ( x 1+ x 2 , y 1 + y 2 )
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and t h e  d i r e c t i o n a l  v e c t o r  ( x 2 - x  1 . y 2 - y 1) ,  so t h e  p e r p e n d i c u l a r  
b i s e c t o r  o f  t h i s  l i n e  i s
0 . 5 . ( x 1 + x 2 , y 1 + y 2 ) +  a ( y 2 - y 1 , x 1 - x 2 )  .
S i m i l a r l y  t he  p e r p e n d i c u l a r  b i s e c t o r  o f  t he  l i n e  f r om ( x 2 , y 2 )  t o  
{ x 3 , y3 ) i s
0 . 5 . ( x 2 + x 3 , y 2 + y 3 ) +  5 ( y 3 - y 2 , x 2 - x 3 ) .
These two b i s e c t o r s  meet  a t  t he  c i r c u m c e n t r e  o f  t he  t r i a n g l e  between 
( x l . y l ) ,  ( x 2 , y 2 ) ,  ( x 3 , y 3 ) .  That  i s ,  t he  p o i n t  wh i ch  s a t i s f i e s
0 . 5 . ( x 1 + x 2 , y 1 + y 2 ) +  O ( y 2 - y 1 , x 1 - x 2 ) = 0 . 5 . ( x 2 + x 3 , y 2 + y 3 ) +  6 ( y 3 - y 2 , x 2 - x 3 )  
wh i c h  g i v e s
0 . 5 . ( x 1 + x 2 ) +  o ( y 2 - y 1 ) = 0 . 5 . ( x 2 + x 3 ) +  5 ( y 3 - y 2 )
0 . 5 . ( y 1 + y 2 ) +  o ( x 1- x 2 ) = 0 . 5 . ( y 2 + y 3 )+ 5 ( x 2 - x 3 )
We have two e q u a t i o n s  i n  two unknowns wh i ch  i s  e a s i l y  s o l v a b l e  i f  t he  
e q u a t i o n s  are  no t  l i n e a r l y  dependen t ,  t h a t  i s  , i f  t he  l i n e s  are  no t  
p a r a l l e l .  There i s  a s o l u t i o n  p r o v i d e d  
D = ( x 1 - x 2 ) . ( y 2 - y 3 ) - ( x 3 - x 2 )  . ( y 2 - y 1 )#0 
n a m e l y ,
o ’ = [ 0 . 5 ( ( y 3 - y 1 ) . ( y 2 - y 3 ) - ( x 3 - x 2 ) . ( x 3 - x 1 ) ) ] / D  ( i v )
Hence t h e  c e n t r e  o f  t he  c i r c l e  t h r o u g h  t he  t h r e e  p o i n t s  i s  
( x c , y c ) = 0 . 5 ( x1+x2 , y 1+ y2 ) + o ’ ( y 2 - y 1 , x l - x 2 )
Where o '  i s  g i v e n  by ( i v )  above.  The r a d i u s ,  R, o f  t he  c i r c l e  can be 
f ound u s i n g  t he  f o r m u l a
( x 1 - x c ) 2  + ( y 1 - y c ) 2  =R^ 
where R>0.
We have f ound t he  e q u a t i o n  o f  t he  zone c i r c l e ,  however  we o n l y  
need t h e  s e c t i o n  o f  t he  zone c i r c l e  w i t h i n  t he  p r i m i t i v e  c i r c l e .  Thi s  
s e c t i o n  l i e s  a l ong  t he  zone c i r c l e  between t he  i n t e r s e c t i o n  p o i n t s  o f  
t he  zone c i r c l e  and t he  p r i m i t i v e  c i r c l e  and can be found by compar i ng  
t he  e q u a t i o n s  o f  t he  two c i r c l e s .
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The e q u a t i o n  o f  t he  zone c i r c l e  i s  
( x - x c ) ^ + ( y - y c ) ^ = R ^  (v)
t he  e q u a t i o n  f o r  t he  p r i m i t i v e  c i r c l e  i s  
x^+y"=1 ( v i )
A g e n e r a l  p o i n t  on t he  c i r c l e  i n  e q u a t i o n  (v)  s a t i s f i e s  
( xc+R . cos ( 0 ) , yc+R . s i n  ( 0 ) ) O<0<2tt ( v i i )
S u b s t i t u t i n g  e q u a t i o n  ( v i i )  i n t o  e q u a t i o n  ( v i )  t o  a r r i v e  a t  e q u a t i o n
( v i i i ) ,  we can c a l c u l a t e  t he  p o i n t s  o f  i n t e r s e c t i o n  between t he  two
c i r c l e s  .
( x c + R . c o s ( 0 ) ) ^ + ( y c + R . s i n ( 0 ) ) ^ = 1  ( v i i i )  
e x pa nd i n g  we ge t
x c ^ + 2 R . x c . c o s ( 0 ) + R ^ . c o s ^ ( 0 ) + y c ^ + 2 R . y c . s i n ( 0 ) + R ^ . s i n ^ ( 0 ) = 1
2 2 2 xc +yc +2R. x c . c o s ( 0 ) +2R . y c . s i n (0)  = 1-R ( i x )
2 2 2I f  p = / ( x c  +yc ) ,  p>0,  t hen  t he  p o i n t  ( x c . y c )  can be r e p r e s e n t e d  by
_ 1
( pcos ( 0 ) , ps i n  ( 0 ) ) , where 0 = t an  (<df /<tc),  s u b s t i t u t i n g  i n t o  ( i x )  and 
s i m p l i f y i n g  g i v e s
p ^ + 2 . p . R ( c o s ( 0 - 0 ) ) = 1 - R ^
So t h e  i n t e r s e c t i o n  p o i n t s  occur  when q s a t i s f i e s :  
c o s ( 0 - 0 ) = ( 1 - R ^ - p ^ ) / 2 . p . R  
Onl y  t h e  p a r t  o f  t he  zone c i r c l e s  between t h es e  i n t e r s e c t i o n  p o i n t s ,  
w i t h i n  t h e  p r i m i t i v e  c i r c l e  i s  drawn.
Some o f  t he  zone c i r c l e s  d e g en e r a t e  i n t o  s t r a i g h t  l i n e s .  These 
are  t h e  zones whose d i r e c t i o n  v e c t o r s  l i e  i n  t he  z=0 p l a n e .  For  
e f f i c i e n c y ,  t hese  are computed and drawn w i t h  a s t r a i g h t  l i n e  r a t h e r  
t han c ompu t i ng  t he  d eg en e r a t e  zone c i r c l e .
For  t h i s  p r o j e c t i o n  we r e q u i r e  no p o l y g o n a l  mesh,  no f a c e t  
i n f o r m a t i o n  e x c ep t  o f  cour se  f o r  t he  LIST-OF-PLANES f o r  each c e l l  and 
t he  p r o j e c t i o n  r e q u i r e s  no h i dden  s u r f a c e / h i d d e n  l i n e  r emov a l .
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6 . 4  CHOICE ü f  OBSERVE POSI TI ON
A p a r t  f r o m  t h e  s t e r e o g r a p h i c  p r o j e c t i o n ,  c a r e  must  be t a k e n  i n  
c h o o s i n g  a s u i t a b l e  v i e w  p o i n t  so t h a t  as many f a c e s  a r e  v i  s i b l e  ^
Th i s  i s  done a u t o m a t i c a l l y  i n  t h e  case o f  t h e  c l i n o g r a p h i c  p r o j e c t i o n ,  
b u t  i n  t h e  r e m a i n i n g  o r t h o g r a p h i c .  and p e r s p e c t i v e  v i ews  t he  
o b s e r v a t i o n  p o i n t  i s  s e l e c t e d  by t h e  u s e r .  As we d i s c o v e r e d  b e f o r e  an 
eye p o s i t i o n  t h a t  w i l l  g i v e  a s i m i l a r  p r o j e c t i o n  t o  t h e  c l i n o g r a p h i c  
p r o j e c t i o n  i s  ( 6 , 2 , 1 )  i n  t h e  o r t h o g r a p h i c  p r o j e c t i o n  and a s i m i l a r  
p r o o f  can be d e r i v e d  t o  show t h a t  an eye p o s i t i o n  o f  ( 3 6 , 1 2 , 6 )  i n  t h e  
p e r s p e c t i v e  p r o j e c t i o n  w i l l  g i v e  an a l m o s t  i d e n t i c a l  v i e w .  I n  t h e  
m a j o r i t y  o f  cases  whe r e  a s i n g l e  c e l l  i s  p r o du c ed  t h e s e  a r e  t h e  b e s t  
o p t i o n s  f o r  t h e  v i e w  p o s i t i o n  see f i g u r e  6 . 13  f o r  a s e l e c t i o n  o f  
c r y s t a l s  i n  t h e s e  v i e w  p o s i t i o n s .  As we can see,  t h e r e  i s  l i t t l e  
d i f f e r e n c e  be t ween  t h e  t h r e e  p r o j e c t i o n s  u s i n g  t h e s e  o b s e r v e  
p o s i t i o n s .  For  m u l t i p l e  c e l l  s t r u c t u r e s ,  t h e s e  o b s e r v e  p o s i t i o n s  a r e  
o f t e n  n o t  t h e  b e s t  and i t  may be n e c e s s a r y  t o  p r o d u c e  a - v a r i e t y  o f  
p r o j e c t i o n s  b e f o r e  t h e  u s e r  i s  s a t i s f i e d  w i t h  t h e  o b s e r v e  p o s i t i o n  
( see f i g u r e  5 . 1 4 ) .
Once t h e  t h r e e  d i m e n s i o n a l  scene i s  p r o j e c t e d  o n t o  t h e  two 
d i m e n s i o n a l  WINDOW s y s t e m we can c o n t i n u e  t o  p r o c e s s  t h e  image u s i n g  
t he  h i d d e n  l i n e  and h i d d e n  s u r f a c e  a l g o r i t h m s  g i v e n  i n  c h a p t e r  seven .
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F i g u r e  6 . 13
S e l e c t i o n  o f  p o l y h e d r a  
p e r s p e c t i v e  p r o j e c t i o n s
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CHAPTER SEVEN 
HIDDEN L I NE AND HIDDEN SURFACE REMOVAL
T h e r e  a r e  s e v e r a l  t y p e s  o f  h i d d e n  l i n e  and h i d d e n  s u r f a c e  r e m o v a l
a l g o r i t h m s  a c c e s s i b l e  t o  t h e  d i s p l a y  m o d u l e .  The c h o i c e  o f  any
p a r t i c u l a r  a l g o r i t h m  d e p e n d s  upon
1. t h e  number  o f  c e l l s  i n  t h e  mesh
2.  t h e  d e v i c e  s e l e c t e d  ( i . e .  c o l o u r  o r  mo n o c h r o me )
( s e e  f i g u r e  7 . 1 ) .  Each a l g o r i t h m  i s  d e s i g n e d  t o  p e r f o r m  t h e  h i d d e n  
l i n e  o r  s u r f a c e  r e m o v a l  e f f i c i e n t l y .  The a l g o r i t h m s  a r e  d e v i c e
i n d e p e n d e n t  and i n v o k e  GKS commands .  The e q u i v a l e n t  GKS p r i m i t i v e s
h ave  been  w r i t t e n  f o r  e a c h  d e v i c e  and a r e  a c c e s s e d  v i a  t h e  GKS r o u t i n e
t o  p r o d u c e  t h e  a p p r o p r i a t e  d e v i c e  r e s p o n s e .  T h i s  m o d u l a r  d e s i g n  
e n s u r e s  t h a t  we can use  t h e  same o p e r a t i o n s  on any  new d e v i c e  by 
i n s t a l l i n g  t h e  GKS p r i m i t i v e s  f o r  t h a t  d e v i c e .  The o n l y  GKS commands 
n e c e s s a r y  t o  p r o d u c e  t h e  i ma g e  a r e  t h e  e l e m e n t a r y  l i n e  d r a w i n g  
o p e r a t i o n  (DRAW POLYLI NE)  and a r e a  f i l l i n g  ( F I L L  AREA) i n s t r u c t i o n s
for the particular device.
The a l g o r i t h m s  t h e m s e l v e s  may be mor e  a p p r o p r i a t e  t o  one t y p e  o f
d e v i c e  t h a n  a n o t h e r .  - I t  i s  p o i n t l e s s  t o  t r y  and d r a w  c o l o u r  p i c t u r e s  
on a mo n o c h r o me  me d i u m,  s i m i l a r l y  i t  i s  l u d i c r o u s  n o t  t o  d e s i g n  
a l g o r i t h m s  t h a t  use  t h e  p r o p e r t i e s  o f  t h e  d e v i c e  t o  i t s  a d v a n t a g e .  I n
t h e  m a j o r i t y  o f  c a s e s ,  t h e  s e l e c t i o n  o f  a s i n g l e  c e l l  o r  m u l t i p l e  c e l l
- S t r u c t u r e ,  and a p a r t i c u l a r  g r a p h i c s  d e v i c e  d e t e r m i n e s  t h e  a p p r o p r i a t e  
a l g o r i t h m .
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O b v i o u s l y ,  i f  t h e  u s e r  has seJ.ect ec l  t o  d r a w  a s i n g l e  c r y s t a l ,  t h e  
t y p e  o f  a l g o r i t h m  r e q u i r e d  t o  r emov e  h i d d e n  l i n e s  and s u r f a c e s  w i l l  be 
f a r  l e s s  s o p h i s t i c a t e d  t h a n  t h a t  r e q u i r e d  f o r  c o m p l e x  m u l t i p l e  c r y s t a l  
s t r u c t u r e s .  F o r  s i n g l e  c r y s t a l s  we can d e v e l o p  t e c h n i q u e s  w h i c h  use 
t h e  g e o m e t r i c  p r o p e r t i e s  o f  a s i n g l e  c o n v e x  p o l y h e d r o n ,  a l o n g  w i t h  t h e  
k n o w l e d g e  t h a t  t h e  p o l y h e d r o n  has been c o n s t r u c t e d  i n  a s y s t e m a t i c
ma n n e r  t o  d e s i g n  s p e c i a l i s e d  e f f i c i e n t  h i d d e n  s u r f a c e /  h i d d e n  l i n e  
r e m o v a l  a I g o r  i thm^.  The mor e  c o m p l e x  m u l t i p l e  c r y s t a l  s t r u c t u r e s  w i l l  
r e q u i r e  mor e  g e n e r a l  h i d d e n  l . i  ne /  s u r f  ace  a l g o r i t h m s .  F o r  t h e s e  
n o n - c o n v e x  p o l y h e d r a  c o m b i n a t i o n s  we h av e  i m p l e m e n t e d  t wo  d i f f e r e n t  
m e t h o d s  f o r  g e n e r a t i n g  t h e  f i n a l  d i s p l a y .  The f i r s t  a l g o r i t h m ,  t h e  
p o l y g o n a l  mesh d i s p l a y ,  i s  a c o m p l e t e l y  new d i s p l a y  a l g o r i t h m  t o
p r o d u c e  l i n e  d r a w i n g s .  The s e c o n d  i s  a q u a d - t r e e  a l g o r i t h m  and 
p e r m i t s  t h e  use o f  c o l o u r  t o  e n h a n c e  t h e  v i s u a l  i n f o r m a t i o n
e n c a p s u l a t e d  i n  t h e  d i s p l a y .
T h e r e  i s  no s i n g l e  s o l u t i o n  t o  t h e  p r o b l e m  o f  h i d d e n  l i n e  o r  
h i d d e n  s u r f a c e  r e m o v a l .  The a I g o r  i  t hms d e v e l o p e d  a r e  e f f i c i e n t  f o r  
t h e  p r o c e s s i n g  o f  p o l y h e d r a  a s s i s t e d  by t h e  g e o m e t r i c  p r o p e r t i e s  o f  
t h e  o b j e c t s  b e i n g  p r o j e c t e d .  We assume t h a t  p r i o r  t o  u s i n g  any  h i d d e n  
l i n e / s u r f a c e  a l g o r i t h m  t h e  c e l l s  a r e  i n  OBSERVER s p a c e  w i t h  t h e  eye a t  
t h e  o r i g i n  l o o k i n g  a l o n g  t h e  p o s i t i v e  y a x i s .  We s h a l l  c o n s i d e r  t h e  
o p e r a t i o n s  f o r  a s i n g l e  c e l l  f i r s t .
7 . 1  GRAPHIC P RI MI T I VE S
To e n s u r e  t h a t  t h e  d e s i g n  i s  p o r t a b l e  and t h e  c r y s t a l s  can be 
d r a wn  on any  t e r m i n a l ,  we h a v e  m o d u l a r i s e d  t h e  p r o g r a m m i n g  so t h a t  t h e  
d e v i c e  d e p e n d e n t  r o u t i n e s  a r e  s e p a r a t e d  i n t o  a s m a l l  g r o u p  o f  d e v i c e  
d e p e n d e n t  p r i m i t i v e s .  The d e v i c e  i n d e p e n d e n t  r o u t i n e s  i n v o k e  t h e
a p p r o p r i a t e  d e v i c e  i n s t r u c t i o n s  by s e l e c t i n g  t h e  p r i m i t i v e s  f o r  t h a t
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d e v i c e .  Each p r i m i t i v e  i s  i n v o k e d  by t h e  a p p r o p r i a t e  GKS command.
1. DRAW POLYLINE
To d r a w  one o r  mor e  . l i n e  s e g m e n t s  on t h e  p i x e l  v i e w  p o r t ,  t h e
C a r t e s i a n  ( x . z ) c o - o r d i n a t e s  d e f i n i n g  t h e  p o l y l i n e  a r e  
c o n v e r t e d  i n t o  t h e i r  c o r r e s p o n d i n g  p i x e l  c o - o r d i n a t e s  u s i n g
t h e  IPX and IFZ commands ( s e e  s e c t i o n  6 . 2 . 1 ) .  These  p i x e l
c o - o r d i n a t e s  a r e  t h e  p a r a m e t e r s  f o r  t h e  DRAW POLYLINE 
comma n d .
2.  F I L L  AREA
T h i s  d e f i n e s  a p o l y g o n  and p a i n t s  t h e  e n c l o s e d  a r e a  on t h e
v i e w  p o r t  i n  t h e  p r e v i o u s l y  s e l e c t e d  c o l o u r .  The c o l o u r  i s  
s e l e c t e d  u s i n g  a SET F I L L  AREA COLOUR command s p e c i f i c  f o r  
t h e  d e v i c e .  A g a i n  t h e  ( x . z )  c o - o r d i n a t e s  o f  t h e  p o l y g o n  i n  
t h e  C a r t e s i a n  Wi ndow s y s t e m  a r e  c o n v e r t e d  i n t o  t h e  p i x e l  
c o - o r d i n a t e s  u s i n g  t h e  IPX and IFZ commands.
7 . 2  HIDDEN L I NE AND HIDDEN SURFACE REMOVAL ALGORITHMS FOR SINGLE 
CONVEX CRYSTALS
W h e t h e r  t h e  d e v i c e  s e l e c t e d  s u p p o r t s  c o l o u r  o r  n o t  t h e  a l g o r i t h m  
f o r  t h e  h i d d e n  l i n e /  s u r f a c e  r e m o v a l  o p e r a t i o n  f o r  a s i n g l e  c e l l  i s  
i d e n t i c a l .  F o r  a s i n g l e  c e l l  t h e  p o l y g o n a l  mesh c o n t a i n s  i n f o r m a t i o n  
r e l e v a n t  t o  a s i n g l e  c o n v e x  b o d y .  Each f a c e t  f o r  t h e  c e l l  i s  h e l d  i n  
a L I S T - O F - F A C E T S , d e f i n e d  by a l i s t  o f  v e r t i c e s  i n  an a n t i - c l o c k w i s e  
o r i e n t a t i o n .  We can t h e r e f o r e  c o n s t r u c t  a s p e c i a l i s e d  h i d d e n  
l i n e / s u r f a c e  a l g o r i t h m  w h i c h  u s es  t h e  o r i e n t a t i o n  o f  eac h  f a c e t  t o  
e l i m i n a t e  h i d d e n  s u r f a c e s  and l i n e  s e g m e n t s .
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s i n c e  t h e  c r y s t a l  i s  c l o s e d  i t  i s  i m p o s s i b l e  t o  g e t  i n s i d e  t h e  
body  o f  t h e  c r y s t a l  w i t h o u t  c r o s s i n g  t h r o u g h  i t s  s u r f a c e .  I f  we 
p r o j e c t  t h e  v e r t i c e s  o f  t h e  c r y s t a l  o n t o  t h e  v i e w  p l a n e ,  by t a k i n g  t h e  
p r o j e c t e d  v e r t i c e s  o f  any  f a c e t  i n  t h e  same o r d e r  as t h e  o r i g i n a l ,  we 
f i n d  t h a t  e i t h e r  t h e  nev; t wo  d i m e n s i o n a l  p o l y g o n  i s  i n  an 
a n t i - c l o c k w i s e  o r i e n t a t i o n ,  i n  w h i c h  c a s e  we a r e  l o o k i n g  a t  t h e
o u t s i d e  o f  t h e  f a c e t ,  o r  t h e  p r o j e c t e d  v e r t i c e s  a r e  c l o c k w i s e  and we
a r e  l o o k i n g  a t  t h e  u n d e r s i d e .  S i n c e  t h e  o b j e c t  i s  c l o s e d  we a r e  
u n a b l e  t o  see t h e  i n s i d e  o f  t f i e  f a c e t s ,  t h e i r  v i e w  b e i n g  b l o c k e d  by 
t h e  b u l k  o f  t h e  c e l l .  T h e r e f o r e  we need o n l y  d r a w  t h e  a n t i - c l o c k w i s e
polygonal facets, or the 1ines bounding these facets.
7 . 2 . 1  ANTI - CLOCKWI SE OR CLOCKWISE ORIENTATION
To see i f  t h e  o r i e n t a t i o n  o f  a t wo  d i m e n s i o n a l  p o l y g o n  i s
c l o c k w i s e  o r  a n t i - c l o c k w i s e  we c o n s i d e r  t h e  f i r s t  t h r e e  v e r t i c e s  p 1 .
p 2 . d 3 a r o u n d  t h e  p r o j e c t e d  p o l y g o n  on t h e  v i e w  p l a n e .
Pi  = ( X 1 , d , z 1 ) 
p 2 = ( X2 , d , 22  ) 
p3 = { x 3 , d , z3 ) 
w h e r e  y=d i s  t h e  i n f i n i t e  v i e w  p l a n e .
We s y s t e m a t i c a l l y  d e f i n e  t h e  d i r e c t i o n s  o f  t h e  edges  o f  t h e  
p o l y g o n  t o  be
( O l - i U ) .  (.P_3-i l2) and ( Q ± - n l )  ■
S i n c e  t h e s e  l i n e s  a l l  l i e  i n  t h e  x / z  p l a n e  t h r o u g h  t h e  o r i g i n  we know 
t h a t  f o r  a l l  i = 1 , 2 ,  o r  3 and f o r  some r e a l  nu mb e r s  t h a t  d e p e n d s  on 
i
) = ( 0 , r - , 0 )
The a d d i t i o n  o f  s u b s c r i p t s  i s  m o d u l o  3.
T h i s  i s  b e c a u s e  t h i s  v e c t o r  p r o d u c t  i s  p e r p e n d i c u l a r  t o  t h e  x / z  p l a n e
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and -SO o n l y  t h e  y c o - o r d i n a t e  v a l u e  may be n o n - z e r o .  Be c a u s e  t h e  
v e r t i c e s  w e r e  t a k e n  s y s t e m a t i c a l l y  and t h e  f a c e t s  g e n e r a t e d  i n  a 
s t a n d a r d  o r i e n t a t i o n ,  t h e  s i g n  o f  t h e  v a l u e s  w i l l  be t h e  same.  
What  i s  mo r e  i m p o r t a n t  i s  t h a t  i f  t h e  12^ v a l u e s  a r e  c l o c k w i s e  t h e n  t h e
I ' ^  v a l u e s  a r e  a l l  p o s i t i v e ,  and i f  t h e  v a l u e s  a r e  a n t i - c l o c k w i s e
t h e n  t h e  1% v a l u e s  a r e  n e g a t i v e .  F o r  e x a m p l e  i n  f i g u r e  7 . 2 ,  t h e  
p r o j e c t e d  f a c e t  m a i n t a i n s  i t s  a n t i - c l o c k w i s e  o r i e n t a t i o n  and 
j a _ L = ( 1 , d , 0 ) ,  j D j ? = ( - 1 , d , 0 ) ,  ( - 2 , cl , - 1 ) , t h e n
( £ l - £ l ) = t - 1 . d , 0 ) - ( 1 , d , 0 ) = ( - 2 , 0 , 0 )
( 2 1 - 2 2 )  = ( - 2 , d , - 1  ) - ( - 1 ,d , 0 ) = ( - 1 , 0 , -  1)
( 121-23) = (1 , d , 0 ) - ( - 2 , d , - 1  ) - ( 3 , 0 ,  1 ) 
and t h e  v e c t o r  p r o d u c t s
(2 I - 2 I ) X ( 2 3 - 2 2 ) = ( - 2 , 0 , 0 ) x ( - 1 , 0 , - 1 ) = ( 0 , - 2 , 0 )
( 2 l - 2 2 ) x ( 2 l - 2 l ) = ( - 1 , 0 , - 1 ) x ( 3 , 0 , 1 ) = ( 0 , - 2 , 0 )
( 2 l - 2 l ) x ( 2 2 - 2 1 ) = ( 3 , 0 , 1 ) x ( - 2 , 0 , 0 ) = ( 0 , - 2 , 0 )  
r e s u J . t  i n  n e g a t i v e  r ^  v a l u e s .
f i g u r e  7 . 2
P r o j e c t e d  f a c e t  on t h e  v i e w  p l a n e  m a i n t a i n i n g  a n t i - c l o c k w i s e  o r i e n t a t i o n
2 3 = ( - 2 , d , -
p  1 =  ( 1 , d  , 0  )
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Hence by c o n s i d e r i n g  t h e  v a l u e s  o f  (2 2 .-2 1 ) x f o r  e v e r y
f a c e t  i n  t h e  L I S T - OF - F AC ET S f o r  t h e  c e l l  we can d e c i d e  i f  a f a c e t  i s  
h i d d e n  and w h i c h  a r e  v i s i b l e  i n  OBSERVFR s p a c e .  The p r o j e c t e d  f a c e t  
c o - o r d i n a t e s  i n  t h e  v i e w  p l a n e  a r e  c l i p p e d  t o  t h e  w i n d o w  s y s t e m .  I f  
t h e  f a c e t  i s  c l o c k w i s e  and h i d d e n  i t  i s  i g n o r e d ,  i f  i t  i s  
a n t i - c l o c k w i s e  and v i s i b l e  we f i l l  t h e  c o r r e s p o n d i n g  a r e a  on t h e  v i e w  
p o r t  w i t h  t h e  F I L L  AREA command and f o r  l i n e  d r a w i n g s ,  a DRAW POLYLINE 
i s  u s e d .
Each c o - o r d i n a t e  i s  c o n v e r t e d  i n t o  a p i x e l  on t h e  v i e w  p o r t  u s i n g  
IFX and I FY ( s e e  s e c t i o n  6 . 2 . 1 ) .  F o r  c o l o u r  p i c t u r e s  i n  a d d i t i o n  t o  
t h e  DRAW POLYLINE command a c o l o u r  i s  s e l e c t e d  and t h e  p o l y g o n a l  a r e a  
on t h e  v i e w  p o r t  c o r r e s p o n d i n g  t o  t h e  v i s i b l e  f a c e t .  The c o l o u r  i s  
s e l e c t e d  t o  h i g h l i g h t  t h e  s y m m e t r y  o f  t h e  c e l l  and each  f a c e t  
g e n e r a t e d  f r o m  a p a r t i c u l a r  f o r m  i n d e x  i s  c o l o u r e d  i n  t h e  same s h a d e .  
The c o l o u r  i s  s e l e c t e d  u s i n g  t h e  INDEX v a l u e  f o r  each  f a c e t  i n  t h e
L I S T - O F - F A C E T S ,  T h i s  INDEX c o n n e c t s  t h e  f a c e t  b a c k  t o  t f i e  i n f i n i t e
p l a n e  i n  t h e  L I S T - O F - P L A N E S , w h i c h  p r o d u c e d  t h e  f a c e t  i n  t h e  
c o n s t r u c t i o n  m o d u l e .  T h i s  i n  t u r n  c o n n e c t s  t h e  f a c e t  t o  t h e  o r i g i n a l  
u s e r  d e f i n e d  f o r m  i n d e x  wL i i ch  g e n e r a t e d  t h e  p l a n e .  Each f o r m  i n d e x  
has a u n i q u e  c o l o u r  a s s i g n e d  by t h e  d e f i n i t i o n  m o d u l e .
As an e x t e n s i o n  t o  t h e  l i n e  d r a w i n g  o p t i o n ,  r a t h e r  t h a n  e l i m i n a t e  
t h e  h i d d e n  f a c e t s  a l t o g e t h e r  we can r e p r e s e n t  t h e  h i d d e n  l i n e  s e g me n t s
as d a s h e d  l i n e s .  See f i g u r e  7 . 3 ,  7 . 4  and 7 . 5  f o r  e x a m p l e s  o f  s i n g l e
c e l l  p r o j e c t i o n s .
The a n t i - c l o c k w i s e ,  c l o c k w i s e  c o m p u t a t i o n s  h o l d  good  f o r  any  
p r o j e c t i o n .  F o r  t h e  mor e  g e n e r a l  p o l y g o n a l  mesh and t h e  q u a d - t r e e  
d i s p l a y  a l g o r i t h m s ,  d i f f e r e n t  c o m p u t a t i o n s  a r e  r e q u i r e d  t o  c o r r e c t l y  
e l i m i n a t e  l i n e s  and s u r f a c e s  d e p e n d i n g  on t h e  p r o j e c t i o n  s e l e c t e d .
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F i g u r e  7 . 3
P r o j e c t i o n s  o f  s i n g l e  c e l l s  ( l i n e  d r a w i n g s
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7■3 HIDDEN LI NE ALGORITHMS FOR MULTIPLE STRUCTURES 
THE POLYGONAL MESH DISPLAY
W i t h  m u l t i p l e  c e l l s  i t  i s  no l o n g e r  p o s s i b l e  t o  use t h e  s i m p l e  
h i d d e n  l i n e  a l g o r i t h m  and we mus t  r e v e r t  t o  a mor e  s o p h i s t i c a t e d
g e n e r a l  h i d d e n  l i n e  a l g o r i t h m  i n  w h i c h  each  l i n e  o f  t h e  p i c t u r e  mu s t
be comp a r e d  w i t h  e v e r y  f a c e t .  Some p a r t s  o f  t h e  l i n e  may be v i s i b l e
and o t h e r s  o b s c u r e d  o r  h i d d e n  by o t h e r  f a c e t s  i n  t h e  s t r u c t u r e .
B e f o r e  t h e  g e n e r a l  h i d d e n  l i n e  a l g o r i t h m  i s  used a l l  t h e  s u p p r e s s e d  
and n o n - s u p p r e s s e d  l i n e  s e g me n t s  mus t  be e x p l i c i t  i n  t h e  p o l y g o n a l  
me s h .
The p o l y g o n a l  mesh d i s p l a y .......... i u , . a new d i s p l a y  a l g o r i t h m  w h i c h
p r e - p r o c e s s e s  t h e  p o l y g o n a l  mesh by s u b - d i v i d i n g  t h e  d i s c r e t e  f a c e t
s u r f a c e s  i n t o  c o n v e x  r e g i o n s  bounded  by l i n e  s e g me n t s  each  o f  w h i c h  
has a b i n a r y  code  ( s u p p r e s s / n o n - s u p p r e s s ) .  T h i s  means t h a t  t h e  d a t a
mo d e l  i n  t h e  f o r m a t  o f  a p o l y g o n a l  mesh mu s t  be ex p a n d e d  i n t o  t h e
e x t e n d e d  p o l y g o n a l  mesh ( i f  n o t  a l r e a d y  i n  t h i s  f o r m a t ) ,  by a c t i v a t i n g  
t h e  m a n i p u l a t i o n  m o d u l e .  As a r e s u l t  each  l i n e  i n  t h e  mesh w i l l  be 
g i v e n  a s u p p r e s s / n o n - s u p p r e s s  code  and a l l  l i n e s  o f  i n t e r s e c t i o n  w i l l  
be r e p r e s e n t e d  e x p l i c i t l y .  T h e r e a f t e r  t h e  i n d i v i d u a l  c e l l s  i n  t h e  
n o n - c o n v e x  p o l y h e d r o n  a r e  o r i e n t e d  i n t o  o b s e r v e  p o s i t i o n  u s i n g  t h e  
d i s p l a y  m a t r i x  D, and p r o j e c t e d  o n t o  t h e  v i e w  p l a n e  u s i n g  t h e  s e l e c t e d  
p r o j e c t i o n  t e c h n i q u e .  Once i n  t h i s  f o r m  we can use t h e  g e n e r a l  h i d d e n  
l i n e  a l g o r i t h m  t o  c o mp u t e  t h e  f i n a l  i m a g e .
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7 . 3 . 1  GENERAL HIDDEN LI NE ALGOR ITHM
I n  t h e  g e n e r a l  h i d d e n  l i n e  a l g o r i t h m  [ G o t l l i e b ,  197*^; W^lvc. , 
Romney,  Evans and E r d a h l ,  1967 ]  e v e r y  l i n e  segmen t  i s  c ompar ed  w i t h  
e v e r y  s u b - f a c e t  i n  t h e  mesh.  B e f o r e  c o m p a r i s o n  commences ,  we can 
é l i m i n a  t e
a) t h e  s u p p r e s s e d  l i n e s  f r o m  t h e  c o m p a r i s o n ,  s i n c e  t h e y  a r e  a l r e a d y  
h i d d e n  and
b) d e l e t e  t h e  p r o j e c t e d  s u b - f a c e t s  w i t h  c l o c k w i s e  o r i e n t a t i o n .  These 
s u b - f a c e t s  a r e  o b v i o u s l y  o b s c u r e d  by o t h e r  f a c e t s  i n  t h e  c e l l  j u s t  as 
t h e y  w e r e  o b s c u r e d  i n  t h e  s i n g l e  c e l l .  ( O n l y  t r u e  b e c a u s e  t h e
n o n - c o n v e x  body  i s  composed o f  c o n v e x  c e l l s ) .
Each p r o j e c t e d  l i n e  w i t h  n o n - s u p p r e s s  code  i s  compa r ed  w i t h  e v e r y  
p r o j e c t e d  s u b - f a  c e t  r e t a i n i n g  a n t i - c l o c k w i s e  o r i e n t a t i o n  t o  see i f  any 
segmen t  o f  t h e  l i n e  l i e s  w i t h i n  t h e  p r o j e c t e d  s u b - f a c e t .  I f  t h e r e  i s
no such  s egmen t  we c o n t i n u e  t o  t h e  n e x t  s u b - f a c e t .  O t h e r w i s e  we
c o n s i d e r -  t h e  u n p r o j e c t e d  l i n e  and s u b - f a c e t  as t h e y  o c c u r  i n  t h e  t h r e e  
d i m e n s i o n a l  OBSERVER s p a c e .  I f  t h e  l i n e  i n  t h r e e  d i m e n s i o n a l  o b s e r v e r  
space  c o r r e s p o n d i n g  t o  t h e  p r o j e c t e d  s egmen t  w i t h i n  t h e  s u b - f a c e t  l i e s  
i n  f r o n t  o f  t h e  s u b - f a c e t  i n  t h r e e  d i m e n s i o n a l  o b s e r v e r  s p a c e ,  t h e n  
t h e  p r o j e c t e d  s egmen t  i s  v i s i b l e ,  i f  i t  l i e s  b e h i n d  t h e  s u b - f a c e t ,  t h e  
l i n e  s egmen t  i n  t h r e e  d i m e n s i o n a l  o b s e r v e r  space  w i l l  be h i d d e n  and 
hence  t h e  p r o j e c t e d  l i n e  s egmen t  s h o u l d  n o t  be d r a w n .
Suppose  t h a t  t h e  t y p i c a l  l i n e  F3 i n  o b s e r v e r  sp a c e  j o i n s  t h e  t wo 
p o i n t s  ( X 1 , y 1 , z 1) and ( x 2 , y 2 , z 2 )  t h e n  t h e  g e n e r a l  p o i n t  on t h i s  l i n e  
i s
( 1 - 0 ) ( x 1 , y 1 , z 1 )  + $ ( x 2 , y 2 , z 2 )  
wh e r e  cti i s  some r e a l  n u m b e r . I f  O<0<1 t h e  g e n e r a l  p o i n t  l i n e s  b e t w e e n  
t h e  t wo p o i n t s  ( x l , y 1 , z 1 )  and ( x 2 , y 2 , z 2 ) .  L e t  t h e  p r o j e c t i o n  o f  t h e
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p o i n t s  ( x l , y 1 , z 1 )  and ( x 2 , y 2 , z 2 )  ;i n t h e  WINDOW s y s t e m  be ( x 1 ' , z 1 ' )  and 
( x 2 ' , z 2 ’ ) r e s p e c t i v e l y ,  and P3 i s  p r o j e c t e d  t o  T2 w i t h  t h e  g e n e r a l  
p o i n t
( 1 -  Q ) ( x 1 ' , z 1 ' )  + Q ( x 2 ' , z 2 ' )
L e t  a t y p i c a l  s u b - f a c e t  V3 be p r o j e c t e d  t o  an a r e a  V2 and t h e
p r o j e c t e d  v e r t i c e s  on t h i s  p o l y g o n  a r e
V2 = { ( X i  , z:i. ) I 1 = 1 .............  I N}
Then t h e  i t h  edge i n  V2 has a g e n e r a l  p o i n t
( 1 -  A ) ( x i , z i ) +  A ( x i + 1 , z i + 1 )  w h e r e  0<A<1
a d d i t i o n  m o d u l o  I N “^ \
Assume t h a t  P2 c u t s  t h e  e x t e n d e d  i t h  edge o f  t h e  V2 a t  t h e  p o i n t  
(1 -  A ' ) ( x i , z i ) t  A ■ ( X i  H  , z i  + 1 )
I f  A ' < 0  o r  A ' > 1 t h e n  T2 i n t e r s e c t s  t h e  i t h  edge o u t s i d e  t t i e  a r e a  V2.  
I f  0< A ' < 1  t h e n  P2 c r o s s e s  t h e  a r e a  o f  V2 a t  a p o i n t  on i t s  i t h  edge .  
S i n c e  t h e  p r o j e c t i o n  o f  a c o n v e x  f a c e t  i s  a c o n v e x  a r ea  on t h e
p r o j e c t i v e  p l a n e ,  t h e n  t h e  number  o f  c r o s s i n g  p o i n t s  i s  e i t h e r  z e r o
( h e n c e  no i n t e r s e c t i o n  and t h e  f a c e t  i g n o r e d )  o r  t w o .
N o t e :  The f a c t  t h a t  t h e  p r o j e c t i o n  o f  a c o n v e x  f a c e t  i s  a c o n v e x
a r e a  on t h e  p r o j e c t i v e  p l a n e  i s  a f u n d a m e n t a l  p r o p e r t y  o f  t h e s e  
p r o j e c t i o n s ,  i t  comes d i r e c t l y  f r o m  t h e  p r o p e r t i e s  o f  such 
p r o j e c t i o n s .
1. A s t r a i g h t  l i n e  p ]• o j e c t s  t o  a s t r a i g h t  l i n e .
T h i s  i s  i m p l i c i t l y  o b v i o u s  b e c a u s e  t h e  eye and t h e  l i n e  f o r m  
a p l a n e  i n  t h r e e  d i m e n s i o n s .  ( I f  t h e  l i n e  e n t e r s  t h e  eye t h e  
p l a n e  d e g e n e r a t e s  i n t o  a l i n e ) .  T h i s  p l a n e  c u t s  t h e  
p e r s p e c t i v e  p l a n e  i n  a l i n e  ( o r  d e g e n e r a t e s  t o  a p o i n t ) and 
t h e  s t a t e m e n t  i s  p r o v e d .
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2 .  The p r o - j e c t i o n  o f  a f a c e t  (a c l o s e d  s e q u e n c e  o f  c o p l a n a r  l i n e  
s e g me n t s  i s  a f a c e t  i n  t h e  p r o t e c t i v e  p l a n e .
I f  t h e  f a c e t  i s  an a r e a  h ounded  by n c o p l a n a r  l i n e  segmen t s  
t h e n  t h e  t r a n s f o r m  o f  t h i s  f a c e t  i s  n a t u r a l l y  an a r e a  i n  t h e  
p r o j e c t i v e  p l a n e  b o unded  by t h e  t r a n s f o r m s  o f  t h e  n l i n e  
s e g m e n t s .
3.  A c o n v e x  f a c e t  p r o  j e c t s  t o  a c o n v e x  a r e a  .
U s i n g  t h e  d e f i n i t i o n  i n  C o x e t e r  [ C o x e t e r ,1 963 , p 1 26 ]  , "A 
r e g i o n  i s  s a i d  t o  be c o n v e x  i f  i t  c o n t a i n s  t h e  w h o l e  o f  t h e  
s e g me n t  j o i n i n g  e v e r y  p a i r  o f  i t s  p o i n t s " .  A c o n v e x  a r e a  i s  
n e c e s s a r i l y  c l o s e d ,  and. we know f r o m  ( 2 )  t h a t  a c l o s e d  f a c e t  
p r o j e c t s  t o  a c l o s e d  a r e a  on t h e  p e r s p e c t i v e  p l a n e .  We can 
p r o v e  t h e  s t a t e m e n t  by c o n t r a d i c t i o n .  L e t  us s u p p o s e  t h a t  
t h e  s t a t e m e n t  i s  f a l s e ,  and a c o n v e x  f a c e t  does  n o t  p r o j e c t  
t o  a c o n v e x  a r e a .  Then t h e r e  mu s t  e x i s t  a t  l e a s t  t wo  p o i n t s ,
P 1 and p_2, i n  t h e  f a c e t ,  wh i  cl) p r o j e c t  t o  p1 ' and p2 ' i n  t h e  
p e r s p e c t i v e  p l a n e ,  such  t h a t  p a r t  o f  t h e  l i n e  segmen t  b e t w e e n  
p 1 ‘ and d2 ' ■ l i e s  o u t s i d e  t h e  c l o s e d  a r e a .  S i n c e  a s t r a i g h t  
l i n e  p r o j e c t s  t o  a s t r a i g h t  l i n e ,  t h e r e  mu s t  be a p o i n t  i n  
t h e  f a c e t  b e t w e e n  j i i  and q 2 _  t h a t  p r o j e c t s  o n t o  t h e  l i n e
s e g me n t  o u t s i d e  t h e  c l o s e d  a r e a .  T h i s  i s  i m p o s s i b l e  as t h e
a r e a  w o u l d  no l o n g e r  be c l o s e d ,  so t h e  s t a t e m e n t  i s  f a l s e .
R e t u r n i n g  t o  P2 and V2,  i f  we f i n d  t wo  such c r o s s i n g  p o i n t s  on t h e
l i n e  V 2  g i v e n  by t h e  v a l u e s  Grnin and 0max,  0mi n<0max ,  t h a t  i s  t h e  
p o i n t s  a r e
( 1 -  0 m i n ) ( X r  , 2 r  ) + 0 m i n ( x 2 ’ , z 2 ' )  
and
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(1 - 0ma X ) ( X 1'  , z 1 ’ )+ 0ma X ( X 2■ , 2  2 '  )
and 0max and 0mi n  . l i e  i n  t h e  r a n g e  [ 0 , 1 ]
I t  i s  n e c e s s a r y  t o  d i s c o v e r  w h e t h e r  t h e  s egmen t  o f  ï ' 3  b e t w e e n  t h e  
0 n p r  0 j  e c t  e d p o i n t s  c o r r  e s p o n d i  n g t o  t h e s e  p r o j e c t e d  p o i n t s  i s  v i s i b l e  
o r  n o t .  The me t h o d  used d e p e n d s  on t h e  p r o j e c t i o n  s e l e c t e d .
PERSPECTIVE
F i n d  t h e  m i d - p o i n t  o f  t h e  se g me n t  o f  t h e  p r o j e c t e d  l i n e  f r o m  0mi n  t o
Ornax
( x m i d , z m i d ) = (1 - 0 m i d ) ( x 1'  , z 1'  ) + 0 m i d ( x 2 ' , z 2 ‘ ) 
w h e r e  0 m i d = ( 0 ma x +  0 m i n ) / 2  
We t h e n  f i n d  t h e  p o i n t  ( x , y , z ) - o n  F3 t h a t  has ( x m i d , z m i d )  as i t s  
p r o j e c t i o n .  The l i n e  s e g me n t  i s  h i d d e n  i f  and o n l y  i f  ( x , y , z )  and t h e
eye l i e  on o p p o s i t e  s i d e s  o f  t h e  i n f i n i t e  p l a n e  c o n t a i n i n g  V 3 .
The e q u a t i o n  o f  V3 can be f o u n d  f r o m  t h e  L I S T - O F - F A C E T S . V3 i s
i n  a SUB-FACET l i s t  f o r  one o f  t h e  f a c e t s  i n  one o f  t h e  c e l l s .  Each 
f a c e t  i s  c o n n e c t e d  t o  t h e  L I ST- OF- PLANES by and INDEX code  i n  t h e  
L I S T - O F - F A C E T S . T h i s  INDEX code  p r o v i d e s  a c o n n e c t i o n  t o  t h e  ACTUAL 
and OBSERVE a n a l y t i c  r e p r e s e n t a t i o n s  o f  t h e  i n f i n i t e  p l a n e  c o n t a i n i n g  
t h e  f a c e t  and he n c e  V 3 . G i v e n  t h e  e q u a t i o n  f o r  V3 i n  o b s e r v e  p o s i t i o n  
i s
f ( X , y , 2 ) =Ax + By + Cz + D
t hen
and
f  ( X , y , 2 ) = Ax + By »• Cz + D
f ( 0 , 0 , 0 ) =  D
The l i n e  se g me n t  i s  h i d d e n  i f  and o n l y  i f  f ( x , y , z )  has t h e  o p p o s i t e  
s i g n  t o  f ( 0 , 0 , 0 ) .
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To c o mp u t e  ( x , y , z )  we c o n s i d e r  t h e  p r o p e r t i e s  o f  t h e  p e r s p e c t i v e  
p r o j e c t i o n .  To p r o d u c e  t h e  p r o j e c t e d  p o i n t  ( x m i d . y m i d )  t h e r e  e x i s t s  
X , y , z such t h a t
A , ,A . .  ^ A , , A  . , , . ,x . d / y = x m i d  and z . d / y = z m i d  ( i )
w h e r e  y=d i s  t h e  p r o j e c t i v e  p l a n e .  We a l s o  know t h a t  ( x , y , z )  l i e  on
r'3 , so f o r  some v a l u e  o f
x ^ ( 1 - $ )  x1 + 0 x2 ( i i  )
$ = ( 1 - 0 )  y1 + 0 y2 ( i i i )
z = ( 1 - 0 )  z1 + 0 z2 ( i v )
I f  i n  e q u a t i o n  ( i )  we r e p l a c e  x by e q u a t i o n  ( i i ) ,  y by e q u a t i o n  ( i i i )
and z by e q u a t i o n  ( i v )  t h e n  we g e t  t h e  f o l l o w i n g :
xmi d  = ( ( X 1+0 ( x 2 - X  1 ) ) . d ) /  ( y 1 + <t) ( y 2 - y 1 ) )  
and
z m i d = ( ( z 1 + 0  ( z 2 - z 1 ) ) . d ) / ( y 1+0 ( y 2 - y 1 ) )
The o n l y  unknown i s  t h e n  ^  and by r e a r r a n g i n g  we f i n d  t h a t  t h e  
e q u a t i o n  f o r  $ i s :
x m i d . y i - x i . d  z m i d . y i - z i . d
$ =------------------------------------------------ r --------- ------------------------ --------
( X 2 - X 1 ) . d - x m i d ( y 2 - y 1) ( z 2 - z 1) . d - z m i d ( y 2 - y 1)
From t h i s  we can c o mp u t e  0 and h e n c e  ( x , y , z ) .  G i v e n  f ( x , y , z )  and
f ( 0 , 0 , 0 )  we c ompar e  t h e  s i g n s  and s i n c e  f ( 0 , 0 , 0 ) = 0 ,  w h e r e  D<0 ( due  t o
s t a n d a r d i s a t i o n ,  see s e c t i o n  G . 3 . 1 )  t h e n  t h e  l i n e  s egmen t  i s  v i s i b l e  
A A A  A A A
i s  f ( x , y , z ) > 0  and h i d d e n  i f  f ( x , y , z ) <0 .
ORTHOGRAPHIC
As ab o v e  we f i n d  t h e  m i d - p o i n t s  o f  t h e  s e g me n t ,  i . e .  ( x m i d , z m i d ) .  
S i n c e  t h e s e  p r o j e c t i o n s  a r e  p a r a l l e l  we know t h a t  t h e  p o i n t  on F3 t h a t  
p r o j e c t s  t o  ( x m i d , z m i d )  has t h e  same x and z c o - o r d i n a t e s .  T h e r e f o r e  
t o  c h e c k  i f  t h e  l i n e  s egmen t  i s  v i s i b l e  we need o n l y  compa r e  t h e
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u n p r o j e c t e d  c o - o r d i n a t e s  o f  t h e s e  two p o i n t s  t o  see w h i c h  i s  i n  f r o n t .  
*•
y t h e  y c o - o r d i n a t e  o f  t h e  p o i n t  on l i n e  P3 w i t h i  x m i d .  zmi d  as
i t s  X and z c o - o r d i n a l e  i.s 
*
y =(1 -  O m i d ) y 1+ 0mi d  y 2 
The a n a l y t i c  r e p r e s e n t a t i o n  o f  t h e  p l a n e  c o n t a i n i n g  93 i s  
f  ( X  . y . 2 1 = AX + By f  Cz i- D 
f o r  a p o i n t  on t h e  pJ.ane 
f  ( X , y , z ) = 0
1 *
y t h e  y c o - o r d i n a t e  o f  t h e  p o i n t  on t h e  p l a n e  w i t h  xmi d  and zmi d  as
i t s  X .  z c o - o r d i n a t e  s a t i s f i e s ;
1 1  11 
f ( x m i d , y , z m i d ) = A . x mi d  f By + C . z m i d  i D = 0
so ....
* 1
y = - ( D+C. z m i d + A . x m i d ) / B
*■ A 1
I f  y < y t h e n  t h e  .Tine se g me n t  i s  h i d d e n ,  o t h e r w i s e  t h e  segmen t  i s  
v i s i b l e .
CL IN06R.APH I C
T h i s  i s  a l s o  a p a r a l l e l  p r o j e c t i o n  so t h e  c o m p u t a t i o n  f o r  d i s c o v e r i n g  
w h e t h e r  a l i n e  se g me n t  i s  h i d d e n  o r  n o t  i s  s i m i l a r  t o  t h e  c o m p u t a t i o n s  
f o r  t h e  o r t h o g r a p h i c  p r o j e c t i o n .  I n  t h e  c l i n o g r a p h i c  p r o j e c t i o n  t h e  
p o i n t  c o r r e s p o n d i n g  t o  t h e  p r o j e c t e d  v e r t e x  ( x m i d , z m i d )  i s  o f  t h e  f o r m  
( x m i d , y ~ , c o s ( 3 7 / 6 ) . z m i d )  s i n c e  a l l  t h e  z c o - o r d i n a t e s  a r e  s c a l e d  by 
s e c ( 3 7 / 6 )  d u r i n g  p r o j e c t i o n .  t h e r e a f t e r  t h e  c o m p u t a t i o n  r e m a i n s
u n c h a n g e d .
No m a t t e r  w h i c h  me t hod  we a r e  u s i n g  t o  c o mpu t e  t h e  h i d d e n
s e g m e n t s ,  we m a i n t a i n  a r e c o r d  o f  a l l  s e g me n t s  o f  t h e  l i n e  w h i c h  a r e  
h i d d e n . When a l i n e  has been c ompar ed  w i t h  a l l  t h e  s u b - f a c e t s ,  we
d r a w  o n l y  t h e  v i s i b l e  l i n e  s e g me n t s  t h a t  a r e  l e f t .  F i g u r e  7 . 6  g i v e s
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F i  g u r  e 7 . G
P r o j e c t i o n s  u s i n g  p o l y g o n a . l  rnosl i  d i s p l a y
3 0 9 ( i )
3 0 9 ( i i )
F i g u r e  7 . G c o n t
3 0 9 ( i i i )
some e x a m p l e s  o f  l i n e  d r a w i n g s  u s i n g  t h i s  m e t h o d .
7 . 3 . 2  GENERAL HIDDEN SURFACE ALGORITHM
A g e n e r a l  h i d d e n  s u r f a c e  a l g o r i t h m  [ W e i l e r  and 4 v \ t h e r t o n .  1977;  
H a m l i n  and Ge a r ,  1977]  can a l s o  be used w i t h i n  t h e  p o l y g o n a l  mesh 
d i s p l a y ,  t h i s  w i l l  o u t p u t :  c o l o u r  i mages  r a t h e r  t h a n  t h e  l i n e  d r a w i n g  
p r o d u c e d  by t h e  g e n e r a l  h i d d e n  l i n e  a l g o r i t h m .  Fo r  t t i i  s a l g o r i t h m  we 
assume t h a t  a l l  o b j e c t s  a r e  c l o s e d .  They need n o t  be c o n v e x ,  b u t  each 
mus t  be c l o s e d  and i t s  s u r f a c e  mu s t  be composed  o f  c o n v e x  f a c e t s  w h i c h  
a r e  s t o r e d  i n  a n t i - c l o c k w i s e  o r i e n t a t i o n .  Thus i t  i s  i m p o s s i b l e  t o  
see t h e  u n d e r s i d e  o f  any  f a c e t ,  t h a t  i s ,  when p r o j e c t e d  o n t o  t h e  
p r o j e c t i v e  p l a n e  we see o n l y  f a c e t s  t h a t  m a i n t a i n  t h e i r  a n t i - c l o c k w i s e  
o r i e n t a t i o n .  A g a i n  f o r  t h i s  a l g o r i t h m  t h e  f a c e t s  and o b j e c t s  mu s t  be 
r e p r e s e n t e d  i n  t h e  e x t e n d e d  p o l y g o n a l  mesh,  and each  s u b - f a c e t  i n  a 
s t a n d a r d  a n t i - c l o c k w i s e  o r i e n t a t i o n .  F u r t h e r m o r e ,  t h e  a l g o r i t h m  i s  
o n l y  a p p r o p r i a t e  t o  a c o l o u r  d e v i c e ,  w h e r e  t h e  F I L L  AREA command w i l l  
o b l i t e r a t e  and o v e r w r i t e  any  p r e v i o u s  p i x e l  i n t e n s i t i e s  on t h a t  a r e a  
o f  t h e  v i e w  p o r t .
I n  o r d e r  t o  p r o d u c e  t h e  h i d d e n  s u r f a c e  p i c t u r e  o f  a scene  t h a t  i s  
a l r e a d y  s t o r e d  i n  i t s  OBSERVE p o s i t i o n ,  each  s u b - f a c e t  o f  t h e  c e l l s  i n  
t h e  mesh mu s t  be c ompar ed  w i t h  e v e r y  o t h e r  t o  d i s c o v e r  w h e t h e r  t h e i r  
p r o j e c t i o n s  o v e 1 1 a p on t h e  v i e w  p l a n e .  Because  o f  t h e  above  
r e s t r i c t i o n s  p l a c e d  on t h e  t y p e  o f  body  t h a t  can be used i n  t h i s  
a l g o r i t h m ,  we need o n l y  c ompar e  t h e  v i s i b l e  s u b - f a c e t s  and hence  o n l y  
t h e  s u b - f a c e t s  o f  t h e s e  need c o n c e r n  us .  The v i s i b l e  f a c e t s  a r e  t h o s e  
w h i c h  m a i n t a i n  t h e i r  a n t i - c l o c k w i s e  o r i e n t a t i o n  a f t e r  p r o j e c t i o n .
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We co mp a r e  e v e r y  s u b - f a c e t  o f  t h e  v i s i b l e  f a c e t s  w i t h  e v e r y  o t h e r  
v i s i b l e  s u b - f a c e t .  I f  t h e  p r o j e c t i o n  o f  t h e s e  v i  s i. b J. e s u b - f a c e t s  
o v e r l a p  we need t o  f i n d  w h i c h  s u b - f a c e t  l i e s  i n  f r o n t  and w h i c h  
b e h i n d .  Once t h i s  i n f o r m a t i o n  i s  c o m p l i e d  we can c o n s t r u c t  a p a r t i a l
o r d e r i n g  n e t w o r k  f r o m  t h e  back  o f  t h e  s c ene  t o  t h e  f r o n t  t o  g e t  a
c o r r e c t  s u r f a c e  p j .  c t  u r  e .
The a l g o r i t h m  f o r  d i s c o v e r i n g  w h e t h e r  t wo  s u b - f a c e t  VI and V2
o v e r l a p  when p r o j e c t e d  r e l i e s  on t h e  c o n c e p t  o f  an i n s i d e  and an 
o u t s i d e  o f  a c o n v e x  p o l y g o n  [ C y r u s  and Deck ,  1970;  L a i n g  and B a r s k y ,
1 903 ] .
Suppose  we have  a c o n v e x  p o l y g o n  w i t h  n v e r t i c e s ;
{ ï ï= ( x^ , ) I i  = 1 , 2 , . . . n }
t a k e n  i n  o r d e r  a r o u n d  t h e  p o l y g o n .  The n b o u n d a r y  edges  o f  t h e  
p o l y g o n  a r e  s e g me n t s  o f  t h e  l i n e s :
g . ( x , z ) = ( x . - x . ) . ( z - z . ) - ( z  , - z . ) . ( x - x  ]1 1+1 1 1 1+1 1 1
w h e r e  i = 1 , . . . n ,  and t h e  a d d i t i o n  i n  t h e  s u b s c r i p t s  i s  m o d u l o  n.
T h i s  s y s t e m a t i c  d e f i n i t i o n  o f  t h e  l i n e s  e n a b l e s  us t o  d e f i n e  t h e
i n s i d e ,  t h e  o u t s i d e ,  and t h e  b o u n cl a r  y o f  t h e  c o n v e x  a r  e a .
1. i n s i d e :
The i n s i d e  o f  t h e  p o l y g o n  i s  g i v e n  by : 
{ ( x , z ) | s i g n  o f  g ^ ( x , z )  = s i g n  o f  g^ ( x^^^ , z ^^^ ^
2.  b o u n d a r y :
A p o i n t  on t h e  bo u n d a r y  i s  g i v e n  by:
{ ( x , z ) l t h e r e  e x i s t s  a t  l e a s t  one j  wher e  
1 < j < n  such t h a t  g ^ ( x , z ) = 0  and
s i g n  o f  g ^ ( x , z )  = s i g n  o f  + 1 < i < n }
3 1 1
3 . o u t s  i  c) ê ;
A p o i n t  on t h e  o u t s i d e  o f  t h e  a r e a  i s  d e f i n e d  by :
{ ( X . 2 ) 1t  h e r  e e x i s t s  one j , 1< j  < n such t h a t
O^s i gn  o f  g ( x . ^ j A s i g n  o f  g s ( x .  z .  „ ) A0 }
]  s j  J  +  Z  'J +  2
Th i s  c o n c e p t  o f  i n s i d e  and o u t s i d e  i s  f u n d a m e n t a l  t o  t h e  p r o b l e m o f  
c o mp u t i n g  t he  o v e r l a p  bet ween two s u b - f a c e t s .  S i nce  t h e  s u b - f a c e t s  we 
are  c o n s i d e r i n g  a re  v i s i b l e  t h e y  w i l l  be o r i e n t e d  i n  an a n t i - c l o c k w i s e  
d i r e c t i o n .  t h e r e f o r e  f o r  a p o i n t  ( x , z )  t o  be i n s i d e  t he  s u b - f a c e t  i t s  
s i g n  s h o u l d  be p o s i t i v e .
To d e m o n s t r a t e  t h i s  l e t  us r e c o n s i d e r  t h e  f a c e t  i n  f i g u r e  7 . 2 .  
We know t h a t  t h e  p o i n t  ( 0 . 0 , - 0 . 1 )  l i e s  i n s i d e  t he  f a c e t  i n  t he  WINDOW 
sys t em.
g 1 ( x , z )  = ( -1 , -  1) .  ( z - O ) - ( O - O ) . ( x - 1 ) = - 2 z  
g 2 ( x , z )  = ( -  2+1 ) . ( z - O ) - ( - l - O )  . ( x + 1 ) = - z  + x+1 
g 3 ( x , z ) = ( 0 . 5 + 2 ) . ( 2 + 1 ) - ( - 1 . 5 + 1 ) . ( x + 2 ) = 2 . 5 2 + 0 . 5x+3
g 4 ( x , 2 ) = ( 1 - 0 . 5 ) . ( z H . 5 ) ~ ( 0 + 1 . 5 ) . ( x - 0 . 5 ) = 0 . 5 z - 1 . 5 x + 1 . 5
hence
g 1 ( 0 . 0 , - 0  . 1 ) =0 . 2>0 
g 2 ( 0 . 0 , - 0 .  1 ) = 1 . 1>0 
g 3 ( 0 . 0 , - 0 . 1 ) = 3 . 2 3 ) 0  
g 4 ( 0 . 0  , - 0 . 1 ) = 1 . 5 5 ) 0  
as r e q u i r e d
R e t u r n i n g  t o  t h e  h i d d e n  s u r f a c e  a l g o r i t h m ,  we s t o r e  t h e  p r o j e c t e d  
X and z c o - o r d i n a t e s  o f  s u b - f a c e t  VI i n  a r r a y  XF( 1 , . . . )  and ZF( 1 , . . . )  
r e s p e c t i v e l y .  We t a k e  one l i n e  f r o m  s u b - f a c e t  V2 and c u t  o f f  a l l  
p a r t s  o f  VI t h a t  l i e  on t he  n e g a t i v e  s i d e  o f  t h e  l i n e ,  t h e  r e s u l t i n g  
p o l y g o n  i s  p l a c e d  i n  a r r a y s  XF ( 2 , . . . )  and Z F ( 2 , . . . ) .  We t a k e  t he  n e x t
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l i n e  o f  V? and c ompar e  i t  w i t h  t h e s e  v a l u e s  and s t o r e  t h e  r e s u l t  i n  
X F ( 1 , . . . ) ,  and ZF ( 1 , . . . ) e t c . When we have  c ompar ed  VI  w i t h  a l l  t h e  
l i n e s  o f  V? we a r e  l e f t  w i t h  t h e  p o l y g o n  t h a t  i s  common t o  b o t h  
s u b - f a c e t s .  I f  a t  any  t i m e  t h e  p o l y g o n  becomes e m p t y ,  t h e r e  i s  no 
o v e r l a p  b e t w e e n  V 1 and V2 and we c ompar e  t h e  n e x t  p a i r  o f  s u b - f a c e t s .
I f  t h e  s u b - f a c e t s  do o v e r l a p  t h e n  we e x t e n d  a l i n e  f r o m  t h e  eye 
t o  i n t e r s e c t  a t  a p o i n t  i n s i d e  t h e  common p o l y g o n  and f i n d  t h e  
i n t e r s e c t i o n s  w i t h  s u b - f a c e t s  VI  and V 2.  The p o i n t  we c hoos e  
( x m i d , z m i d ) ,  i s  t h e  me d i a n  o f  t h e  f i r s t  t h r e e  p o i n t s  o f  t h e  p o l y g o n  
common t o  VI  and V2.  C o m p a r i n g  t h e  y c o - o r d i n a t e s  o f  t h e  r e s p e c t i v e  
i n t e r s e c t i o n s  e n a b l e s  us t o  d i s c o v e r  w h i c h  o f  VI  and V2 i s  i n  f r o n t  
and w h i c h  i s  a t  t h e  b a c k .  ....
As i n  t h e  g e n e r a l  h i d d e n  l i n e  a l g o r i t h m  t h e  c a l c u l a t i o n s  r e q u i r e d  
t o  c o mp u t e  t h e  u n p r o j e c t e d  y c o - o r d i n a t e s  d e p e n d s  upon t h e  p r o j e c t i o n  
c h o s e n .
PERSPECTIVE
L e t  us c o n s i d e r  VI  i n i t i a l l y ,  Xn f i g u r e  7 . 7  i s  a s c h e m a t i c  
d i a g r a m  o f  t h e  r e l a t i o n s h i p  b e t w e e n  t h e  p r o j e c t i v e  p l a n e ,  t h e  eye and 
V I .  The p o i n t  £ = ( x , y , z ) i s  t h e  p o i n t  on VI  c o r r e s p o n d i n g  t o  t h e  
p r o j e c t e d  p o i n t  £ £ = ( x m i d , z m i d ) ,  T h e  eye i s  a t  t h e  o r i g i n  p 1 = ( 0 . 0 . 0 ) .
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f i g  7 . 7
s c h e m a t i c  d i a g r a m  o f  t he  r e J . a t i o o s h i p  between t he  p r o j e c t i v e  p l a n e ,  
t he  eye and t h e  f a c e t
The p e r p e n d i c u l a r  d i s t a n c e  f r om 2 I  t o  t h e  i n f i n i t e  p l a n e  c o n t a i n i n g  VI 
i s  g i v e n  by:  
f  ( 0 , 0 , 0 ) =D
and t h e  p e r p e n d i c u l a r  d i s t a n c e  f r om j d _ 2  t o  t he  i n f i n i t e  p l a n e  o f  VI i s  
g i v e n  by:
f ( x m i d , d , z m i d ) = A . x m i d + B . d+C. z m i d 1D
where f ( x , y , z )  i s  t he  a n a l y t i c  r e p r e s e n t a t i o n  o f  t he  p l a ne  i n  OBSERVER space 
From s i m i l a r  t r i a n g l e s  we know t h a t  t he  d i s t a n c e  Â1 ( f r o m  £j [  t o  i s  
D / c 0 s ( T )
and t h e  d i s t a n c e  A2 ( f r o m  q 2. t o  ) i s  
( A . x m i d + B . d + C . z m i d t D ) / c o s ( T )
A g e n e r a l  p o i n t  j d  ’ on t h e  l i n e  f r om jaJ_ t o  £ 2  s a t i s f i e s  t he  e q u a t i o n :
!>■ = ( 1 -  F J j q 1 +  InZ
d i s t a n c e  f r om j d ' t o  ^
where =-- --------------------------------------------
d i s t a n c e  f r o m p2 t o  pi
and i n  p a r t i c u l a r  g. (a p o i n t  o f  t h i s  l i n e )  i s  g i v e n  by:
3 1 4
F. 1 = - A l  - - ( D ) /  c 0 s ( T )
( A2“ A 1 ) ( A . xmid + B . dnC. zmid + 0 ) / c o s ( r ) - D, / c o s ( r )
-D
( A . xmi d  + 8 . d  + C . z m i d )
S i m i l a r l y  f o r  V2 t h e  E v a l u e  g i v i n g  t h e  p o i n t  on V2 c o r r e s p o n d i n g  t o  
t h e  p r o j e c t e d  p o i n t  ( x m i d . y m i d )  i s :  
t 2  = - D'
( A ' . x m i d  + B ' . d ) + C '  . z m i d )
w h e r e
f  ( X , y , z ) z A ' . x + B " . y + C ' . z + D '
i s  t h e  a n a l y t i c  r e p r e s e n t a t i o n  o f  t h e  p l a n e  c o n t a i n i n g  V2.
I f  t h e n  V2 i s  i n  f r o n t  and VI  i s  a t  t h e  b a c k ,  o t h e r w i s e  VI
i s  i n  f r o n t  and V2 a t  t h e  b a c k .
ORTHOGRAPHIC AND CLINOGRAPHIC
Her e  ( x m i d , z m i d )  i s  t h e  p r o j e c t i o n  o f  t h e  p o i n t  ( x m i d , y " , z m i d )  o r  
( x m i d , y ~ , z m i d . c o s ( 3 7 / 6 ) )  i n  t h e  c l i n o g r a p h i c  p r o j e c t i o n .  To c o mpu t e  
t h e  y~ v a l u e s  f o r  each  f a c e t  we i n s e r t  t h e  x and z c o - o r d i n a t e s  o f  t h e
p o i n t  i n t o  t h e  f u n c t i o n a l  r e p r e s e n t a t i o n  o f  f a c e t  VI  and V2 and
r e a r r a n g e  t o  f i n d  t h e  c o r r e s p o n d i n g  y c o - o r d i n a t e  ( s ee  s e c t i o n  7 . 2 ) .  
Hence f o r  VI  t h e  c o r r e s p o n d i n g  y c o - o r d i n a t e  y ' i s  g i v e n  b y :  
y ' = - ( D + C . z  + A . x m i d ) / 8
and f o r  V2 t h e  c o r r e s p o n d i n g  y c o - o r d i n a t e  y ' i s  g i v e n  by :  
y ' ' = - ( D ‘ +C ‘ . z  + A ' . x m i d ) / B '
t
w h e r e  z =zmi d  i n  t h e  o r t h o g r a p h i c  p r o j e c t i o n
z = z m i d . ( E & ( ^ 7 / G )  i n  t h e  c l i n o g r a p h i c  p r o j e c t i o n .
I T  y ' < y ‘ ‘ t h e n  VI  i s  i n  f r o n t  and V2 b e h i n d * o t h e r w i s e  V2 i s  i n  f r o n t  
and VI  b e h i n d .
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NETWORK
The f i n a l  s t a ge  i n  t he  a l g o r i t h m  uses t he  s u b - f a c e t  f r o n t / b a c k  
i n f o r m a t i o n  t o  p r oduc e  a n e t w o r k  o f  i n f o r m a t i o n  abou t  t he  r e l a t i v e  
p o s i t i o n s  o f  t h e  s u b - f a c e t s .  Every  v i s i b l e  s u b - f a c e t  i s  compared w i t h  
e v e r y  o t h e r  v i s i b l e  s u b - f a c e t  and f o r  each v i s i b l e  s u b - f a c e t  VI  t h e r e  
i s  a l i n k e d  l i s t  ( L I S ( I ) )  t h a t  c o n t a i n s  t he i n d i c e s  o f  a l l  t he  f a c e t s  
t h a t  l i e  i n  f r o n t  o f  i t  and an a r r a y  G( I )  t h a t  c o n t a i n s  the number  o f  
s u b - f a c e t s  t a t  VI  o b s c u r e s .
We t h en  c r e a t e  a s t a c k  on wh i c h  we i n i t i a l l y  ' p u s h '  any s u b - f a c e t  
t h a t  does no t  o b s c u r e  any o t h e r  ( t h a t  i s ,  whose G v a l u e  i s  z e r o ) .  
Then one a t  a t i me  we ' p o p '  a f a c e t  s u b - f a c e t  o f f  t h e  s t a c k  and draw 
i t  on t he  s c r e e n ,  t he  area i s  c o l o u r e d  u s i n g  FILL AREA and o n l y  t he 
edges w h i c h  have n o n - s u p p r e s s  codes a re  drawn i n  b l a c k .  Once a 
s u b - f a c e t  i s  d rawn ,  we go down t he  l i n k e d  l i s t  f o r  t h a t  s u b - f a c e t  and 
dec r emen t  t h e  G c o u n t s  f o r  each s u b - f a c e t  i n  t h e  l i s t .  I f  t h e  6 coun t  
f o r  any s u b - f a c e t  becomes z e r o  t hen  t he  number  o f  t h a t  s u b - f a c e t  i s  
pushed o n t o  t h e  s t a c k .  E v e n t u a l l y  t h i s  met hod,  c a l l e d  t o p o l o g i c a l  
s o r t i n g ,  [ K n u t h ,  1973]  g i v e s  t he  c o r r e c t  o r d e r  i n  wh i c h  f a c e t s  may be 
drawn t o  g i v e  t h e  t r u e  back t o  f r o n t  h i d d e n  s u r f a c e  v i ew .
There i s  a s e r i o u s  l i m i t a t i o n  t o  t h i s  a l g o r i t h m .  Th i s  a l g o r i t h m  
w i l l  n o t  wor k  i f  t h e r e  i s  a s u b - f a c e t  t h a t  A t h a t  i s  i n  f r o n t  o f  (>)  
s u b - f a c e t  8 > s u b - f a c e t  C e t c .  > s u b - f a c e t  A. I f  such a s i t u a t i o n  
a r i s e s  t h e  t o p o l o g i c a l  s o r t  w i l l  be u n a b l e  t o  c o mp l e t e  because t h e r e
w i l l  be a l o o p  i n  t h e  n e t w o r k  and a t  some p o i n t  b e f o r e  t he  p i c t u r e  i s
c o m p l e t e l y  drawn t h e  s t a c k  w i l l  become empty and t h e r e  w i l l  be no
f u r t h e r  s u b - f a c e t  w i t h  a z e r o  G v a l u e .
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DATA STRUCTURES
The l i n k e d  l i s t  and s t a c k  a r e  i m p l e m e n t e d  u s i n g  t h e  HEAP a r r a y .  
Each e n t r y  i n  t h e  HEAP a r r a y  h o l d s  two v a l u e s ,  t h e  i n  Forma t  i o n  and t h e  
p o i n t e r . Whenev e r  s t o r e  i s  r e q u i r e d  f o r  a l i n k e d  l i s t  o r  s t a c k  ( w t i i c h  
i s  i t s e l f  a l i n k e d  l i s t ) ,  t h e  n e x t  FRFE-HEAP l o c a t i o n  i n  HEAP i s  made 
a v a i l a b l e  and t h e  FREE-HEAP v a l u e  i s  c h a n g e d .  The g a r b a g e  c o l l e c t o r
w i l l  e n s u r e  t h a t  w h e n e v e r  a l o c a t i o n  i s  no l o n g e r  needed  i t  i s
r e - a l l o c a t e d  t o  t h e  FREE-HEAP l i s t .  The s t a c k  can o n l y  become empt y  
when a l l  t h e  v i s i b l e  s u b - f a c e t s  have  been d r a w n .  L I S ( I )  h o l d s  t he  
p o s i t i o n  o f  t h e  f i r s t  e n t r y  i n  t h e  . l i n k e d  l i s t  o f  s u b - f a c e t s  i n  f r o n t  
o f  s u b - f a c e t  I ,  and G ( I )  h o l d s  t h e  number  o f  s u b - f a c e t s  b e h i n d  
s u b - f a c e t  I .  E v e r y  t i m e  we f i n d  i c . s u b - f a c e t , J , w h i c h  i s  i n  f r o n t  o f
s u b - f a c e t  I ,  a new l i n k  i s  added t o  t h e  l i s t  f o r  s u b - f a c e t  J and G ( I )
i s  i n c r e m e n t e d  by one.
The t o p o l o g i c a l  s o r t  commences once  t h e  s u b - f a c e t  c o m p a r i s o n s  a r e  
c o m p l e t e  and t h e  L I S  and G c o u n t s  a r e  c o r r e c t l y  a s s i g n e d .  
TOP-OF-STACK i s  t h e  t o p  o f  t h e  s t a c k  w i t h i n  HEAP, and any i n f o r m a t i o n  
i s  a l w a y s  r emoved  f r o m  t h e  t o p  o f  t h e  s t a c k  by a ' p o p '  o p e r a t i o n ,  
i n f o r m a t i o n  i s  added t o  t h e  t o p  o f  t ) i e  s t a c k  by t h e  ' pust i  ' o p e r a t i o n .
7 . 4  HIDDEN LI NE ALGORITHMS FOR MULTIPLE STRUCTURES
QUAD-TREE DISPLAY ALGORITHM
T h i s  i s  t h e  s ec ond  d i s p l a y  a l g o r i t h m  uses  q u a d - t r e e  e n c o d i n g  and 
e l i m i n a t e s  t h e  need t o  p r e - p r o c e s s  t h e  d a t a  p r i o r  t o  p r o j e c t i o n .  I t  
i s  u n n e c e s s a r y  f o r  t h e  d a t a  t o  be i n  t h e  e x t e n d e d  p o l y g o n a l  mesh 
f o r m a t ,  i t  i s  s u f f i c i e n t  f o r  each  c e l l  t o  be d e f i n e d  and r e p r e s e n t e d  
by a p o l y g o n a l  mesh ( s e e  c h a p t e r  t w o )  i n  OBSERVER s p a c e .
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The ( ] u a d ' t r e e  d i s p l a y  i  s a m o d i f i e d  a p p r o a c h  t o  t h e  g e n e r a l
q u a d - t r e e  a l g o r i t h m  [ S i d h u  and B o u t e ,  19 7 2;  T a n i m o t o , 1977;  H u n t e r  and
S t e i g l i z ,  19 7t^ ; Woodwar k ,  1904,  A y a l a ,  B r u n e t ,  Juan and Na v a z o ,  1905 ] .
T h i s  t e c h n i q u e  r e l i e s  on t he  f a m i l i a r  s chernes o f  r e c u r s i o n  t o  p e r f o r m
s p a t i a l  e n u m e r a t i o n  and d e c o m p o s i t i o n  as d e m o n s t r a t e d  by t h e  mor e
g e n e r a l  q u a d - t r e e  and o c t - t r e e  a p p r o a c h  [ M e a g h e r , 19 8 2 ] .  I t
Ni n c o r p o r a t e s  t h e  use o f  an N d i m e n s i o n a . l  b i n a r y  t r e e  ( o r  a 2 - a r y  
t r e e )  w h e r e  N i s  t h e  d i m e n s i o n  o f  t h e  o b j e c t  b e i n g  e n c o d e d ,  based  on 
t h e  g e n e r a l  c o n c e p t s  p r o p o s e d  by C l a r k  [ C l a r k , J . 197 G] .  I n  t h e  
q u a d - t r e e  a l g o r i t h m  we a r e  n o t  a t t e m p t i n g  t o  en c o d e  t h e  t h r e e  
d i m e n s i o n a l  c r y s t a l s ,  b u t  t h e  t wo d i m e n s i o n a l  p r o j e c t i o n s .  To enc o d e
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t h e  t h r e e  d i m e n s i o n a l  c r y s t a l  s t r u c t u r e s  w o u l d  r e q u i r e  a 2 t r e e  o r
o c t - t r e e  e n c o d i n g  a l g o r i t h m  [ M e a g h e r , 19 8 2 ] .  However  b o t h  t h e  o c t - t r e e  
and q u a d - t r e e  r e q u i r e  s i m i l a r  schemes o f  s p a t i a l  e n u m e r a t i o n  and
r  e g LI 1 a r  d e c o m p o s i t i o n .
I n  t h e  q u a d - t r e e  a l g o r i t h m  s i n c e  N=2,  we r e q u i r e  a 
t w o - d i m e n s i o n a l  f r e e  s t r u c t u r e  o r  q u a d - t r e e  t o  decompose  t h e  p r o j e c t e d  
c r y s t a l s  i n t o  t h e i r  f i n a l  s c r e e n  i m a g e .  The q u a d - t r e e  i s  g e n e r a t e d  by 
s u c c e s s i v e l y  d i v i d i n g  a t wo d i m e n s i o n a l  r e g i o n  on t h e  v i e w  p o r t  i n t o  
q u a d r a n t s .  Each node on t h e  q u a d - t r e e  has f o u r  d a t a  e l e m e n t s  one f o r  
each  q u a d r a n t  i.n t h e  r e g i o n  see f i g u r e  7 . 8  I f  a l l  t h e  p i x e l s  w i t ) i i n  a 
q u a d r a n t  have  t h e  same c o l o u r  ( homogeneous  q u a d r a n t ) t h e  c o r r e s p o n d i n g  
r e g i o n  on t h e  v i e w  p o r t  i s  c o l o u r e d  u s i n g  t h e  F I L L  AREA command.  
O t h e r w i s e  t h e  q u a d r a n t  i s  s a i d  t o  be h e t e r o g e n e o u s  and t h e  q u a d r a n t  
d i v i d e d  i n t o  f o u r  f u r t h e r  q u a d r a n t s  see f i g u r e  7 . 9 .
T h i s  d i v i s i o n  w i l l  c o n t i n u e  u n t i l  t h e  q u a d r a n t  r e p r e s e n t s  a 
p i x e l .  I f  t h e  p i x e l  i s  f o u n d  t o  be h e t e r o g e n e o u s  t h e n  t h i s  p i x e l  
c o r r e s p o n d s  t o  a r e g i o n  b e t w e e n  i n t e r s e c t i n g  f a c e t s  i n  t h e  mesh and i s
3 1 8
F i g u r e  7 . 0
R e g i o n  o f  t wo  d i m e n s i o n a l  s pac e  d i v i d e d  i n t o  a number  o f  q u a d r a n t s  and 
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F i g u r e  7 . 9
R e g i o n  o f  t wo  d i m e n s i o n a l  sp a c e  w i t d i  t wo l e v e l s  o f  q u a d r a n t s  and t h e  
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c o l o u r e d  b l a c k .  The l i n e s  o f  i n t e r s e c t i o n  b e t w e e n  i n t e r s e c t i n g  f a c e t s  
a r e  h enc e  a u toma t  i c a  1 J.y c o mp u t e d  d u r i n g  t h e  o p e r a t i o n  o f  t h e  q u a d - t r e e  
d i  s p l a y .
I n i t i a l l y ,  a l l  t h e  f a c e t s  a r e  s t o r e d  i n  a l i s t  and t h e  v i e w  p o r t  
i s  e n c o d e d  i n t o  s q u a r e  r e g i o n s ,  each  r e p r e s e n t e d  by an i n i t i a  1 
q u a d r a n t . A q u a d - t r e e  w i l l  be c o n s t r u c t e d  f o r  each  i n i t i a l  q u a d r a n t ,  
and each  q u a d r a n t  has a c o r r e s p o n d i n g  i n i t i a l  WINDOW i n  t h e  v i e w  
p l a n e .  We co mp a r e  e v e r y  f a c e t  i n  t h e  l i s t  w i t h  t h e  s q u a r e  r e g i o n  o f  
t h e  w i n d o w  on t h e  v i e w  p l a n e .  Any f a c e t  t h a t  when p r o j e c t e d  l i e s  
o u t s i d e  t h e  r e g i o n  o f  t h e  w i n d o w  i s  d e l e t e d  f r o m  t h e  l i s t ,  t h o s e  t h a t  
i n t e r s e c t  o r  l i e  t o t a l l y  i n s i d e  a r e  r e t a i n e d .  The q u a d r a n t  and t h e  
w i n d o w  a r e  d i v i d e d  i n t o  f o u r  new q u a d r a n t s  and f o u r  c o r r e s p o n d i n g  
w i n d o w  r e g i o n s  o f  e q u a l  s i z e .  The p r o c e s s  i s  r e p e a t e d  u n t i l  we a r e  
l e f t  w i t h  z e r o  o r  one f a c e t  i n  t h e  l i s t ,  o r  t h e  w i n d o w  e q u a t e s  w i t h  a 
p i x e l  on t h e  v i e w  p o r t .  I f  no f a c e t s  a r e  l e f t  i n  t h e  l i s t  t h e n  no 
p a r t  o f  t h e  o b j e c t s  . l i e  i n  t h a t  p a r t  o f  t h e  v i e w  p o r t  d e f i n e d  by t l i e  
w i n d o w  and so n o t h i n g  i s  d r a w n . I f  one f a c e t  r e m a i n s ,  t h e  w i n d o w  i s  
c o h e r e n t  o r  homogeneous  and a w i n d o w  s i z e d  s q u a r e  o f  p i x e l s  i s  d r awn  
on t h e  v i e w  p o r t  i n  t h e  c o r r e c t  p o s i t i o n  and c o l o u r .  I f  mor e  t h a n  one 
f a c e t  r e m a i n s  when t h e  p r o c e s s  has r e a c h e d  p i x e l  l e v e l ,  t h e n  t h e  
c o r r e s p o n d i n g  w i n d o w  mu s t  be o v e r  an edge i n  t h e  non c o n v e x  p o l y h e d r o n  
w h i c h  i s  h i g h l i g h t e d  by c o l o u r i n g  t h e  p i x e l  b l a c k .
T h e r e  a r e  s e v e r a l  a d v a n t a g e s  t o  t h i s  d i s p l a y  a I g o r i  t h m :
1. T h e r e  i s  a s i n g l e  p r i m i t i v e  s h a p e ,  a s q u a r e  w h i c h  s i m p l i f i e s  
t h e  c o m p u t a t i o n s .
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2.  Any o b j e c t  can be r e p r e s e n t e d  t o  t h e  p r e c i s i o n  o f  t h e
s ni a J, .1. e s t  s q n a r e  ( a p i  x e 1 o n t  l i e in o n 1 1 o r  ) .
3.  New t e c t i n i q u f f ;  a r e  no I  needed  t u  h a n d l e  mo i e  c o m p l e x  o r
s 0 p h i  s t  i. c a t  e d s fi a p e s .
4.  We can use t h e  e n c o d i n g  a l g o r i t h m  t o  a u t o m a t i c a l l y  c o n s t r u c t  
c r y s t a l  edges  and i n t e r s e c t i o n s ,  and no p r e - p r o c e s s i n g  i s  
r e q u i r e d  on t h e  c e l l s .
5.  The a l g o r i t h m  i s  e a s i e r  t o  i m p l e m e n t  t h a n  t h e  p o l y g o n a l  mesh
d i s p l a y  b e c a u s e  o f  t h e  use o f  t h e  s q u a r e  q u a d r a n t s .
H o we v e r ,  i t  i s  a r e c u r s i v e  t e c h n i q u e  and i s  v e r y  d e m a n d i n g  on c o m p u t e r  
p owe r  p a r t i c u l a r l y  when u s i n g  h i g h  r e s o l u t i o n  g r a p f i i c s  d e v i c e s  and a 
l a r g e  number  o f  i n t e r s e c t i n g  F a c e t s  w h e r e  m u l t i p l e  c o m p a r i s o n s  
c o n t i n u e  down t o  p i x e l  l e v e l .
7 . 4 . 1  DEFINITIONS
The o b j e c t s  i n  t h e  s c ene  a r e  t h e  p r o j e c t e d  f a c e t s  ( t w o  d i m e n s i o n a l )  o f
t h e  f u n d a m e n t a l  c e l l s  on t h e  v i e w  p l a n e .
A l l  o b j e c t s  e x i s t  w i t h i n  t h e  u n i v e r s e .  The u n i v e r s e  i s  a f i n i t e  
s e c t i o n  o f  t wo d i m e n s i o n a l  v i e w  p l a n e ,  t h e  u n i o n  o f  t h e  i n i t i a l  WINDOW 
s y s t e m s  c o r r e s p o n d i n g  t o  t h e  i n i t i a l  q u a d r a n t s  on t h e  v i e w  p o r t .  I t
i 3 d e f i n e d  by a p a i r  o f  o r t h o g o n a l ,  axes  ( x . z ) . and t h e  c e n t r e  o f  t h e
r e g i o n  has t h e  c o - o r d i n a t e s  ( 0 . 0 , 0 . 0  ) . T h i s  u n i v e r s e  w i l l  be mapped 
e x a c t l y  o n t o  t h e  g r a p h i c s  v i e w  p o r t .
The u n i v e r s e  i s  d i v i d e d  i n t o  a number  o f  i n i t i a l  WINDOW s y s t e m s .  Each 
w i n d o w  s y s t e m  i s  d e f i n e d  r e l a t i v e  t o  t h e  x ,  z axes  o f  t h e  u n i v e r s e ,  
t h e  d i s p l a c e m e n t  i n  t h e  x and z d i r e c t i o n s  i s
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- e<x+XORI G(e ,  -eSz+ZORIG<o
Where ( XOR I G, ZOR I G ) i s  t h e  c e n t r e  o f  t h e  WINDOW s y s t e m  r e l a t i v e  
t o  t h e  u n i v e r s e  o r g i n .
he n c e  2e i s  t h e  l e n g t h  o f  t he  edges  o f  t h e  w i n d o w s .  These  i n i t i a l  
w i n d o w s  c o r r e s p o n d  t o  a s q u a r e  q u a d r a n t  on t h e  v i e w  p o r t  composed o f  a
p i x e l  m a t r i x  o f  2^  ^ by 2*  ^ ( f o r  some i n t e g e r  n ) .
The h i e r a r c h i c a l  q u a d - t r e e  e n c o d e s  each i n i t i a l  WINDOW s y s t e m  i n  t h e
u n i v e r s e  o n t o  t h e  c o r r e s p o n d i n g  g r a p h i c s  m a t r i x  i n  t h e  v i e w  p o r t .
The space beyond the universe is void, no ob3ect can exist outside the 
u n i v e r s e  and any  p a r t  o f  an o b j e c t  i n  t h e  v o i d  w i l l  n o t  be e n c o d e d .
I f  t h e  g r a p h i c s  m a t r i x  i s  2^x2*^'  and t h e  l e v e l  o f  a node i s  t h e
d i s t a n c e  i n  edges  f r o m  t h e  r o o t  w h i c h  i s  c a l l e d  l e v e l  0,  t h e n  t h e
maxi mum d e p t h  o f  t h e  q u a d - t r e e  w i l l  be l e v e l  n.  A t  t h e  n t h  l e v e l  each
node r e p r e s e n t s  a p i x e l  on t h e  v i e w  p o r t .
The e n c o d e d  scene  i s  t h u s  d e f i n e d  as a t r e e ,  each node o f  t h e
t r e e  can have  f o u r  c h i l d r e n .  The s t a t u s  o f  each  node a t  l e v e l  k i n
t h e  t r e e  i s  d e f i n e d  by an o r d e r e d  p a i r  ( P , E ( k ) )  wh e r e  P i s  a f i n i t e  
s e t  o f  p r o p e r t i e s  and E ( k ) j.s t h e  l i s t  o f f a c e t s  r e l e v a n t  t o  t h e  
w i n d o w  a t  t h i s  q u a d r a n t  0<k<n.  A t  l e v e l  z e r o  E ( 0 )  i s  t h e  c o m p l e t e  
l i s t  o f  f a c e t s  i n  t h e  n o n - c o n v e x  p o l y h e d r o n  and t h e  c o r r e s p o n d i n g  
g r a p h i c s  m a t r i x  i s  composed o f  2 2 p i x e l s .  A t  l e v e l  k ,  t h e
d i m e n s i o n  o f  t h e  q u a d r a n t  i s  2^ ^ ^ 2 ^  ^ and when k = n we a r e  a t  t h e
maxi mum l e v e l  o f  r e s o l u t i o n  and t h e  node i s  e q u i v a l e n t  t o  a p i x e l  on
t h e  v i e w  p o r t .
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The p I" o p C; r  t  y i s  a s i  m p :i. e cJ (■* s c r  i. p t  x o n o f  t  e s t a t e  o f  t h e  w i  o d o w ,
Ti a V j, n g t h e  v a I  u e s ;
EMPTY i n d i c a t i n g  t h e  w i n d o w  i s  e n t i r e l y  f r e e  o f  any  p r o j e c t e d  
f  a c e t  s
FULL i n d i c a t i n g  t l i o  w i n d o w  i s  c o m p l e t e l  y o c c u p i e d  by a
p r o j e c t e d  f a c e t  w h i c h  i s  d e n o t e d  by t h e  l i s t  E ( k ) .
UNDECIDED i n d i c a t i n g  t h a t  a t  tdie k t f i  l e v e l  o f  r e s o l u t i o n  
a m b i g u i t y  e x i s t s  i n  t h e  w i n d o w  and no d e c i s i o n  can be t a k e n  
a t  t i n s  s t a g e  o v e r  w h i c h  f a c e t  s h o u l d  f i l l  t h e  w i n d o w .
EMPTY and FULL a r e  t e r  m i n a 1 nodes  w h e r e a s  UNDECIDED i s  a n o n - t e r m i n a l
node w h i c h  means t h a t  t h e  node v w i l l  have  f o u r  c h i l d r e n  each  c h i l d
r e p r e s e n t i n g  a d i v i s i o n  o f  t h e  p r e s e n t  w i n d o w  and a f u r t h e r  d i v i s i o n
o f  t h e  q u a d r a n t  i n t o  s m a l l e r  q u a d r a n t s .
I f  an u n d e c i d e d  w i n d o w  o c c u r s  a t  t h e  n t h  l e v e l  ( t h e  h i g h e s t  
r e s o l u t i o n ) ,  t h e n  t h e  w i n d o w  i s  e c p r i v a l e n t  t o  a s i n g l e  p i x e l  on t h e  
g r a p h i c s  s c r e e n .  S i n c e  t h i s  i s  t h e  h i g h e s t  l e v e l  o f  r e s o l u t i o n  we a r e  
u n a b l e  t o  d i v i d e  t h e  q u a d r a n t  o r  t h e  w i n d o w  f u r t h e r ,  and so t h i s  
w i n d o w  r e p r e s e n t s  an a r e a  o f  i n t e r s e c t i o n  b e t w e e n  f a c e t s ,  and i s  
h i g h l i g h t e d  on t h e  v i e w  p o r t  by a b l a c k  p i x e l ,  i t  w i l l  t h e n  be a 
t e r m i n a l  n ode .
As soon as a t e r m i n a l  node i s  r e a c h e d  t h e  c o r r e s p o n d i n g  p i x e l  
a r e a  i s  c o l o u r e d  and we c o n t i n u e  t o  c o n s t r u c t  t h e  q u a d - t r e e  i n  a d e p t h  
f i r s t  ma n n e r  by r e t u r n i n g  t o  a l o w e r  l e v e l  w h e r e  t h e  p r e c e d i n g  non 
t e r m i n a l  node was e n c o u n t e r e d .
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7 . 4 . 2  QUAD-TREE ENCODING
To g e n e r a t e  t h e  q u a d - t r e e ,  we commence a t  l e v e l  0 w h e r e  t h e  E ( 0 )  
c o n t a i n s  e v e r y  f a c e t  i n  t h e  s c e n e .  A r e c u r s i v e  a l g o r i t h m  i s  used t o  
d i v i d e  t h e  i n i t i a l  q u a d r a n t s  i n t o  t - xponen t.i  a .1 l y  s m a l l e r  a r e a s .  The
r e c u r s i o n  t e r m i n a t e s  e i t h e r  when a t e r m i n a l  node i s  r e a c h e d ,  o r  we 
r e a c h  l e v e l  n i n  t h e  t r e e .
E x c e p t  i n  t h e  t r i v i a l  c a s e s  when one f a c e t  c o m p l e t e l y  f i l l s  t h e  
i n i t i a l  w i n d o w ,  o r  t h e  w i n d o w  i s  e m p t y ,  t h e  r o o t  o f  t h e  q u a d - t r e e
( l e v e l  0) w i l l  have  t h e  p r o p e r t y  UNDECIDED.  At  t h e  j - l t h  l e v e l  o f
r e c u r s i o n ,  a node a t  l e v e l  ( j - l ) t h  on t h e  q u a d - t r e e  r e p r e s e n t s  t h e  
e n c r y p t i o n  o f  q u a d r a n t  o f  (2^^ ^ ' ' ) x ( 2 ' '  p i x e l s .  L e t  us say t h i s
node c o r r e s p o n d s  t o  a q u a d r a n t  w i t h  t h e  p r o p e r t y
UNDECIDED.  From t h i s  p a r e n t  t h e r e  w i l l  t ie f o u r  c h i l d r e n ,  each  w i l l
r e p r e s e n t  t h e  e n c r y p t i o n  o f  a q u a d r a n t  o f  t h e  p a r e n t .  See f i g u r e  7 . 1 0  
L e t  us c o n s i d e r  one o f  i t s  c h i l d r e n  shaded  i n  f i g u r e  7 . 1 0 .  A d e c i s i o n  
a l g o r i t h m  i s  i n v o k e d  t o  c o mp u t e  t h e  p r o p e r t y  o f  t h e  no d e .  T h i s  
d e c i s i o n  a l g o r i t h m  c h e c k s  i f  t h e  w i n d o w  c o r r e s p o n d i n g  t o  t h e  node i s
1. f r e e  o f  a l l  p r o j e c t e d  f a c e t ,  i n  w h i c h  case  t h e  w i n d o w  has t h e  
p r o p e r t y  EMPTY.
2.  w h e t h e r  a s i n g l e  f a c e t  f i l l s  t h e  w i n d o w  i n  w h i c h  cas e  t h e
node h a s p r  o p e r  t  y FUL L .
3 .  a m b i g u i t y  e x i s t s  and no d e c i s i o n  can be made a t  t h i s  l e v e l  i n
t h e  t r e e ,  t h e  node i s  UNDECIDED.
Nodes w i t h  t h e  p r o p e r t y  EMPTY o r  FULL a r e  t e r m i n a l  n o d e s ,  and a t  t h i s
p o i n t  t h e  r e c u r s i o n  c e a s e s ,  t h e  p r o p e r t y  P ( j )  o f  t h e  node i s  s e t  t o  
EMPTY o f  FULL,  r e s p e c t i v e l y .  I f  t h e  node i s  EMPTY, t h e n  E ( j )
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F i g u r e  7.  10




F i g u r e  7 . 11  
D i s j o i n t  f a c e t s ;
Cb^ovA^FatNt
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r e p r e s e n t s  an e mp t y  a r e a  on t h e  g r a p h i c s  s c r e e n .  I f  t h e  node i s  FULL,  
t h e n  E ( j )  r e p r e s e n t s  l : l ie p r o j e c t e d  Fa c e t  t h a t  f i l l s  t h i s  w i n d o w .  When 
a t e r m i n a l  node i s  i - eac hed ,  r e c u r s i o n  s t o p s  a n d ^ d r o p  down i n t o  t h e  
p r e v i o u s  l e v e l  o f  r e c u r s i o n  and c o n s i d e r  any r e m a i n i n g  s i b l i n g s  o f  
t h i s  no d e ,  o r  any r e m a i n i n g  n o n - t e r m i n a l  nodes  i n  l e v e l  j - 1 .
W i t h  t h e  n o n - t e r m i n a l  nodes  we c o n t i n u e  w i t h  t h e  r e c u r s i o n .  
P r o v i d e d  j?^n t h e  node i s  d i v i d e d  i n t o  f o u r  c l i i l d r e n  n 1 , r i 2 , n 3 , n 4 .  The 
r e c u r s i v e  a l g o r i t h m  i s  c a l l e d  f o r  node n1,  f o l l o w e d  by n2,  n3,  and n4.  
I f  j = n  and t h e  node i s  s t i l l  UNDECIDED,  we have  r e a c h e d  a node w h i c h  
r e p r e s e n t s  t h e  i n t e r s e c t i o n  b e t w e e n  two f a c e t s .  We s e t  E ( n )  t o  
r e p r e s e n t  a b l a c k  p i x e l ,  and r e s e t  t h e  p r o p e r t y  t o  FULL,  and d r o p  o u t  
o f  t h i s  l e v e l  o f  r e c u r s i o n .
The d e c i s i o n  p r o c e d u r e  t h a t  a n a l y s e s  a w i n d o w  t a k e s  as i n p u t  a 
l i s t  o f  f a c e t s  t h a t  m i g h t  be r e l e v a n t  t o  t h e  w i n d o w ,  and t h e  d i m e n s i o n  
and p o s i t i o n  o f  t h e  c o r r e s p o n d i n g  q u a d r a n t  on t h e  v i e w  p o r t ,  f r o m  
w h i c h  we can c o mp u t e  t h e  p o s i t i o n  and s i z e  o f  t h e  w i n d o w  ont i ' i e v i e w  
p l a n e  u s i n g  t h e  i n v e r s e  o f  IFX and I FZ i . e .  g i v e n  t h e  p i x e l  q u a d r a n t  
we c o mp u t e  t h e  c o r r e s p o n d i n g  w i n d o w  on t h e  v i e w  p l a n e .  A t  l e v e l  0,  
t h e  l i s t  c o n s i s t s  o f  a l l  t h e  p r o j e c t e d  f a c e t s  i n  e v e r y  c e l l  o f  t h e  
p o l y g o n a l  mesh .  The d e c i s i o n  p r o c e d u r e  t h e n  c l a s s i f i e s  t h i s  i n i t i a l  
l i s t  o f  f a c e t s  i n t o  t h r e e  g r o u p s .
1 . D i s j o i n t  f a c e t s
No p a r t  o f  t h e  f a c e t  o v e r l a p s  t h e  w i n d o w  see f i g u r e  7 . 11
2. Intersecting facets
These  f a c e t s  f a l l  w h o l l y  o r  p a r t i a l l y  w i t h i n  t h e  w i n d o w  see 
f i g u r e  7 , 1 2  and 7 . 1 3
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F i g u r e  7 , 1 2
I n t  e r  s e c t  i. n g f  a c e t
F i  g u r  e 7 . 1 3  
I n t  e r  s et: L i n g  f  a c e t  
i n s i d e  q u a d r a n t
F i g u r e  7 . 1 4  
S u r r o u n d i n g  f a c e t
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3 . Su y r  o u ne) .1 n g f  a c e L s
Ttie.se f a c e t s  c o m r . i l e t e l y  s u r r o u n d  t ) i e  w i n d o w  see f i g u r e  7 . 1 4
C l e a r l y ,  d i s j o i n t  f a c e t s  a r e  n o t  r e l e v a n t  t o  t l i e  w i n d o w  and a r e  
d i s g u a r d e d  f r o m  t l i e  i n i t i a l  . l i s t .  The r e m a i n i n g  f a c e t s  mus t  tie 
c o n s i d e r e d  i n  mor e  d e t a i l .
F i r s t  h o w e v e r ,  l e t  us c o n s i d e r  how t o  d e c i d e  w h e t h e r  a f a c e t  i s  
d i s j o i n t ,  i n t e r s e c t i n g  o r  s u r r o u n d i n g  t h e  w i n d o w .  We use a me t hod  
s i m i l a r  t o  t h e  t e c h n i q u e  o u t l i n e d  i n  s e c t i o n  7 . 3 . 2  w h e r e  we f o u n d  t h e  
o v e r l a p  b e t w e e n  t wo p r o j e c t e d  f a c e t s .  T h i s  t i m e  we w i s h  t o  f i n d  t h e  
o v e r l a p  b e t w e e n  t h e  w i n d o w  and a p r o j e c t e d  f a c e t .  I f  we d e f i n e  t h e  
b o u n d a r y  edges  o f  t l i e  p o l y  g^ona l -a  r ea  o f  t h e  p r o j e c t e d  f a c e t  on t h e  
v i e w  p l a n e  as s e g me n t s  o f  t h e  l i n e s :
g j  ( X  , z ) = ( X  j + 1 - X  j  ) . { z - z  j  ) - ( 2 j + 1- z  j  ) . ( x - x  j  ) j = 1 , . . , n ,  a d d i t i o n  m o d u l o  tvf-|
t h e n  we can use t h i s  s y s t e m a t i c  d e f i n i t i o n  t o  e l i m i n a t e  a r e a s  o f  t h e  
p r o j e c t e d  f a c e t  t h a t  l i e  o u t s i d e  t h e  w i n d o w .  I n  t h i s  p a r t i c u l a r  
a l g o r i t h m  we a r e  u n a b l e  t o  e l i m i n a t e  p r o j e c t e d  f a c e t s  w i t h  a c l o c k w i s e  
o r i e n t a t i o n ,  s i n c e  such  a c t i o n  w o u l d  c a u s e  some c r y s t a l  edges  t o  
d i s a p p e a r .  T h i s  means we can no l o n g e r  r emove  a r e a s  by a s i m p l y  c h e c k
on t h e  s i g n  o f  a v e r t e x ,  i n s t e a d  we mus t  compar e  t h e  s i g n s  o f  t h e
v e r t i c e s  w i t h  t h e  s i g n s  o f  a p o i n t  ( s , t ) ,  a known v e r t e x  w i t h i n  t h e  
p r o j e c t e d  f a c e t .  The p o i n t  ( s , t )  i s  c h o s e n  as t h e  o f  t h e  f i r s t
t h r e e  p r o j e c t e d  v e r t i c e s  o f  t h e  f a c e t ,  t h a t  i s :  
s = ( x 1 + x 2 + x 3 ) / 3  
t = ( z 1 + z 2 + z 3 ) / 3
W i t h  t h i s  d e f i n i t i o n  any  o t h e r  v e r t e x  ( x , z )  can be e i t h e r
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1. i n s i d e  Lhe p o l y g o n  i f
{ ( X , 2 ) I t  h e s i g n  o f  g j ( x , z ) - s i g n  o f  g j ( s , t ) f  o r  a l l  j = 1 , . .  . , n)
2 .  o u t s i d e  t h e  p o l y g o n  i f
{ ( X , z ) I t her f . '  e x i s t s  a t  l e a s t  one j , 1 < j ( n ,  such  t h a t
0  ^ t h e  s i g n  o f  g ]  ( s , t  ) ^  111 e s i g n  o f  g j  ( x , z ) ¥ ' 0  ^
3 .  on t h e  b o u n d a r y  i f
{ ( X , z ) 1 t  h e s i g n  o f  g J ( x , z ) = 111 e s i g n  o f  g j ( s , t  ) o r  0
f o r  a l l  i “ 1 , . . n ;  and g i ( x , z ) = 0  f o r  a t  l e a s t  some j }
U s i n g  t h i s  c o n c e p t  o f  i n s i d e  and o u t s i d e  o f  a p o l y g o n  we can e l i m i n a t e  
a l l  a r e a s  o f  t h e  w i n d o w  o u t s i d e  t h e  f a c e t  t o  l e a v e  V I ,  thie p a r t  o f  
t h i s  f a c e t  common t o  t h e  w i n d o w
We p l a c e  t h e  x and z c o - o r d i n a t e s  o f  t h e  w i n d o w  i n  an 
a n t i - c l o c k w i s e  o r i e n t a t i o n  i n  a r r a y s  X F ( l , m ) ,  Z F ( 1 , m ) ;  m = 1 , 2 , 3 , 4 .  We 
t a k e  each  l i n e  o f  t h e  f a c e t  and r emove  a l l  a r e a s  o f  t h e  w i n d o w  t h a t  
l i e  on t h e  o u t s i d e  o f  t h e  f a c e t .  The r e s u l t i n g  p o l y g o n  i s  p l a c e d  i n  
a r r a y s  X F (2 , . . . ) , Z F ( 2 , . . . ) .  T h i s  i s  r e p e a t e d  f o r  e v e r y  l i n e  i n  t h e  
f a c e t  u n t i l  we a r e  l e f t  w i t h  VI  s t o r e d  i n  X F ( 1 , . . . ) ,  Z F ( 1 , . . . ) .  I f  a t  
any  t i m e  t h e  XF and ZF a r r a y  becomes empt y  we know t h a t  t h e  f a c e t  i s  
d i s j o i n t  and t h i s  f a c e t  can be r emoved  f r o m  t h e  l i s t  o f  r e l e v a n t  
f a c e t s  f o r  t h i s  w i n d o w .  I f  t h e r e  a r e  f o u r  v e r t i c e s  r e m a i n i n g  w h i c h
a r e  i d e n t i c a l  t o  t h e  v e r t i c e s  o f  t h e  w i n d o w  we have  a f a c e t  w h i c h
f i l l s  t h e  w i n d o w  c o m p l e t e l y  i . e .  a s u r r o u n d i n g  f a c e t .  O t h e r w i s e  i t  
i s  an i n t e r s e c t i n g  f a c e t  w h i c h  p a r t i a l l y  f i l l s  t h e  w i n d o w .  Bo t h  
s u r r o u n d i n g  and i n t e r s e c t i n g  f a c e t s  r e m a i n  i n  t h e  l i s t  o f  r e l e v a n t  
f a c e t s  f o r  t h e  w i n d o w  t o  be c o n s i d e r e d  i n  mor e  d e p t h .
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The s u r  r  o IJ n d i n g  f a c e t  s a r e  t h e  key  t o  t h e  q u a d - t r e e  e n c o d i n g .  
Fo r  t h e  r e m a i n i n g  F a c e t s ,  i n  F ( j ) ,  w h i c h  a r e  t h e  i n t e r s e c t i n g  and 
s u r r o u n d i n g  f a c e t s  o f  t h i s  w i n d o w ,  we c:al cu. l , at e  t h e  maxi mum and 
mi n i mum y v a l u e  o f  t h e  r e g i o n  o f  t h e  f a c e t s  i n  o b s e r v e r  space  w h i c h
p r o j e c t s  i n s i d e  thr -  x - z  b o u n d a r y  o f  t f i e  w i n d o w .  Tl ie se v a l u e s  sure
f o u n d  f r o m  t h e  a r e a  V I ,  t h e  a r e a  o f  t h e  p r o j e c t e d  f a c e t  w i t h i n  t h e  
w i t i d o w .  The c o m p u t a t i o n  o f  t l i e  y c o - o r d i n a t e  d e p e n d s  upon t h e  
p r o j e c t i o n  c h o s e n .  We s h a l l  c o n s i d e r  o n l y  t h e  o r t h o g r a p h i c  
p r o j e c t  i  o n .
I f  t h e  a r e a  VI  f o r  f a c e t  VI  i s  s t o r e d  i n  XF ( 1 , . . . ) and ZF ( 1 , . . . ) ,
t h e n  by s u b s t i t u t i n g  t h e  XF and ZF v a l u e s  i n t o  t h e  e q u a t i o n  o f  t h e
p l a n e  c o n t a i n i n g  t h e  I t h  f a c e t - ' i n  - o b s e r v e r  s p a c e ,  we can c a l c u l a t e  t h e  
y c o - o r d i n a t e  o f  t h e  p o i n t  t h a t  w o u l d  be p r o j e c t e d  o n t o  t h e  p o i n t  XF,  
ZF i n  t h e  v i e w  p l a n e .  I n  t h e  o r t h o g r a p h i c  p r o j e c t i o n :
y = - ( A.XF t-C. ZF*-D) / B 
w h e r e  t h e  e q u a t i o n  o f  t h e  p l a n e  c o n t a i n i n g  t h e  f a c e t  VI  i n  OBSERVE 
p o s i t i o n  i s :
Ax+Dy +Cz i D=0
We c a l c u l a t e  t h e  y c o - o r d i n a t e  f o r  each  v e r t e x  o f  VI  and s t o r e  t h e  
mi n i mu m y v a l u e  i n  Y M I N ( I ) ,  and t h e  maxi mum i n  YMAX( I ) .  I f  B i s  z e r o ,
t h e  f a c e t  d e g e n e r a t e s  t o  a l i n e  on t h e  v i e w  p l a n e ,  t o  f i n d  t h e  maxi mum
and mi n i mu m y c o - o r d i n a t e s  o f  t h i s  f a c e t  w i t h i n  t h e  w i n d o w  we c o n s i d e r  
l i n e s  s e g me n t s  o f  t h e  u n p r o j e c t e d  f a c e t  t h a t  p r o j e c t  t o  t h e  l i n e  
se g me n t  VI  i n  t h e  w i n d o w .  F o r  each  o f  t h e s e  l i n e  se g me n t s  we
c a l c u l a t e  t h e  y c o - o r d i n a t e s  o f  t h e  end v e r t i c e s  and s e t  Y M I N ( I )  t o
t h e  m i n i mu m o f  t h e s e  and YMAX( I )  t o  t h e  maxi mum.
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We can r e d u c e  st.i.1.1 f i i r t h e r  t l i e  number  o f  f a c e t s  r e l e v a n t  t o  t h e
w i n d o w  by c o m p a r i n g  t h e s e  YMAX and YMIN v a l u e s  w i t h  each  o f  t h e
s u r r o u n d i n g  f a c e t s  i n  t h e  l i s t .  I T  a s u r r o u n d i n g  f a c e t  VI  l i e s  i n
f r o n t  o f  a n o t h e r  s u r r o u n d i n g  o r  i n t e r s e c t i n g  f a c e t  V2 a c r o s s  t h e  w h o l e  
o f  t h e  w i n d o w ,  t h e n  V2 w i l l  be h i d d e n  i n  t h i s  w i n d o w  and V2 w i l ] ,  be
r emoved  f r o m  t h e  l i s t  o f  r e l e v a n t  f a c e t s .  I f  we compar e  t h e
s u r r o u n d i n g  f a c e t  VI  w i t h  one o f  t h e  r e m a i n i n g  f a c e t s  V2,  t h e n  f a c e t  
V2 i s  h i d d e n  i f  YMAX( V 1 ) <Y M I N ( V2 ) . I f  f a c e t  V2 i s  a l s o  a s u r r o u n d i n g  
f a c e t  t h e n  f a c e t  VI  i s  h i d d e n  i f  YMAX( V2 ) <Y M I N { V 1 ) .
Any such  h i d d e n  f a c e t s  a r e  r emoved  f r o m  t h e  l i s t  t o  l e a v e  t h e
l i s t  o f  r e l e v a n t  f a c e t s  f o r  t h i s  w i n d o w .  I f  t h e  l i s t  i s  emp t y  t h e n
t h e  w i n d o w  i s  emp t y  and t h e  node r j a p r e s e n t i n g  t h e  w i n d o w  w i l l  be a
t e r m i n a l  node w i t h  t h e  p r o p e r t y  EMPTY. I f  we a r e  l e f t  w i t h  one f a c e t
r e l e v a n t  t o  t h e  w i n d o w  and t h i s  f a c e t  i s  a s u r r o u n d i n g  f a c e t  i . e .  t h e  
f a c e t  c o m p l e t e l y  f i l l s  t h e  w i n d o w , t h e n  t h e  node i n  t h e  q u a d - t r e e  
r e p r e s e n t i n g  t h i s  w i n d o w  w i 11 a l s o  be a t e r m i n a l  node b u t  w i t h  t h e  
p r o p e r t y  FULL,  and E ( J ) w i l l  r e p r e s e n t  t h e  f a c e t .  Fo r  b o t h  t e r m i n a l  
n o d e s ,  t h e  a r e a  on t h e  g r a p h i c s  s c r e e n  c o r r e s p o n d i n g  t o  t h e  t e r m i n a l  
node w i l l  be f i l l e d  i n  by an a p p r o p r i a t e  F I LL  AREA command.  I f  t h e  
node i s  EMPTY, t h e  w i n d o w  w i l l  be l e f t  e mp t y ,  i f  t h e  node i s  FULL,  t h e  
w i n d o w  w i l l  be c o l o u r e d  a c c o r d i n g  t o  t h e  c o l o u r  o f  t h e  f a c e t  E ( j ) .  
O t h e r w i s e  we a r e  u n a b l e  t o  d e c i d e  w h i c h  f a c e t  f i l l s  t h e  w i n d o w ,  and
t h e  node  r e m a i n s  an UNDECIDED no d e .  T h i s  q u a d r a n t  i s  d i v i d e d  i n t o
f o u r  e q u a l  q u a d r a n t s ,  each  q u a d r a n t  w i l l  have  a w i n d o w  i n  t h e  v i e w  
p l a n e ,  and t h e  node r e p r e s e n t i n g  t h e  w i n d o w  w i l l  be i n  t h e  n e x t  l e v e l  
o f  t h e  q u a d - t r e e .  The a l g o r i t h m  r e c u r s  u n t i l  we can s o l v e  a w i n d o w ,  
i . e .  a t e r m i n a l  node o c c u r s ,  o r  we a r e  l e f t  w i t h  a p i x e l .
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The l i s t  o f  r o l e v a n t  T a c e t s  T o r  Ll ie c f i i l c l  commences as t h e  l i s t
o f  f  a ce t  s r  e J.e v a n t  l.o 1; h e pa ]■ e 111 . Any s o r  r  onnd i  n g  i'a ce t  s o F t  he
p a r e r f t  w.cnciow w i  .11 a l s o  he a s o i ' r o u n d  i  ng f a c e t s  o f  i t s  c h i l d r e n ,  
t h e r e  f  o r  e t h e  s u r r o o n c l  i n g  f a c e t s  r e l e v a n t  t o  t h e  p a r e n t  w i n d o w  need 
n o t  be c o n s i d e r e d  when we c o mp o t e  wfi .i .ch f a c e t s  a r e  s u r r o u n d i n g ,  
i n  t e r  sec  t i n g  o r  d i s  j o i n t  i. n t h e  q u a d r a n t  s , s i n c e  t h e y  w i l l  
a u t o m a t i c a l l y  be s u r r o u n d i n g  f a c e t s .  The r e ma . i n i i i g  f a c e t s  i n  t h e  l i s t  
a r e  r e c o n s i d e r e d  by t h e  d e c i s i o n  a l g o r i t h m  and e n t r i e s  d e l e t e d  as 
a p p l i c a b l e .
When we r e a c h  t h e  n t h  l e v e l  o f  r e c u r s i o n  we a r e  l e f t  w i t h  a w i n d o w
e q u i v a l e n t  t o  a p i x e l  and we have  t o  d e c i d e  w h a t  s hade  t o  c o l o u r  i t .
To d e c i d e  on t h e  c o l o u r  t o  use. .we.  c a l c u l a t e  w h i c h  o f  t h e  f a c e t s  t h a t  
s t i l l  r e m a i n  i n  t h e  l i s t  o f  r e l e v a n t  f a c e t s  t o  t h e  w i n d o w  has t h e
mi n i mu m y v a l u e  a t  each  o f  t h e  w i n d o w  v e r t i c e s .  I f  one f a c e t  has t h e  
mi n i mum y v a l u e  i n  a l l  f o u r  c o r n e r s  t h e  f a c e t  i s  c o l o u r e d  i n  t h e  f o r
t h a t  f a c e t ,  P ( n )  w i l l  be s e t  t o  FULL and E { n ) w i l l  be t h a t  f a c e t ,
o t h e r w i s e ,  t h e r e  i s  s t i l l  a m b i g u i t y ,  and t h e  w i n d o w  c o n t a i n s  a p i x e l
w h e r e  t wo  o r  mor e  f a c e t s  i n t e r s e c t  d e n o t e d  by a b l a c k  p i x e l .
7 . 4 . 3  IMPLEMENTATION AND DATA STRUCTURES
A l t h o u g h  t h i s  a l g o r i t h m  i s  i m p l i c i t l y  r e c u r s i v e ,  we a r e  
i m p l e m e n t i n g  t h e  a l g o r i t h m  i n  FORTRAN w h i c h  means t h a t  we mus t  
t r a n s f o r m  t h i s  i n t o  an i t e r a t i v e  a l g o r i t h m .  Fo r  t h i s  we use a number  
o f  a r r a y s  w h i c h  h o l d  t h e  i n f o r m a t i o n  f o r  e v e r y  node on t h e  q u a d - t r e e .  
The a r r a y s  o p e r a t e  as s t a c k s  w h e r e  i n f o r m a t i o n  i s  added t o  t h e  t o p  o f  
t h e  a r r a y  u s i n g  a ' p u s h '  o p e r a t i o n ,  and i n f o r m a t i o n  i s  r emoved  f r o m  
t h e  t o p  o f  t h e  s t a c k  u s i n g  a ' p o p '  o p e r a t i o n .  The d e t a i l s  f o r  t h e  t o p  
node i n  t h e  s t a c k  a r e  a l w a y s  a c c e s s e d  by t h e  v a r i a b l e  TOP-NODE.  The 
d a t a  f o r  t h e  d i m e n s i o n s  o f  t h e  p i x e l  q u a d r a n t  f o r  t h i s  on t h e  v i e w
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p o r  L a r  e g i  v e 11 b y 
QUADRANT- P[ XEl . - SI ZC(  TOP-MODE) ,
L O WE R - L E F T - P I X E L - X ( TOP- NOnE) ,
L 0 WE R - L E F T - P I X E L - 2 ( T OP - N OD E ) .
where-'  QUADRANT - P T XEL - S I Z E h o l d s  t h e  i Gngt . l i  o f  t h e  p i x e l  m a t r i x  f o r  
t h i s  c p j a d r a n t  and
( LOWER-LEFT-PTXEL- X ( TOP-NODE ) . 1. OWE R - L E FT - P I X EL - 2 ( T 0 P -  NO D E ) ) i s  t h e
p i x e l  c o - o r d i n a t e  o f  t h e  l o w e r  l e f t  hand c o r n e r  o f  t h e  q u a d r a n t  ( see  
f i g u r e  7 . 1 5 ) .  The l i s t  o f  f a c e t s  r e l e v a n t  t o  t h e  w i n d o w  on t h e  v i e w  
p l a n e  d e f i n e d  by t h i s  q u a d r a n t  a r e  s t o r e d  i n  t h e  a r r a y  STACK. The 
f a c e t s  a r e  d i v i d e d  i n t o  s u r r o u n d i n g  and i n t e r s e c t i n g  f a c e t s .  
S u r r o u n d i n g  f a c e t s  commence i n  STACK a t  
L I ST- DEGI N( TOP- NODE)  up t o  SURROUNDER-END( TOP-NODE ) ,
and t h e  i n t e r s e c t i n g  f a c e t s  commence a t  SURROUNDER-END( TOP-NODE)+1 up 
t o  L I S T - E N D ( TOP-NODE ) . The l i s t s  f o r  e v e r y  node w i l l  be p u t  o n t o  t h i s  
STACK and t l i e  f i r s t ,  f r e e  e n t r y  i n  t h e  s t a c k  w i l l  be FREE-STACK.
F o r  each  new node TOP-NODE i s  i n c r e m e n t e d  and t h e  l i s t  o f  
r e l e v a n t  f a c e t s  f o r  t h i s  node a r e  pushed  o n t o  t h e  STACK. When a 
t e r m i n a l  node i s  r e a c h e d ,  t h i s  q u a d r a n t ,  o f  t h e  v i e w  p o r t  i s  f i l l e d  i n ,  
and t h e  i n f o r m a t i o n  i s  r emoved  f r o m  t h e  a r r a y s  by d e c r e m e n t i n g  
TOP-NODE by one .
The q u a d - t r e e  i s  i n i t i a l i s e d  as f o l l o w s :
TOP-NODE=1
L 0 W E R - L E F T - P I X E L - X ( 1 )  = I X P I X  { ( I X P I X , I Z P I X ) i s  t h e  l o w e r  l e f t  hand c o r n e r  
L O WE R - L E F T - P I X E L - Z ( 1 ) = r Z P I X  f o r  t h i s  i n i t i a l  q u a d r a n t }  
Q U A D R A N T - P I X E L - S I Z E ( 1 ) = 2 * * N  {max i mum number  o f  p i x e l s  p o s s i b l e
i n  t h e  i n i t i a l  q u a d r a n t }
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F i g u r e  7 . 1 5
Dat a  f o r  t t i e  d i m e n s i o n s  o f  an 2 by 2 p i x e l  q u a d r a n t
pix^l rvutV/'ix
(IX P IX / IRPIX)
Q u  A 3 R A W T - P r K ^ L - s iz E  =  "1- 
L O v O e R -  L t F T - P I X E L -  2C -  
L 6 \ w E : e - >  L e  F T -  P I X E L -  %  = l ^ P l X
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L I s T - B E G I N ( 1 ) = 1
SLIRROUNDER-END { 1 ) =0 { no  s u r r o u n d i n g  f a c e t s }
L I S T - E N D( 1 ) =  N U M ( w h e r e  t h e r e  a r  e NUM f a c e t  s 
1 n t h e  p o l y g o n a l  mesh)
A r e f e r e n c e  t o  each  f a c e t  i s  p u t  i n L o  t h e  s t a c k  f r o m  STACK! 1) t o  
STACK(NUM),  and t h e  n e x t  f r e e  e n t r y  i n  t h e  STACK, g i v e n  by FREE-STACK,  
i s  NLlM+1. Once t h e  s t a c k  i s  i n i t i a l i s e d  we i n v o k e  t h e  i t e r a t i v e  
a l g o r i t h m  w h i c h  i s  e q u i v a l e n t  t o  t h e  r e c u r s i v e  a I g o r i t  him o u t l i n e d  
above.
L e t  us c o n s i d e r  how t o  c o . l l a t e  t h e  d a t a  r e l e v a n t  t o  a q u a d r a n t .  
We c o mp u t e  t h e  l i s t  o f  r e l e v a n t  f a c e t s  t o  a w i n d o w  by s e a r c h i n g
t h r o u g h  t h e  l i s t  o f  f a c e t s  on t h e  t o p  l e v e l  o f  t h e  s t a c k  i . e .  f r o m
L I ST- BEGI N( TOP- NODE)  t o  L I ST - END( T OP- NODE) .  I n i t i a l l y  t h i s  i s  a copy  
o f  t h e  r e l e v a n t  l i s t  o f  f a c e t s  f o r  t h e  p a r e n t  node ,  o r  t h e  c o m p l e t e  
l i s t  o f  f a c e t s  i n  t h e  mesh a t  l e v e l  0.  O b v i o u s l y ,  any s u r r o u n d i n g  
f a c e t s  o f  t h e  p a r e n t  a r e  s u r r o u n d i n g  f a c e t s  o f  t h e  c h i l d ,  so t h e s e  a r e  
p u t  o n t o  t h e  s t a c k ,  a t  t h e  f i r s t  f r e e  e n t r y  FREE-STACK.  I f  t h e r e  a r e  
any  i n t e r s e c t i n g  f a c e t s  i n  t h e  p a r e n t  w i n d o w ,  we i n v o k e  a d e c i s i o n
a l g o r i t h m ,  w h i c h  d i v i d e s  t h e s e  i n t e r s e c t i n g  f a c e t s  i n t o  t h r e e  g r o u p s ;
1 . DI SJOI NT f a c e t s  :
A l t t i o u g h  t h e  f a c e t  was an i n t e r s e c t i n g  f a c e t  i n  t h e  p a r e n t  
w i n d o w  i t  i s  d i s j o i n t  f r o m  t h e  c h i l d  w i n d o w .  T h e i r  p o i n t e r  
i s  n o t  added  t o  t h e  s t a c k  see f i g u r e  7 . 1 6 .
■ 2.  SURROUNDING f a c e t s ;
These  f a c e t s  c o m p l e t e l y  f x l l  t h e  c h i l d  w i n d o w ,  t h e y  a r e  added 
t o  t h e  t o p  o f  t h e  l i s t  o f  s u r r o u n d i n g  f a c e t s  f o r  t h i s  w i n d o w  
see f i g u r e  7 . 1 7 .
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F 1 g u r  R 7 . 1  G
I n l e r y c - c t i n g  f ; u :et .  w h i c h  ;i r. d .1 <; j  c i  n t  f n c c h  i n  t h e  c h i . I d  node
(JlS jO Ut
F i g u r e  7 . 1 7
I n i e r  l u î c t . i n g  F a c e t  w h i c h  i s  a s u r r o u n d i n g  f a c e t  i n  a c h i l d  node
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3.  INTERSECTING f a c e t s :
These  f a c e t s  do n o t  c o m p l e t e l y  f i l l  t h e  w i n d o w ,  t h e  p o i n t e r
t o  t h e s e  f a c e t s  i s  added  t o  t h e  t o p  o f  STACK, a f t e r  t h e  l i s t
o f  s u r r o i i n d i n g  f a c e t s  f o r  t h i s  w i n d o w .
Fo r  e v e r y  f a c e t  added t o  STACK we c o mp u t e  t h e  YMAX and YMIN v a l u e s ,  
i . e .  t h e  maxi mum and m.i .nimum y c o - o r d i n a t e s  o f  t h e  r e g i o n s  o f  each  o f  
t h e  u n p r o j e c t e d  f a c e t s  t h a t  p r o j e c t s  i n t o  t h i s  w i n d o w .
By c o m p a r i n g  t h e  YMAX and YMIN v a l u e s  o f  t h e  s u r r o u n d i n g  f a c e t s  
w i t h  e v e r y  o t h e r  f a c e t  w i t h i n  t t i e  w i n d o w ,  we can f u r t h e r  r e d u c e  t h e  
l i s t  o f  r e l e v a n t  f a c e t s  t o  t h i s  w i n d o w .
A f t e r  t h i s  c o m p a r i s o n ,  I. I ST-8EG I N ( TOP-NODE) i s  s e t  t o  b e g i n n i n g  
o f  t h e  l i s t  o f  r e l e v a n t  f a c e l ; s  f o r  t h e  node w i t h i n  t h e  STACK,
SURROUNDER-END( TOP-MODE) i s  s e t  t o  t h e  l a s t  s u r r o u n d i n g  f a c e t  r e l e v a n t
t o  t h e  no d e ,  ( i f  t h e r e  a r e  no s u r r o u n d i n g  f a c e t s  t h e n  t h e  t h i s  i s  one 
]. e s s t h a n  I, ti e L I S T - B E G I N v a l u e ) .
L I  S T- END( TOP-NODE) , i s  t h e  t o p  o f  t h e  l i s t  o f  r e l e v a n t  f a c e t s  f o r  t h e  
node .
I f  we a r e  l e f t  w i t h  
LIST-BEGI N=SURROUNDER- END=LI ST-END we a r e  l e f t  w i t h  one f a c e t  w h i c h  
c o m p l e t e l y  f i l l s  t h e  w i n d o w ,  and we have  r e a c h e d  a t e r m i n a l  node .  We 
c a l l  F I L L  AREA, w h i c h  c o l o u r s  t h a t  q u a d r a n t  o f  t h e  s c r e e n  i n  t h e  
colour of the facet. If
LI ST-END=SURROUNDER- END<LI ST- BEGI N, we have  an emp t y  w i n d o w .  Wh e t h e r  
t h e  w i n d o w  i s  emp t y  o r  f u l l ,  i t  i s  r e p r e s e n t e d  by a t e r m i n a l  node on 
t h e  q u a d - t r e e ,  and on r e a c h i n g  t e r m i n a l  n o d e s ,  we ' p o p '  t h e  s t a c k ,  by 
s u b t r a c t i n g  one f r o m  t h e  TOP-NODE and r emove  t h e  d a t a  f o r  t h i s  
t e r m i n a l  n o d e ,  and r e t u r n  t o  c o n s i d e r  any  s i b l i n g s  o f  t h e  node .
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I f  t h e  w. i ndow i s  n e i t h e r  fu.1.1. o r  e mp t y ,  we have  an. UNDECIDED 
node/ *  t h e n  i n v o k e  t l i e  . i l g o r i t l i m  QU AD R AN T - D IV I DE , w h i c h  e f f e c t i v e l y
d i v i d e s  t h e  p r e s e n t  q u a d r a n t  i n t o  f o i i ] -  s m a . l l e r  q u a d r a n t s ,  t h i s  c r e a t e s  
f o u r  new n o d e s ,  n1,  n2 ,  n 3 , n4 ,  on t h e  q u a d - t r e e  w h i c h  a r e  added t o
t h e  s t a c k .  We c o mp u t e  t h e  l i s t  o f  r e l e v a n t  f a c e t s  f o r  t h e  w i n d o w
r e p r e s e n t  t h e  node n1,  ( and any o f  i t s  c h i l d r e n )  b e f o r e  we c o n s i d e r ,  
t h e  s i b l i n g s  n2,  ri3 o r  n i .  T h i s  w i l l  e n s u r e  t h a t  t h e  d a t a  i n  t h e  
p r e v i o u s  e n t r y  i n  STACK w i l l  a l w a y s  be t h e  d a t a  o f  t h e  p a r e n t  node .
When we r e a c h  t h e  n t h  l e v e l ,  QUADRANT-PI XEL- S I Z E ( TOP-NODE) = 1 ,  and 
a t  t h i s  p o i n t  we a r e  c o n s i d e r i n g  a p i x e l  w h i c h  i s  r e p r e s e n t e d  by an
UNDECIDED n o d e .  By c o m p a r i n g  t h e  YMIN v a l u e s  o f  t h e  f a c e t s  i n  t h i s
w i n d o w  we a r e  a b l e  t o  d e c i d e  wb . e t he r  t o  c o l o u r  t h e  p i x e l  b l a c k ,  o r  t h e  
c o l o u r  o f  one o f  t h e  f a c e t s  w i t h i n  t h e  w i n d o w .  Once t h i s  d e c i s i o n  has 
been r e a c h e d ,  i t  i s  a g a i n  a t e r m i n a l  node and t h e  s t a c k  i s  p o p p e d .
The a l g o r i t h m  ends  o n l y  when TOP-NODE=0,  and t h e  a r r a y s  a r e
e m p t y ,  t h e  i n i t i a l  q u a d r a n t  on t h e  v i e w  p o r t  have  been c o l o u r e d  t o  
r e p r e s e n t  t l i e  p r o j e c t e d  i mage  o f  t h e  n o n - c o n v e x  p o l y h e d r o n  w i t h i n  t h e  
w i n d o w  i n c l u d i n g  a l l  t h e  i n t e r s e c t i o n  l i n e s  h i g h l i g h t e d  i n  b l a c k .
SHADING ALGOR ITHM
R a t h e r  t h a n  c o l o u r  t h e  f a c e t s  i n  a s i n g l e  c o l o u r  s hade ,  mor e 
r e a l i s t i c  d i s p l a y s  o f  o b j e c t s  can be o b t a i n e d  u s i n g  a s h a d i n g  
a l g o r i t h m .  T h i s  c o mp u t e s  t h e  i n t e n s i t y  o f  each  p i x e l  on t h e  v i e w  p o r t  
b ased  on t h e  o p t i c a l  p r o p e r t i e s  o f  t h e  s u r f a c e s ,  r e l a t i v e  p o s i t i o n s  o f  
t h e  s u r f a c e s ,  and t h e i r  o r i e n t a t i o n  w i t h  r e s p e c t  t o  a l i g h t  s o u r c e .  
We have  i m p l e m e n t e d  a c o s i n e  s h a d i n g  m o d e l .  Examp l es  o f  t h e s e  a r e  
g i v e n  i n  f i g u r e s  7 . 1 0 .
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F i g u r e  7 . 1 0
Q u a d - t r e e  d i s  p 1 a y o f  p o 1y h d e r  a
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F i g u r e  7 . 1 0  cent , .
3 4 0 ( i )
F i g u r e  7 . 1 0  c e n t
3 4 0 ( i i )
F i g u r e  7 . 1 8  c o n t .
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CHAPTER EIGHT 
LIBRARY AND DATABASE
A s s o c i a t e d  w i t h  t h e  i m p l e m e n t a t i o n  o f  t h e  m o d u l e s  a r e  v a r i o u s  
l i b r a r y  f a c i l i t i e s  and a d a t a b a s e .  The l i b r a r y  c o n t a i n s  h e l p f u l  
i n f o r m a t i o n  t o  g u i d e  t h e  u s e r  t h r o u g h  t h e  p r o g r a mme d  s o l u t i o n ,  
e x p l a i n i n g  t h e  t y p e  o f  i n f o r m a t i o n  r e q u i r e d  and p r o v i d i n g  e x a m p l e  
i n p u t s .  I t  i s  o r g a n i s e d  t o  p r o v i d e  a g e n e r a l  me s s a g e  d e s c r i b i n g  t h e  
t y p e  o f  i n f o r m a t i o n  r e q u i r e d ,  t h e  u s e r  can t h e n  o p t i o n a l l y  s e l e c t  
s u b - t o p i c s  t h a t  p r o v i d e  a d d i t i o n a l  i n f o r m a t i o n  and e x a m p l e s .  The 
d a t a b a s e  p e r m i t s  p e r s i s t e n t  p r o g r a m m i n g  so t h a t  d a t a  p r e v i o u s l y  
c o n s t r u c t e d  can be r e t r i e v e d  a t  a n y t i m e  w i t h o u t  t h e  r e c o m p u t a t i o n  o f  
t h e  p o l y g o n a l  mesh [ E l l z e y ,  1 9 8 2 ] .
The a mo u n t  o f  i n f o r m a t i o n  r e q u i r e d  t o  g e n e r a t e  a c r y s t a l  i s  o f t e n  
l a r g e ,  and s h o u l d  t h e  c e l l  be r e q u i r e d  r e g u l a r l y ,  r a t h e r  t h a n  i n p u t  
t h e  d a t a  r e p e a t e d l y  i t  w o u l d  be mor e  c o n v e n i e n t  t o  o r g a n i s e  t h e  
i n f o r m a t i o n  i n  a s t r u c t u r e d  f o r m a t  w i t h i n  a d a t a b a s e .  The d a t a b a s e  i s  
b u i l t  up d u r i n g  t h e  o p e r a t i o n  o f  t h e  p r o g r a m s  and c o n t a i n s  d a t a  f o r  
t h e  u s e r  d e f i n e d  c e l l s  i n  t h e i r  SETUP p o l y g o n a l  mesh .  Each t i m e  a new 
c r y s t a l  i s  g e n e r a t e d  t h e  u s e r  can e l e c t  t o  have  t h e  p o l y g o n a l  mesh f o r  
t h e  c e l l  r e t a i n e d  w i t h i n  t h e  d a t a b a s e .  S u b s e q u e n t l y ,  w h e n e v e r  a u s e r  
d e f i n e s  a c e l l  t h e  d e f i n i t i o n  m o d u l e  w i l l  s e l e c t  t h e  c a n d i d a t e  key  
f i e l d s  o f  t h e  d e f i n i t i o n  t o  r e t r i e v e  t h e  r e c o r d s  f r o m  t h e  d a t a b a s e .  
I f  t h e  c r y s t a l  d e f i n e d  i s  a l r e a d y  w i t h i n  t h e  d a t a b a s e ,  t h e n  t h e  
p o l y g o n a l  mesh f o r  t h e  c e l l  i s  r e t r i e v e d  and added  t o  t h e  d a t a  
s t r u c t u r e  m o d e l  w i t h o u t  t h e  a c t i v a t i o n  o f  t h e  c o n s t r u c t i o n  m o d u l e .  I f  
s e v e r a l  c e l l s  w i t h i n  t h e  d a t a b a s e  s a t i s f y  t h e  k e y  f i e l d s ,  t h e y  a r e  
r e t r i e v e d  i n  a f i r s t  i n  f i r s t  o u t  o r d e r  so t h a t  t h e  u s e r  can  s e l e c t  
t h e  d e s i r e d  c e l l .  I f  t h e  r e c o r d  i s  n o t  w i t h i n  t h e  d a t a b a s e  t h e
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c o n s t r u c t i o n  moclu. le w i l l  be a c t i v a t e d  and t h e  c e l l  g e n e r a t e d  as 
b e f o r e .
8 . 1 HELP LIBRARY
The h e l p  l i b r a r y  i s  an i n d e x e d  f i l e  w i t h  t e x t  o f  h e l p f u l  
i n f o r m a t i o n  t o  p r o v i d e  s p e c i f i c  d e t a i l s  t o  g u i d e  t h e  i n t e r a c t i v e  u s e r  
t h r o u g h  t h e  p r o g r a m s  by e x p l a n a t i o n  and e x a m p l e .  The h e l p  me s s a g e s  
a r e  s t o r e d  as m o d u l e s  i n  a h e l p  l i b r a r y ,  w h i c h  t h e  u s e r  can  a c c e s s  by 
r e q u e s t i n g  t h e  r e q u i r e d  l i b r a r y  i r o u t i n e .  I n  t h i s  way ,  u s e r s  can 
q u i c k l y  r e t r i e v e  r e l e v a n t  i n f o r m a t i o n  a b o u t  t h e  p r o g r a m .
Each m o d u l e  w i t h i n  t h e  h e l p  l i b r a r y  can be a c c e s s e d  by a 
k e y - n a m e .  The k e y - n a m e  i s  t h e  a c c e s s  name f o r  a m o d u l e  w i t h i n  t h e  
l i b r a r y .  A c o m p l e t e  l i s t  o f  a l l  t h e  k e y - n a m e s  can be l i s t e d  by t y p i n g  
t h e  command HELP.  The k e y - n a m e  i d e n t i f i e s  t h e  ma i n  t o p i c  o f  h e l p  
i n f o r m a t i o n .  I n  some m o d u l e s  t h e r e  may be a number  o f  s u b - t o p i c s  
r e l a t e d  t o  t h e  m a i n  t o p i c .  The s u b - t o p i c s  r e l a t e d  t o  a m o d u l e  w i l l  be 
l i s t e d  a t  t h e  end o f  t h e  m o d u l e , and can be a c c e s s e d  by t y p i n g  t h e  
k e y - n a m e  f o r  t h e  s u b - t o p i c .
I n  t h e  m a j o r i t y  o f  m o d u l e s ,  t h e  me s s a g e s  d i s p l a y e d  i n f o r m  t h e  
u s e r  a b o u t  t h e  t y p e  o f  d a t a  t h a t  i s  r e q u i r e d ,  and an e x p l a n a t i o n  o f  
t h e  m e a n i n g  o f  t h e  d a t a  i n  c r y s t a l l o g r a p h i c  t e r m i n o l o g y .  By d i v i d i n g  
t h e  h e l p  m o d u l e s  i n t o  a m o d u l e  a c c e s s e d  t h r o u g h  a p r i m a r y - k e y  and t h e n  
a l t e r n a t i v e  k e y s  t o  a c c e s s  any  a d d i t i o n a l  i n f o r m a t i o n ^ e n a b l e s  t h e  
u s e r s  t o  f i n d  a g e n e r a l  mes s age  d e s c r i b i n g  t h e  t y p e  o f  i n f o r m a t i o n  
r e q u i r e d ,  and t h e n  o p t i o n a l l y  t o  s e l e c t  s u b - t o p i c s  t h a t  p r o v i d e  
a d d i t i o n a l  i n f o r m a t i o n  and e x a m p l e s .
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The h e l p  l i b r a r y  can be a c c e s s e d  a t  a n y t i m e  when t h e  p r o g r a m  i s
i n  u s e .  a l t h o u g h  p r o m p t s  a r e  g i v e n  when a s k e d  t o  p r o v i d e  i n f o r m a t i o n .
r e m i n d i n g  t h e  u s e r  o f  t h e  a p p r o p r i a t e  k e y - n a m e  t o  s u p p l y  s h o u l d  an
hsL
e x p l a n a t i o n  o f  t h e  t y p e  o f  d a t a ^ r e q u i r e d .
To r e t r i e v e  any  h e l p  mes s a g e  t h e  u s e r  s p e c i f i e s  t h e  p r i m a r y  k e y ,  
f o l l o w e d  by any  s u b - k e y s .  The h e l p  me s s a g e  p r i n t e d  f o l l o w s  t h e  key  
p a t h  s p e c i f i e d .
B .? DATABASE OF CRYSTALS
The a mo u n t  o f  i n f o r m a t i o n  r e q u i r e d  t o  g e n e r a t e  a c r y s t a l  i s  o f t e n  
l a r g e  and s h o u l d  s u c h  c r y s t a l s  be used  r e g u l a r l y  i t  w o u l d  be mor e  
c o n v e n i e n t  t o  s t o r e  t h e  i n f o r m a t i o n  i n  a d a t a b a s e  so t h a t  i t  can  be 
q u i c k l y  r e t r i e v e d .  F o r  t h i s  r e a s o n .  l i n k e d  w i t h  t h e  p r o g r a m  i s  a
d a t a b a s e  w h i c h  c o n t a i n s  a l l  t h e  d a t a  n e c e s s a r y  t o  g e n e r a t e  t h e
c r y s t a l s  s t o r e d  i n  t h e  d a t a b a s e  i n  t h e i r  SETUP p o s i t i o n  w i t h i n  t h e  
p o l y g o n a l  mesh s t r u c t u r e  used  by t h e  c o n s t r u c t i o n  m o d u l e  t o  g e n e r a t e
t  li e d a t a  s 1 1' u c t  u r  e r e p r e s e n t  a t  i o n  o f  each  c e l  .1.
A c o m p o s i t e  s t r u c t u r e  can be g e n e r a t e d  e i t h e r  by t h e  a c t i v a t i o n  
o f  t h e  c o n s t r u c t i o n  m o d u l e  ( s e e  f i g u r e  8 . 1 ) .  o r  r e t r i e v a l  o f  
f u n d a m e n t a l  c e l l s  f r o m  t h e  d a t a b a s e  ( s e e  f i g u r e  8 . 2 ) .  I f  t h e  c e l l  i s  
g e n e r a t e d  by t h e  c o n s t r u c t i o n  m o d u l e  t h e n  t h e  u s e r  can s t o r e  t h e  SETUP 
p o l y g o n a l  mesh f o r  t h e  c e l l  ( i n  SETUP p o s i t i o n )  i n  t h e  d a t a b a s e  f o r
f u t u r e  r e f e r e n c e .  To r e t r i e v e  t h e  d a t a  f r o m  t h e  d a t a b a s e  t h e
d e f i n i t i o n  m o d u l e  s e l e c t s  key  f i e l d s  f r o m  t h e  u s e r  d e f i n i t i o n  w h i c h  
a r e  us ed  t o  s e l e c t  t h e  r e c o r d  o r  r e c o r d s  ( i f  mo r e  t h a n  one c e l l  i n  t h e  
d a t a b a s e  s a t i s f i e s  t h e  key  a t t r i b u t e s )  f r o m  t h e  d a t a b a s e  i n  a f i r s t  i n  
f i r s t  o u t  o r d e r .  I f  t h e  d e s i r e d  c e l l  i s  n o t  i n  t h i s  l i s t  o f  p o s s i b l e  
r e c o r d s  t h e  d e f i n i t i o n  m o d u l e  w i l l  a c t i v a t e  t h e  c o n s t r u c t i o n  m o d u l e
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F i g u r e  8 . 1
G e n e r a t i o n  o f  p o l y g o n a l  mesh by t h e  c o n s t r u c t i o n  m o d u l e
USER








F i g u r e  8 . 2
R e t r i e v a l  o f  p o l y g o n a l  mesh f r o m  d a t a b a s e
USER
r e t r i e v e
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( s e e  f i g u r e  8 . 1 ) .
The r e c o r d s  i n  t h e  d a t a b a s e  can be a c c e s s e d  u s i n g  a f i l e  i n d e x ,  
o r  k e y .  Once t ) i e  key  i s  s u p p l i e d  t h e  k e y e d  a c c e s s  i n v o k e s  t h e  
s e l e c t i o n  o f  a r e c o r d  c o r r e s p o n d i n g  t o  t h e  p a r t i c u l a r  key  v a l u e .  Such 
k e y e d  a c c e s s  p e r m i t s  r a n d o m r e c o r d  s e l e c t i o n  a c c o r d i n g  t o  a p a r t i c u l a r  
key  f i e l d  v a l u e .  Once a r e c o r d  i s  s e l e c t e d  by a k e y ,  a s e q u e n t i a l  
r e a d  w i t h i n  t h e  f i l e  t h e n  r e t r i e v e s  a l l  c e l l s  w i t h  t h e  same k e y s  i f  
any  a r e  p r e s e n t  i n  t h e  f i l e .  The r e c o r d s  w i t h  i d e n t i c a l  key  a r e  r e a d  
i n  t h e  o r d e r  i n  w h i c h  t h e y  w e r e  w r i t t e n ,  t h a t  i s  on a f i r s t  i n  f i r s t  
o u t  b a s i s .  T h i s  c o m b i n a t i o n  o f  k e y e d  and s e q u e n t i a l  a c c e s s  i s  
r e f e r r e d  t o  as an I n d e x e d  S e q u e n t i a l  A c c e s s  Me t h o d  ( I S A M ) .
I n d e x e d  o r g a n i s a t i o n  i s  p a r t i c u l a r l y  s u i t a b l e  f o r  t h e  d a t a b a s e  we 
r e q u i r e  b e c a u s e  i t  i s  c a p a b l e  o f  m a i n t a i n i n g  c o m p l e x  f i l e s  i n  w h i c h  a 
r e c o r d  can be s e l e c t e d  on one o f  s e v e r a l  c r i t e r i a .  The d a t a b a s e  can 
be a c c e s s e d  by c e r t a i n  key  f i e l d s  ( c a n d i d a t e  k e y s ) .  These  s e l e c t  t h e
f i r s t  p o l y g o n a l  c e l l  mesh s a t i s f y i n g  t h e  s p e c i f i e d  a t t r i b u t e s .  The 
r e c o r d s  can be a c c e s s e d  w h e t h e r  by t h e  name o f  a c r y s t a l l i n e  s u b s t a n c e  
( e . g .  g o l d )  o r  by a s y s t e m ,  c l a s s  s y m b o l ,  a x i a l  i n f o r m a t i o n  key
c o m b i n a t i o n  see f i g u r e  8 . 3 .
When an a c c e s s  key  i s  g i v e n  ( t h e  a c c e s s  key  w i l l  e i t h e r  be t h e
name o f  a co mp o u n d ,  o r  a c l a s s  s y m b o l )  a l i s t  o f  r e c o r d s  w i t h  a
d u p l i c a t e  a c c e s s  c ode  w i l l  be d i s p l a y e d .  Each o f  t h e s e  r e c o r d s  
c o n t a i n s  t h e  d a t a  f o r  d i f f e r e n t  c r y s t a l s  o f  t h e  same compound o r  c l a s s  
( d e p e n d i n g  on w h e t h e r  t h e  a c c e s s  key  was a compound name o r  c l a s s  
s y m b o l ) .  O b v i o u s l y ,  we do n o t  r e q u i r e  t h e  e n t i r e  c o n t e n t s  o f  a 
r e c o r d  j t o  be d i s p l a y e d ,  o n l y  d e t a i l s  on t h e  a x i a l  s y s t e m ,  f o r m s  and 
h a b i t s  p r e s e n t  i n  e ac h  c r y s t a l .  The p a r t i c u l a r  r e c o r d  r e q u i r e d  can be 
s e l e c t e d  by t h e  u s e r ,  t h i s  s e l e c t i o n  w i l l  c a u s e  a l l  t h e  d a t a  f o r  t h i s
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f i g u r e  0 . 3
(2 a n cl i  cl a t e  k e y s f o r  t h e  ci a t  a b a s e
DATABASE
Name o f
s u b s t  a n c e
a x i a l  p a r a m e t e r s
s y s t e m
c l a s s
p o l y g o n a l ^  mesh 
r e t r i e v e d
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c r y s t a l  t o  be t r a n s f e r r e d  i n t o  t h e  d a t a  s t r u c t u r e s  r e p r e s e n t i n g  t h e
c o m p l e t e  c o m p o s i t i o n  o f  f u n d a m e n t a l  c e l l s .
I f  t h e  c r y s t a l  i s  n o t  w i t h i n  t h e  d a t a b a s e ,  t h e  u s e r  can r e t u r n  t o  
t h e  d e f i n i t i o n  m o d u l e  and c o n t i n u e  t o  g e n e r a t e  t h e  c r y s t a l  by d e f i n i n g  
a l l  t h e  a d d i t i o n a l  i n f o r m a t i o n  s uc h  as t h e  f o r m s ,  h a b i t s  and a x i a l  
i n f o r m a t i o n  r e q u i r e d  by t h e  d e f i n i t i o n  m o d u l e  t o  c o n s t r u c t  t h e
L I S T - O F- PL A N E S  f o r  t h e  c e l l .
To c o n s t r u c t  t h e  d a t a b a s e  t h e r e  a r e  a number  o f  f i l e s  and
r e l a t i o n s  .
aJ. t a b l e  for  CONVERSION SYSTEM AND CLASS SYMBOL INTO
SYSTEM-CLASS-CODE
The f i r s t  r e l a t i o n  i s  a d i c t i o n a r y  o f  s y s t e m  and c l a s s  s y m b o l s .  
T h i s  t a b l e  c o n v e r t s  t h e  u s e r  d e f i n e d  c r y s t a l  s y s t e m  and c l a s s  s y m b o l
i n t o  a s y s t e m - c l a s s - c o d e  ( s e e  f i g u r e  8 . 4 ) .  T h i s  e l i m i n a t e s  t h e
p r o b l e m s  t h a t  c o u l d  a r i s e  i f  t h e  u s e r  s p e c i f i e d  a c l a s s  t h a t  s e v e r a l  
p o s s i b l e  s y n o n y mo u s  s y m b o l s  e . g . t t i e  c l a s s  m3m w h i c h  can a l s o  be 
w r i t t e n  as 4 / m 3 4 / m.  By c o n v e r t i n g  t h e  s y s t e m  and c l a s s  i n t o  a
u n i q u e  c ode  we can use t h i s  c ode  t o  r e t r i e v e  t h e  c e l l s  and e l i m i n a t e  
t h e  p o s s i b i l i t y  o f  m i s s i n g  c e l l s  b e c a u s e  o f  a d i f f e r e n t  s y m b o l  
n o t a t i o n  f o r  t h e  same c l a s s .  The k e y s  f i e l d s  t o  t h i s  t a b l e  a r e  t h e  
s y s t e m  and c l a s s  s y m b o l ,  see f i g u r e  8 . 5  w h i c h  shows t h e  f u n c t i o n a l
d e p e n d e n c y  o f  t h e  s y s t e m - c l a s s - c o d e  on t h e  key  a t t r i b u t e s .
h i  F I L E  O f  AXI AL PARAMETERS
The f i r s t  f i l e  o f  d a t a  i s  t h e  f i l e  c o n t a i n i n g  t h e  a x i a l
p a r a m e t e r s .  F o r  eac h  p a r t i c u l a r  r e c o r d  i n  t h i s  f i l e  we h a v e  t h e  
f o l l o w i n g  f i e l d s :
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F i g u r e  8 . 4
T a b l e  f o r  c o n v e r s i o n  o f  s y s t e m  and c l a s s  s y m b o l  i n t o  s y s t e m - c l a s s - c o d e .
SYSTEM CLASS CODE SYSTEM CLASS CODE
T R I C L I N I C 1 1
T R I C L I N I C Ï 2
MONOCLINIC 2 3
MONOCLINIC 1 2 3
MONOCLINIC m 4
MONOCLINIC 2 4
MONOCLINIC 1 /m 4
MONOCLINIC 1 m 4
MONOCLINIC 2/ m 5
MONOCLINIC 1 m 5
ORTHORHOMBIC 222 6
ORTHORHOMBIC mm2 7
ORTHORHOMBIC 2 m 7
ORTHORHOMB IC mm 7
ORTHORHOMBIC 2 m 7
ORTHORHOMBIC 1 / mm 7
ORTHORHOMBIC 2 / m 2 / m 2 / m 8
ORTHORHOMBIC mmm 8
TETRAGONAL 4 9
TETRAGONAL 4 1 0
TETRAGONAL 4 / m 1 1
TETRAGONAL 422 1 2
TETRAGONAL 42 1 2
TETRAGONAL 4 mm 1 3
TETRAGONAL 4 2 m 1 4
TETRAGONAL 4 / m 4 / m 2 / m 1 5
TETRAGONAL 4 / mmm J 5-,.
TRIGONAL 3 1 6
TRIGONAL 3 17
TRIGONAL 3 m 1 8
TRIGONAL 3 m 1 9
TRIGONAL 3 2 / m 20
TRIGONAL 32 20
HEXAGONAL 6 2 1
HEXAGONAL 6 22




HEXAGONAL 6 mm 25
HEXAGONAL 6m2 26
HEXAGONAL 3/mm 26
HEXAGONAL 6 m 26
HEXAGONAL 6 / m 2 / m 2 / m 27








CUBIC 4 3m 3 1





RHOMBOHEDRAL 3 m 35
RHOMBOHEDRAL 3m 36
RHOMBOHEDRAL 3 2/m 37
RHOMBOHEDRAL 32 37
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a b c a 3 a x i s - c o d e
The f i l e  i s  an ISAM f i . l e  w h e r e  t h e  s e q u e n t i a l  o r d e r  i s  m a i n t a i n e d  by 
t h e  n u m e r i c a l  v a l u e s  o f  t h e  a.  b , c ,  a ,  3,  y p a r a m e t e r s  ( t h e  i n i t i a l  
p r i o r i t y  o f  n u m e r i c a l  s e q u e n c e  g i v e n  t o  t h e  p a r a m e t e r  a,  t h e n  b,  t h e n  
c e t c . ) .  F o r  each  r e c o r d  i n  t h e  f i l e  t h e r e  i s  a u n i q u e  a x i s - c o d e .  
T h i s  a x i s - c o d e  i s  used  t o  s e l e c t  c e l l s  w i t h i n  t h e  d a t a b a s e  w i t h  t h e  
c o r r e c t  a x i a l  p a r a m e t e r s .  The a x i s - c o d e  can o n l y  be r e t r i e v e d  by 
s e a r c h i n g  t h e  f i l e  f o r  t h e  c o r r e c t  u s e r  d e f i n e d  a x i a l  p a r a m e t e r s .
O n l y  t h e  a x i a l  p a r a m e t e r s  s u p p l i e d  by t h e  u s e r  w i l l  be i n s e r t e d  
i n t o  t h e  f i e l d s  o f  a r e c o r d .  P a r a m e t e r s  w h i c h  a r e  n o t  d e f i n e d  a r e  
l e f t  as z e r o .  F o r  e x a m p l e  i n  t h e  c u b i c  s y s t e m  o n l y  p a r a m e t e r  a i s
r e q u i r e d  and t h e  r e m a i n d e r  o f  p a r a m e t e r s  a r e  z e r o .  The f i r s t  r e c o r d
i n  t h e  f i l e  r e p r e s e n t e d  i n  f i g u r e  8 . 6  has  some e x a m p l e  r e c o r d s ,  t h e  
f i r s t  r e c o r d  i s  t h a t  o f  a c u b i c  a x i a l  s y s t e m  w i t h  a = 1 . 0 .  A l t h o u g h  t h e  
r e c o r d s  a r e  i n  n u m e r i c a l  o r d e r  a c c o r d i n g  t o  t h e  a t t r i b u t e  a,  b,  c ,  a ,
3,  "Y, t h e  a x i s - c o d e s  a r e  n o t ,  b e c a u s e  t h e  a x i s - c o d e  f o r  a s e t  o f
p a r a m e t e r s  i s  a s s i g n e d  i n  t h e  o r d e r  t h a t  t h e  r e c o r d s  a r e  w r i t t e n  i n t o  
t h e  f i l e ,  so t h e  f i r s t  r e c o r d  w r i t t e n  i n t o  t h e  has  t h e  a x i s - c o d e  o ne ,  
and t h e  n t h  r e c o r d  w r i t t e n  i n t o  t h e  f i l e  has t h e  a x i s - c o d e  n.
U n l i k e  t h e  f i r s t  t a b l e  w h i c h  r e m a i n s  c o n s t a n t ,  t h e  a x i a l  r e c o r d s  
may e x p a n d .  I f  t h e  u s e r  d e f i n e s  a p a r t i c u l a r  s e t  o f  a x i a l  p a r a m e t e r s  
w h i c h  a r e  n o t  w i t h i n  t h e  d a t a b a s e  t h e n  t h e s e  new a x i a l  p a r a m e t e r s  a r e  
i n s e r t e d  i n t o  t h e  f i l e .  The s e q u e n t i a l  s t r u c t u r e  o f  t h e  f i l e  w i l l  be 
m a i n t a i n e d  a f t e r  eac h  i n s e r t i o n .
3 4 9
F i g u r e  8 . 5
C a n d i d a t e  k e y s  f o r  t a b l e  8 . 4
c a n d i d a t e  key  




F i g u r e  8 . 6
F i l e  o f  a x i a l  p a r a m e t e r s
a b c a p Y a x i s - c o d e
1 0 0 0 0 0 1
1 0 0 60 0 0 6
1 1 . 1 0 0 0 0 3
1 2 0 0 0 0 1 0
: •
f i g u r e  8 . 7
R e l a t i o n  f o r  a c c e s s  by name
Key t o  r e c o r d  i s  name
name s y s t e m - c l a s s a x i a l - r e g - c o d e n o .  o f l i s t  o f c e l l -
c ode c ode f o r m s f o r m s + h a b i t n umbe r
350
c l  f i l e  of c r y s t a l  DETAILS
To a c c e s s  t h e  d a t a b a s e  by s u b s t a n c e  name we hav e  t h e  f o l l o w i n g
r e l a t i o n  f i g u r e  8 . 7 .  The c r y s t a l s  a r e  s t o r e d  i n  o r d e r  w i t h i n  t h i s  
ISAM f i l e  a c c o r d i n g  t o  a l p h a b e t i c  o r d e r .  Each s u b s t a n c e  has  a u n i q u e  
s y s t e m - c l a s s - c o d e  and a x i a l  c ode  c o m b i n a t i o n  w h i c h  a r e  s t o r e d  w i t h i n  
t h e  f i l e  f o r  i n f o r m a t i o n .  O t h e r  d e t a i l s  t h a t  can be r e t r i e v e d  f r o m  a 
s e a r c h  o f  t h e  f i l e  by name a r e  s p e c i f i c  t o  t h e  c r y s t a l .  T h i s  i n c l u d e s
r e g - c o d e  t o  s p e c i f y  i f  t h e  c e l l  i s  r e g u l a r  o r  non r e g u l a r  
t h e  n umber  o f  d e f i n i n g  f o r m s  
l i s t  o f  f o r m s  and h a b i t  v a l u e
c e l l - c o d e  used  t o  r e t r i e v e  t h e  p o l y g o n a l  me s h f o r  t h e  c e l l
S u b s t a n c e s  w i t h  d u p l i c a t e  names a r e  s t o r e d  . s e q u e n t i a l l y  i n  a
f i r s t  i n  f i r s t  o u t  o r d e r .
The u s e r  can  c h o o s e  t o  s e a r c h  t h e  l i s t  d f  c r y s t a l s  f o r  a 
p a r t i c u l a r  s u b s t a n c e  by
1. Name o n l y ,  i n  w h i c h  c a s e  t h e  u s e r  can s e a r c h  t h r o u g h  t h e  
c o m p l e t e  l i s t  o f  c e l l s  i n  t h e  d a t a b a s e  f o r  t h i s  s u b s t a n c e .
2 .  Name w i t h  r e g - c o d e .
I f  t h e  c ode  i s  r e g u l a r ,  t h e n  o n l y  r e g u l a r  c r y s t a l s  o f  t h i s  
s u b s t a n c e s  a r e  r e t r i e v e d .
I f  t h e  c ode  i s  n o n - r e g u l a r  t h e n  n o n - r e g u l a r  c r y s t a l s  a r e  
r e t r i e v e d .
3.  Name,  r e g - c o d e  and n umber  o f  f o r m s .
W i t h  t h e s e  t h r e e  a t t r i b u t e s ,  o n l y  t h e  n o n - r e g u l a r  o r  r e g u l a r  
c e l l s ,  a c c o r d i n g  t o  r e g - c o d e ,  w i t h  a s p e c i f i c  numbe r  o f
35 1
d e f i n i n g  f o r m s  w i l l  be r e t r i e v e d .
When a r e c o r d  i s  r e t r i e v e d  by a s e a r c h  o p e r a t i o n ,  t h e  name o f  t h e  
s u b s t a n c e ,  i t s  s y s t e m  and c l a s s  and a x i a l  p a r a m e t e r s  a r e  d i s p l a y e d  
a l o n g  w i t h  t h e  a t t r i b u t e s  s p e c i f i c  t o  t h e  p a r t i c u l a r  c r y s t a l  i . e .  t h e  
r e g - c o d e ,  and t h e  l i s t  o f  d e f i n i n g  f o r m s .  I f  t h e  c e l l  i s  s e l e c t e d  by 
t h e  u s e r ,  t h e  c e l l - c o d e  i s  used  t o  a c c e s s  t h e  f i l e  o f  p o l y g o n a l  mesh 
t o  r e t r i e v e  t h e  f a c e t  and v e r t e x  i n f o r m a t i o n  o f  t h i s  c e l l .
I f  t h e  c r y s t a l  i s  n o t  i n  t h e  l i s t  o r  t h e  s u b s t a n c e  name does  n o t  
o c c u r  i n  t h e  t a b l e  t h e n  a new c e l l  m u s t  be g e n e r a t e d .  T h i s  c e l l  i s  
c o n s t r u c t e d  as b e f o r e  by t h e  c o n s t r u c t i o n  m o d u l e ,  and t h e  u s e r  m u s t  
s u p p l y  t h e  f u l l  d e f i n i t i o n .  Once c o n s t r u c t e d  t h e  u s e r  can o p t i o n a l l y  
c h o o s e  t o  s t o r e  t h e  c e l l ,  w i t h i n  t h e  d a t a b a s e .  The u n d e r l y i n g  d a t a b a s e  
s y s t e m  w i l l  t h e n  p e r f o r m  t h e  p r o c e d u r e s  n e c e s s a r y  t o  m a i n t a i n  t h e  
d e p e n d e n c i e s .
The a l t e r n a t i v e  key  c o m b i n a t i o n  t h a t  can be used  t o  r e t r i e v e  a 
c e l l  mesh i s  t h e  s y s t e m  c l a s s  . ^ a x i a l  p a r a m e t e r  s p e c i f i c a t i o n .  The u s e r  
s u p p l i e s  t h e s e  a t t r i b u t e s ,  t h e  s y s t e m  and c l a s s  s y m b o l  a r e  c o n v e r t e d  
i n t o  a s y s t e m - c l a s s - c o d e .  The a x i a l  p a r a m e t e r s  a r e  c o n v e r t e d  by t h e  
s e c o n d  r e l a t i o n  i n t o  an a x i a l  c o d e .  I f  t h e  a x i a l  p a r a m e t e r s  do n o t
e x i s t  i n  t h e  d a t a b a s e  t h e n  no c e l l  o f  t h i s  t y p e  o c c u r s  and a new c e l l
w i l l  be c o n s t r u c t e d  by t h e  c o n s t r u c t i o n  m o d u l e ,  h o w e v e r ,  i f  t h e
p a r a m e t e r s  do o c c u r  t h e n  we use  t h e  a x i a l  c ode  and t h e
s y s t e m - c l a s s - c o d e  t o  r e t r i e v e  t h e  r e c o r d s  o f  t h i s  t y p e  i n  t h e  
f o l l o w i n g  r e l a t i o n  ( f i g u r e  8 . 8 ) .
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F i g u r e  8 . 8
s y s t e m ,  c l a s s ,  a x i s  key  r e t r i e v a l
Key t o  a r e c o r d  i n  t h i s  f i l e  i s  t h e  key  c o m b i n a t i o n  
s y s t e m - c l a s s - c o d e  and a x i a l - c o d e
s y s t e m - c l a s s a x i a l - c o d e r e g - c o d e no .  o f l i s t  o f c e l l - n u m b e r
- c ode f o r m s f o r m s + h a b i t s
As w i t h  t h e  l a s t  t a b l e  r e c o r d s  can be r e t r i e v e d  u s i n g  a v a r i e t y  
o f  o p t i o n s
1. s y s t e m - c l a s s - c o d e  and a x i a l - c o d e
l i s t s  a l l  t h e  c r y s t a l s  w i t h  t h e s e  a t t r i b u t e s
2.  s y s t e m - c l a s s - c o d e  and a x i a l - c o d e  p l u s  r e g - c o d e
l i s t s  a l l  t h e  r e g u l a r / n o n - r e g u l a r  c r y s t a l s  w i t h  t h e s e
a t t r i b u t e s
3.  s y s t e m - c l a s s - c o d e ,  a x i a l - c o d e ,  r e g - c o d e  and n umber  o f  f o r m s
l i s t s  a l l  t h e  r e g u l a r / n o n - r e g u l a r  c r y s t a l s  w i t h  t h e s e
a t t r i b u t e s  and a s p e c i f i c  n umbe r  o f  d e f i n i n g  f o r m s .
A g a i n  t h e  c e l l - n u m b e r  i s  used  t o  r e t r i e v e  t h e  p o l y g o n a l  c e l l  mesh 
f o r  t h e  c r y s t a l .  I f  t h e  c r y s t a l  i s  n o t  i n  t h e  l i s t  t h e n  i t  m u s t  be 
c o n s t r u c t e d  by a c t i v a t i n g  t h e  c o n s t r u c t i o n  m o d u l e .
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F o r  e x p l a n a t i o n ,  t h e  l a s t  t wo  r e l a t i o n s  have  been t r e a t e d  as 
s e p a r a t e  s t r u c t u r e s ,  I t owev e r  such  an i m p l e m e n t a t i o n  w o u l d  c a u s e  
d u p l i c a t i o n  o f  i n f o r m a t i o n  b e c a u s e  eac h  c r y s t a l  d e f i n e d  by name w o u l d  
a l s o  h av e  t o  be added  t o  t h e  f i l e  o f  c r y s t a l s  d e f i n e d  by 
s y s t e m - c l a s s - a x i s . T h e r e f o r e  we hav e  a s i n g l e  ISAM f i l e  t o  s t o r e  t h e  
c r y s t a l  d e t a i l s  whose  f i e l d s  a r e  
Name { o p t i o n a l }
S y s t e m - c l a s s - c o d e  
a x i a l - c o d e  
r e g - c o d e  
nu mb e r  o f  f o r m s
l i s t  o f  f o r m s  and t h e i r  h a b i t  v a l u e s  
c e l l - n u m b e r
T h i s  ISAM f i l e  can be a c c e s s e d  by t h e  Name o r  t h e  S y s t e m - c l a s s - a x i s  
k e y  c o m b i n a t i o n s .  Once a a r e c o r d  i s  r e t r i e v e d  by one o f  t h e  ab o v e  
a c c e s s  m e t h o d s  t h e  f i l e  i s  a c c e s s e d  i n  s e q u e n c e  a c c o r d i n g  t h e  
s p e c i f i e d  a t t r i b u t e s .  The s e a r c h  o f  t h e  f i l e  t e r m i n a t e s  e i t h e r  when 
t h e  l i s t  o f  c r y s t a l s  s a t i s f y i n g  t h e  i n i t i a l  key  c o m b i n a t i o n  ends  o f  
t h e  u s e r  s e l e c t s  a r e c o r d .
d l  F I L E  OF POLYGONAL CELL MESH
The l a s t  f i l e  h o l d s  t h e  d a t a  f o r  t h e  c e l l  mesh .  Each r e c o r d  i n  
t h i s  f i l e  c o n t a i n s  t h e  f o l l o w i n g  f i e l d s
C e l l - n u m b e r
L I S T - O F - PL A N E
L I S T - O F - V E R T I C E S
L I S T - OF- F A C ET S  { e a c h  f a c e t  d e f i n e d  by a l i s t  o f  v e r t i c e s }
When a new c e l l  i s  c r e a t e d  i t s  i n f o r m a t i o n  i s  s t o r e d  i n  t h i s  f i l e  and
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e ac h  c e l l  mesh has  a u n i q u e  c e l l - n u m b e r  w h i c h  i s  t h e  key  t o  t h e  
r  e c 0 r  d .
When t h e  u s e r  s e l e c t s  a p a r t i c u l a r  c r y s t a l ,  t h e  c e l l - n u m b e r  i s  
used  t o  a c c e s s  t h i s  f i l e  and r e t r i e v e  t h e  mesh d a t a .  T h i s  d a t a  i s  
i n s e r t e d  i n t o  t h e  p o l y g o n a l  mesh s t r u c t u r e  f o r  t h e  c e l l  c o m b i n a t i o n  
c r e a t e d  by t h e  u s e r .
8 . 2 . 1  INSERTING A ÜEW CELL INTO THE DATABASE
I f  t h e  u s e r  d oes  n o t  s e l e c t  a c e l l  f r o m  t h e  d a t a b a s e  i t  w i l l  be 
g e n e r a t e d  by t h e  a c t i v a t i o n  o f  t h e  c o n s t r u c t i o n  m o d u l e .  When c o m p l e t e  
t h e  u s e r  can o p t i o n a l l y  c h o o s e  t o  s t o r e  t h e  c e l l  mesh w i t h i n  t h e  
d a t a b a s e .  The d e f i n i t i o n  o f  t h e  c e l l  c o n s i s t s  o f :
Name { o p t i o n a l }
sy s t e m
c l a s s
a x i a l  p a r a m e t e r s  
r e g - c o d e  
n u mb e r  o f  f o r m s
l i s t  o f  f o r m  i n d i c e s  and h a b i t s  
L I S T - OF - PL A N ES  
L I S T - O F - V E R T I C E S  
L I S T - OF- F A C ET S
The s y s t e m  and c l a s s  s y m b o l  a r e  c o n v e r t e d  i n t o  t h e  s y s t e m - c l a s s - c o d e .  
The a x i a l  p a r a m e t e r s  a r e  c o n v e r t e d  i n t o  an a x i a l - c o d e .  E i t h e r  t h e
p a r a m e t e r s  e x i s t  i n  t h e  f i l e  o f  a x i a l  p a r a m e t e r s ,  i n  w h i c h  c a s e  t h e
c o d e  w i l l  be r e t r i e v e d  o r  i t  i s  a new s e t  o f  a x i a l  p a r a m e t e r s  w h i c h
a r e  i n s e r t e d  i n t o  t h e  f i l e  ( i n  s e q u e n c e ) .  The a x i s - c o d e  f o r  t h e  new 
r e c o r d  i s  one h i g h e r  t h a n  t h e  h i g h e s t  c ode  i n  t h e  f i l e .  S e q u e n t i a l
o r d e r i n g  i s  m a i n t a i n e d  by t h e  ISAM f i l e  s t r u c t u r e .
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The mesh d a t a  i s  added  t o  t h e  f i l e  o f  p o l y g o n a l  mesh and i s  g i v e n  
a u n i q u e  c e l l - n u m b e r .  A r e f e r e n c e  t o  t h i s  c e l l  m u s t  be added  t o  t h e  
f i l e  c o n t a i n i n g  t h e  l i s t  o f  c r y s t a l  d e t a i l s .  I f  t h e  c j  y s t a  1 has  a 
name t h e n  t h e  r e c o r d  i s  i n s e r t e d  by t h e  new key  - name i n  t h e  f i l e .  I f  
c r y s t a l s  o f  t h i s  s u b s t a n c e  a l r e a d y  e x i s t  i t  i s  added  t o  t h e  end o f  t h e  
l i s t  o f  c r y s t a l s  f o r  t h i s  s u b s t a n c e .  The ISAM f i l e  s t r u c t u r e  w i l l  
m a i n t a i n  t h e  s e q u e n t i a l  o r d e r  f o r  t h e  l i s ' t  by name and a l s o  by
s y s t e m - c l a s s - c o d e  and a x i s - c o d e  c o m b i n a t i o n  so t h a t  t h e  c r y s t a l  i s  
added  t o  t h e  l i s t  o f  c r y s t a l  f o r  t h e  s u b s t a n c e  and t h e  l i s t  o f
c r y s t a l s  w i t h  t h i s  s y s t e m - c l a s s - c o d e  and a x i s - c o d e  c o m b i n a t i o n .
I f  t h e  name i s  n e w , t h e n  i t  i s  i n s e r t e d  i n  a l p h a b e t i c  o r d e r  i n t o  
t h e  f i l e .  I t  i s  t h e  f i r s t  c r y s t a . . L . i n  t h e  l i s t  f o r  t h i s  s u b s t a n c e ,  b u t  
i t  i s  a l s o  a new c r y s t a l  f o r  t h e  l i s t  o f  c r y s t a l  w i t h  t h i s  p a r t i c u l a r  
s y s t e m - c l a s s - c o d e  and a x i s - c o d e  c o m b i n a t i o n .
I f  t h e  c e l l  i s  n o t  d e f i n e d  by name t h e n  t h e  name f i e l d  i s  l e f t
e m p t y  and i t  w i l l  be i n s e r t e d  i n t o  t h e  ISAM f i l e  a c c o r d i n g  t o  i t s
s y s t e m - c l a s s - c o d e  and a x i s - c o d e  c o m b i n a t i o n .
I n  e i t h e r  s i t u a t i o n  t h e  i n s e r t e d  r e c o r d  c o n t a i n s  t h e  f o l l o w i n g  
f i e l d  s ;
Name {may be e m p t y }
S y s t e m - c l a s s - c o d e
A x i a l - c o d e
R e g - c o d e
n umber  o f  f o r m s
L i s t  o f  f o r m s  and h a b i t
C e l l - n u m b e r
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8 . 2 . 2  RETRIEVAL OF CELL FROM DATABASE
When t h e  u s e r  w i s h e s  t o  add a new c e . l l  t o  t h e  d a t a  m o d e l  he w i l l  
do so t h r o u g h  t h e  d e f i n i t i o n  m o d u l e  ( s e e  c h a p t e r  o n e ) . The u s e r  w i l l  
be p r o m p t e d  by t h i s  m o d u l e  t o  s p e c i f y  w h e t h e r  t h e  c e l l  i s  i d e n t i f i e d  by 
a name o f  a s u b s t a n c e .  I f  n o t  i t  w i l l  be d e f i n e d  by i t s  s y s t e m ,  c l a s s  
and a x i a l  p a r a m e t e r s .
L e t  us say  t h e  c e l l  i s  o f  a p a r t i c u l a r  s u b s t a n c e .  The u s e r  t h e n  
i n p u t s  t h e  name w h i c h  i s  v e r i f i e d  and t h e n  used  as a key  t o  t h e  
d a t a b a s e .  I f  t h e r e  a r e  any  c e l l s  w i t h i n  t h e  d a t a b a s e  w i t h  t h i s  
p a r t i c u l a r  name t h e  d e t a i l s  o f  e ac h  c e l l  o f  t h i s  t y p e  a r e  d i s p l a y e d  on 
t h e  s c r e e n  so t h e  u s e r  can s e l e c t  and r e t r i e v e  t h e  mesh f o r  t h e
d e f i n e d  c e l l .  I f  t h e  r e q u i r e d  c e l l  i s  n o t  w i t h i n  t h e  d a t a b a s e ,  o r  no 
c e l l  e x i s t s  w i t h  t h e  s p e c i f i e d  key  name t h e  c o n s t r u c t i o n  m o d u l e  w i l l  
be a c t i v a t e d  and t h e  u s e r  w i l l  have  t o  d e f i n e  t h e  c e l l  e x p l i c i t l y  ( s e e  
c h a p t e r  t w o ) .
I f  t h e  c e l l  i s  n o t  d e f i n e d  by a name t h e  u s e r  w i l l  be p r o m p t e d  t o  
s u p p l y  t h e  s y s t e m ,  c l a s s  and a x i a l  p a r a m e t e r s  o f  t h e  c e l l .  T h e r e a f t e r
1.  t h e  s y s t e m  and c l a s s  a r e  c o n v e r t e d  t o  a s y s t e m - c l a s s - c o d e
2.  t h e  a x i a l  p a r a m e t e r s  a r e  used  t o  r e t r i e v e  an a x i s - c o d e .
The s y s t e m - c l a s s - c o d e  and a x i s - c o d e  a r e  t h e n  used  t o  r e t r i e v e  t h e  d a t a  
f r o m  t h e  l i s t  o f  c r y s t a l s .  I f  t h e  a x i a l  p a r a m e t e r s  do n o t  r e t r i e v e  an 
a x i s - c o d e ,  t h e n  t h e s e  a r e  new a x i a l  p a r a m e t e r s  and no c e l l  o f  t h i s
t y p e  e x i s t s  i n  t h e  d a t a b a s e ,  so t h e  c o n s t r u c t i o n  m o d u l e  w i l l  be
a c t i v a t e d  and t h e  c e l l  d e f i n e d  e x p l i c i t l y .
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I f  t h e  d a t a b a s e  i s  s l i a r e d  by s e v e r a l  u s e r s  , any  r e a d  o p e r a t i o n s
can r e s u l t  i n  a " s p e c i f i e d  r e c o r d  l o c k e d ” e r r o r ,  w h e r e  t h e  r e c o r d  i s  
c u r r e n t ] .y b e i n g  l o o k e d  a t  by a n o t h e r  u s e r .  To r e c o v e r  f r o m  t h i s  e r r o r  
condition i;hecks are put in so that the program retui’ns to the READ 
s t a t e m e n t  a f t e r  some t i m e  d e l a y .
I f  a r e c o r d  has been  g e n e r a t e d  i n c o r r e c t l y ,  o r  a r e c o r d  i s  no
l o n g e r  r e q u i r e d  i t  i s  p o s s i b l e  t o  r e mo v e  i t  f r o m  t h e  f i l e s ,  as w i t h
t h e  i n s e r t i n g  o f  a r e c o r d ,  t h e  d a t a b a s e  s y s t e m  w i l l  m a i n t a i n  t h e  
s e q u e n t i a l  o r d e r i n g  o f  t h e  f i l e  e v en  when a r e c o r d  i s  d e l e t e d .  To 
a v o i d  c o r r u p t i o n  o f  t h e  d a t a b a s e ,  a l l  c h a n g e s  t o  t h e  d a t a b a s e  a r e  
w r i t t e n  t o  a t e m p o r a r y  f i l e ,  a c o p y  i s  made o f  t h e  e x i s t i n g  d a t a b a s e ,  
and t h i s  c o p y  w i l l  be u p d a t e d  u-s i ng t h e  t e m p o r a r y  f i l e  a t  t h e  end o f  
eac h  r u n .  By k e e p i n g  o l d  c o p i e s  o f  t h e  d a t a b a s e  and u p d a t i n g  f i l e s ,  
i t  i s  a l s o  p o s s i b l e  t o  r e c o v e r  t h e  d a t a b a s e  s h o u l d  i t  become c o r r u p t e d  
o r  d e s t r o y e d .
8 . 3  CONCLUSIONS
I t  w o u l d  be m i s l e a d i n g  t o  s u g g e s t  t h a t  we hav e  c o v e r e d  a l l  t h e
s u b t l e t i e s  o f  g e n e r a t i n g  a c o m p u t e r  r e p r e s e n t a t i o n  o f  c r y s t a l s .  
H o w e v e r ,  t h e  d e s i g n  c o u l d  be e x t e n d e d  t o  a c c o m o d a t e  a l a r g e  numbe r  o f  
p o s s i b l e  r e p r e s e n t a t i o n s .
The d a t a b a s e  c o u l d  be used  a l o n g s i d e  an o c t - t r e e  d i s p l a y  
a l g o r i t h m  t o  p r o d u c e  p a r a l l e l  and d e n d r i t i c  g r o w t h s  ( s e e  f i g u r e  8 . 9 ) .  
T h e s e  o b j e c t s  a r e  g e n e r a t e d  by r e p e a t e d l y  t r a n s l a t i n g ,  s c a l i n g  and 
r o t a t i n g  a u n i t  c e l l .
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F i g u r e  8 . 9
N o n - c o n v e x  p o l y h e d r o n  d e m o n s t r a t i n g  p a r a l l e l  g r o w t h
iiHIli-
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P a r a l l e l  g r o w t h  i s  a r d u o u s  t o  p r o d u c e  a t  p r e s e n t  u s i n g  t h e  
p r e s e n t  c o n s t r u c t i o n  and d e f i n i t i o n s .  Bu t  we c o u l d  d e v e l o p  an 
o c t - t r e e  a l g o r i t h m  [ M e a g h e r ,  19 8 2 ]  w h i c l i  w o u l d  use b i n a r y  o p e r a t i o n s  
and t r e e  m a n i p u l a t i o n  t o  c o n s t r u c t  a t h r e e  d i m e n s i o n a l  d a t a  
r e p r e s e n t a t i o n  o f  s u c h  o b j e c t s .
We w o u l d  c o n s t r u c t  an o c t - t r e e  f o r  each  u n i t  c e l l .  The d a t a  t o  
c o n s t r u c t  t h e  o c t - t r e e  w o u l d  be t h e  L I S T - OF- PL A NES  w h i c l i  c o u l d  be 
r e t 1 i e v e d  f r o m  t h e  d a t a b a s e  o r  t h e  d e f i n i t i o n  m o d u l e  ( s e e  s e c t i o n  
1 . 6 ) .  The o c t - t r e e  e n c o d i n g  w o u l d  use  s i m i l a r  me t [ l o d s  o f  s p a t i a l
e n u m e r a t i o n  and c e l l  d e c o m p o s i t i o n  t h a t  we used  i n  t h e  q u a d - t r e e  
e n c o d i n g .  H o w e v e r ,  i n  t h e  o c t - t r e e  e n c o d i n g  t h e  w i n d o w s  w o u l d  no 
l o n g e r  be a s q u a r e  r e g i o n  o f  t wo d i m e n s i o n a l  s p a c e ,  b u t  a c ube  o r  
t h r e e  d i m e n s i o n a l  o b s e r v e r  s p a c e .  Each node  on t h e  o c t - t r e e  w o u l d  
r e p r e s e n t  a w i n d o w  i n  t h r e e  d i m e n s i o n a l  s p a c e ,  and a node  on l e v e l  k 
w o u l d  be d e f i n e d  by t h e  o r d e r e d  p a i r  ( P , E ( k ) ) w l i e r e  P i s  t h e  p r o p e r t y  
o f  t h e  w i n d o w  and E ( k )  a r e  t h e  v o x e l s ,  o r  r e g i o n s  o f  t h e  u n i t  c e l l  
t h a t  p a r t i a l l y  f i l l  t h e  w i n d o w .
Once t h e  u n i t  c e l l  i s  e n c o d e d  i n  t h i s  way we a r e  a b l e  t o  d e v e l o p  
f u r t h e r  a l g o r i t h m s  t h a t  w i l l  r e p o s i t i o n  t h e  u n i t  c e l l  by  m a n i p u l a t i o n  
o f  t h e  o c t - t r e e .  These  new o c t - t r e e s  can be c o m b i n e d  by o p e r a t i o n s  o f  
u n i o n ,  i n t e r s e c t i o n ,  c o m p l e m e n t ,  s u b t r a c t i o n .  Each o p e r a t i o n ,  o r  
c o n c a t e n a t i o n  o f  o p e r a t i o n s ,  w i l l  be a c h i e v e d  u s i n g  b o o l e a n  o p e r a t i o n s  
b e t w e e n  e q u i v a l e n t  nodes  on t h e  o c t - t r e e s  ( b y  an e q u i v a l e n t  node  we 
mean a node  i n  t h e  same p o s i t i o n  and l e v e l  i n  d i f f e r e n t  o c t - t r e e s ) .
The r e s u l t  o f  t h e s e  o p e r a t i o n s  w i l l  be t o  c o n s t r u c t  t h e  
‘ r e s u l t i n g *  o c t - t r e e ,  w h i c h  w i l l  r e p r e s e n t  t h e  f i n a l  n o n - c o n v e x  
p o l y h e d r a  .
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T h i s  a l g o r i t h m  w i l l  i n t e r f a c e  d i r e c t l y  t o  t h e  d a t a b a s e  t o  
r e t r i e v e  t h e  L I S T - O F - P L A N E S ,  o r  t o  t h e  d e f i n i t i o n  m o d u l e .  The 
p o l y g o n a l  mesh w i t h i n  t t i e  d a t a b a s e  w i l l  be u n n e c e s s a r y  t o  t h i s  
a l g o r i t h m  b u t  w i l l  r e m a i n  t o  m a i n t a i n  t h e  f a c i l i t i e s  o f  p o l y g o n a l  mesh 
d i s p l a y .  B e c a u s e  t h e  o c t - t r e e  m a i n t a i n s  a l l  e l e m e n t s  o f  t h e  f i n a l  
c r y s t a l  i n  a s p a t i a l l y  p r e - s o r t e d  f o r m a t ,  a h i d d e n  s u r f a c e  v i e w  can be 
g e n e r a t e d  w i t h o u t  s e a r c h i n g  o r  s o r t i n g .  I f  t h e  nodes  a r e  v i s i t e d  and 
d i s p l a y e d  i n  t h e  p r o p e r  s e q u e n c e  f o r  t h e  l o c a t i o n  o f  t h e  o b s e r v e r ,  no 
v o x e l  can  o b s c u r e d  by a n o t h e r  v o x e l  l a t e r  i n  t h e  s e q u e n c e .  The 
c o r r e c t  p r o j e c t i o n  w i l l  be a c h i e v e d  by s e l e c t i n g  t h e  a p p r o p r i a t e  
t r a v e r s a l  p a t h  t h r o u g h  t h e  o c t - t r e e .
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APPENDIX I
CRYSTALLOGRAPHIC SYSTEMS, AXI AL PARAMETERS AND MATRIX REPRESENTATION
1. T RT CL I NI C
T h i s  i s  a s e t  o f  n o n - o r t h o g o n a l  a x e s ,  i n  w h i c h  none o f  t h e  a x i a l  
a n g l e s  « , 3 , 7  i s  9 0 °  and a l l  t h r e e  v a l u e s  o f  t h e  a x i a l  r a t i o  m u s t  be 
s p e c i f i e d .  See f i g u r e  A I . 1 .
2.  MONOCLINIC
The y and z d i r e c t i o n s  a r e  c h o s e n  p e r p e n d i c u l a r  t o  e a c h  o t h e r ,  b u t  t h e  
X d i r e c t i o n ,  i s  n o t  o r t h o g o n a l  t o  t h e  z - a x i s .  The c o n v e n t i o n  a p p l y i n g  
t o  t h e  o r i e n t a t i o n  o f  t h e  m o n o c l i n i c  c r y s t a l  i s  f i r s t  t h e  d i a d  a x i s ,  
wl ' i i ch  i s  a t wo  f o l d  r o t a t i o n  a x i s  i s  a l w a y s  s e l e c t e d  as t h e  y - a x i s ,  
and s e c o n d ,  t h e  x - a x i s  a l w a y s  s l o p e s  d o w n w a r d .  The a n g l e  3 .  m u s t  be 
o b t u s e .  A g a i n  a l l  t h r e e  v a l u e s  o f  t h e  a x i a l  r a t i o  mu s t  be s p e c i f i e d .  
F i g u r e  A I . 2  o u t l i n e s  t h e  p a r a m e t e r s  r e q u i r e d  f o r  t h i s  s y s t e m .
3 .  ORTHORHOMBIC
T h i s  has  an o r t h o g o n a l  s e t  o f  axes  b u t  t h e  a x i a l  u n i t s  a,  b,  c a r e  a l l  
u n e q u a l ,  i n  o t h e r  w o r d s ,  n e i t h e r  o f  t h e  a x i a l  r a t i o s  a / b ,  c / b  can be 
u n i t y .  T h i s  i s  d e m o n s t r a t e d  i n  f i g  A 1 . 3.
4.  RHOMBOHEDRAL
The c h o i c e  o f  a x e s  f o r  t h i s  s y s t e m  d e p a r t s  f r o m  t h e  r ecommended  
a p p r o a c h  f o r m u l i s e d  i n  t h e  Law o f  R a t i o n a l  I n d i c e s  [ D a n a , 1 9 4 8 ; p 4 6 ]  
t h a t  i t  i s  c o n v e n i e n t  w h e r e  p o s s i b l e  t o  c h o o s e  t h e  ax es  p a r a l l e l  t o  
p r o m i n e n t  axes  o f  s y m m e t r y .  To f o l l o w  t h i s  s u g g e s t i o n  i t  w o u l d  be 
i m p o s s i b l e  t o  s e l e c t  a s e t  o f  t h r e e  n o n - c o p l a n a r  w h i c h  a r e
362
f i g u r e  A I . 1  
t r i c l i n i c  s y s t e m
5
a x i a l  r a t i o  a ; b : c
f i g u r e  A I . 2  
m o n o c l i n i c  s y s t e m
5.
a x i a l ,  r a t i o  a ; b : c
363
f i g  A I . 3
o r t h o r h o r n b i c  s y s t e m
J
a x i a l  r a t i o  a : b : c 
a x i a l  a n g l e s  a=p = 'Y = 9 0 °
f i g  AI  . 4
r h o m b o h e d r o n  w i t h  r h o m b o h e c l r a l  a x es
384
s y m m e t r i c a l l y  r e l a t e d  t o  t h e  t r i a d  axes ( t h e  a x i s  o f  t h r e e - f o l d  
r o t a t i o n  p r e s e n t  i n  a l l  c r y s t a l s  o f  t h i s  s y s t e m ) . So t h e  axes a r e  
chosen p a r a l l e l  t o  t h e  t h r o e  p o l a r  edges o f  t h e  f u n d a m e n t a l  
r hombohed r on  ( f i g u r e  A I . 4 )  e q u a l l y  i n c l i n e d  t o  t h e  t r i a d  a x i s  and 
n o n - o r t h o g o n a l . These axes a r e  i n c l i n e d  a t  t h e  a x i a l  a n g l e  ex. The 
u n i t  l e n g t h s  a l o n g  t he  x,  y,  z axes a r e  a l s o  e q u a l .  Hence o n l y  a has 
t o  be s p e c i f i e d .  As we can see i n  f i g  A I . 5 .  The f a c e t s  i n  t h i s  
s y s t em a r e  g i v e n  u s i n g  M i l l e r  i n d i c e s .
5. TRIGONAL
Ther e  i s  an a l t e r n a t i v e  met t i od f o r  o r i e n t i n g  t h e  axes o f  t h e  
r ho mb ohec l r a l  s ys t em t h a t  g r e a t l y  s i m p l i f i e s  c r y s t a l  mea s u r emen t .  
A l t h o u g h  i t  i s  i m p o s s i b l e  t o  f i n d  t h r e e  axes s a t i s f y i n g  t h e  a p p r o ac h  
i n  t h e  Law o f  r  a t  i. o n I n d i c e s ,  i t  i s  p o s s i b l e  t o  s e l e c t  f  ou i' 
n o n - i n d e p e n d e n t  axes ,  see f i g u r e  A I . 6 .  The z - a x i s  i s  a l o n g  t h e  t r i a d  
a x i s ,  and t h r e e  n o n - i n d e p e n d e n t  axes x , y , u l i e  i n  t h e  h o r i z o n t a l  
p l a n e  and a r e  n o r m a l  t o  t h e  v e r t i c a l .  The a n g l e s  bet ween  x A u , u A y , 
yAx a r e  a l l  120° .  The a x i a l  u n i t s  a l o n g  t h e  x,  y , u axes a r e  a l l  t h e  
same.  Hence we need o n l y  two v a l u e s ,  a and c,  t o  d e f i n e  axes f u l l y .  
F a c e t s  i n  t h i s  s ys t em a r e  measured i n  M i l l e r - B r a  v a i s  n o t a t i o n .
6.  HEXAGONAL
The axes a r e  i d e n t i c a l  t o  f i g  A I . 6  as a re  t h e  a x i a l  r a t i o s .  On l y  t h e  
M i l l e r - B r a v a i s  n o t a t i o n  i s  used i n  t h e  h e x a g o n a l  s y s t e m.  M i l l e r  
i n d i c e s  and t h e  r h o m b o h e d r a l  sys t em a r e  v e r y  c l ums y  f o r  c r y s t a l s  i n  
t h i s  s ys t em i n  t h a t  i n  s e v e r a l  cases t h e  f a c e s  o f  t h e  same f o r m  wou l d  
be r e p r e s e n t e d  by two s e t s  o f  d i f f e r e n t  i n d i c e s ,  f o r  exampl e  t h e  
i n d i c e s  o f  t h e  f o r m  100 wou l d  be 100,  221,  010,  122,  001,  212,  w h i c h
l o o k s  as t h o u g h  t h e  f a c e t s  wer e  c o n s t r u c t e d  f r o m  two d i f f e r e n t  f o r m s .
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f i g  A I . 5
r h o m b o h e c l r a l  s y s t e m
a x i a l  r a t i o  a •
f i g  A I . 5  
T r i g o n a l  s ys t em
izct
a x i a l  r a t i o  a : c
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T h i s  IS u n s a t i s f a c t o r y  and c o u l d  l e a d  t o  c o n f u s i o n ,  so t h i s  n o t a t i o n  
is never used.
7. CUBIC
T h i s  has an o r t h o g o n a l  s e t  o f  axes as i n  f i g  A I . 3  b u t  w i t h  a x i a l  r a t i o  
a : a : a ,  t h a t  i s  t h e  u n i t  l e n g t h s  a l o n g  t he  t h r e e  axes a r e  i d e n t i c a l .
8. TETRAGONAL
Ag a i n  t h i s  s y s t em has o r t h o g o n a l  axes as i n  f i g  A I . 3 ,  b u t  h e r e  t h e
a x i a l  r a t i o s  a and b a r e  e q u a l  so we need t o  s u p p l y  t h e  v a l u e s  a and
c .
CONSTRUCTION Of  MAPPING MATRIX FOR THE SEVEN CRYSTAL SYSTEMS
F i g u r e  A I . 7  summar i ses  t h e  a x i a l  i n f o r m a t i o n  r e q u i r e d  f o r  each 
c r y s t a l  s y s t e m.  For  c r y s t a l l o g r a p h e r s  t h e  s u b d i v i s i o n  o f  c r y s t a l s  
i n t o  sys t ems  i s  i n d i s p e n s i b l e , mak i ng  t h e  measur ement  o f  c r y s t a l  
f a c e t s  i n t e l l i g i b l e .  However ,  f o r  c o m p u t e r i s a t i o n  such a 
r e p r e s e n t a t i o n  f u r t h e r  c o m p l i c a t e s  t h e  g e n e r a t i o n  o f  an i n t e r n a l  
s t r u c t u r e s  and t h e  d e v e l o p m e n t  o f  t he  d e v i c e  i n d e p e n d e n t  g r a p h i c a l  
d i s p l a y  r o u t i n e s .  To make t h e s e  o p e r a t i o n s  e f f i c i e n t ,  we wan t  t h e  
s o f t w a r e  r e p r e s e n t a t i o n  o f  t h e  c r y s t a l s  r e l a t i v e  t o  one a x i a l  s y s t e m,  
n ame l y ,  a s e t  o f  r i g h t  handed C a r t e s i a n  c o - o r d i n a t e s  t e r med  t h e
ABSOLUTE a x i a l  s y s t e m.  S i n c e  we w i l l  e v e n t u a l l y  w i s h  t o  map f r om
c r y s t a l l o g r a p h i c  space t o  t h i s  A b s o l u t e  sy s t em,  t h e  l o g i c a l  
r e p r e s e n t a t i o n  f o r  t h e  u s e r  d e f i n i t i o n  o f  t h e  c r y s t a l l o g r a p h i c  a x i a l  
s y s t em i s  t h a t  o f  a mapp i ng  m a t r i x  M, f r o m  t h e  C r y s t a l l o g r a p h i c  space 
t o  t h e  C a r t e s i a n  space .
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f i g  A I . 7
A x i a l  p a r a m e t e r s  f o r  each  s y s t e m
SYSTEM NATURE OF THE UNIT CELL AXES AND ANGLES
TRI CLI NI C a A b A c UA (3 A'^ '
MONOCLINIC a A b A c a = -Y=90° A p>90°
ORTHORHOMBIC a A b A c a=|3 = 'Y-90*^
TRIGONAL a = b A c: a=P=90° T=120°
RHOMBOHEDRAL a = b = c a=P = 'Y<120° , A90°
TETRAGONAL a = bAc
HEXAGONAL a = b A c a=B=90° 120^
CUBIC a = b = c a - p  = ’Y = 90'^
T h i s  m a t r i x  i s  c o n s t r u c t e d  f r om t h e  a x i a l  i n f o r m a t i o n  o f  t he
c r y s t a l  s y s t e m.  The m a t r i x  M, w i l l  map a p o i n t  ( r , s , t )  r e l a t i v e  t o
t h e  X ,  y,  z c r y s t a l l o g r a p h i c  axes ,  t o  i t s  e q u i v a l e n t  c o - o r d i n a t e s  
( r ’ . s ' . f )  r e l a t i v e  t o  t h e  ABSOLUTE x ' - , y ' -  , z ' - a x e s  o f  C a r t e s i a n  
s pac e .  The m a t r i x  M, i s  c o n s t r u c t e d  f r o m t h e  p a r a m e t e r s  o f  a x i a l  
r a t i o s  and a x i a l  a n g l e s  a s s o c i a t e d  w i t h  each c r y s t a l  s y s t e m,  see 
f i g u r e  AI  . 7 .
The c o n s t r u c t i o n  o f  M can be d i v i d e d  i n t o  two s t a g e s :
1. The s c a l i n g  m a t r i x  S w h i c h  t r a n s f o r m s  c r y s t a l l o g r a p h i c  space 
so t h a t  t h e  u n i t  o f  measur ement  a l o n g  t h e  x - , y - ,  z - a x e s  i s
t h e  same, i . e .  t h e  a x i a l  r a t i o  i s  s c a l e d  f r o m  a : b : c t o
1 : 1 : 1 .
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2.  The m a t r i x  N w h i c h  maps any  p o i n t  r e l a t i v e  t o  t h e  s c a l e d
c r y s t a l l o g r a p h i c  axes (now w i t h  a x i a l  r a t i o  1 : 1 : 1 )  t o  i t s
c o r r e s p o n d i n g  p o i n t  r e l a t i v e  t o  t h e  x ' - ,  y ' - ,  z ' -  axes o f  t h e
ABSOLUTE c a r t e s i a n  c o - o r d i n a t e  sy s t em.
The c o m p l e t e  mapp i ng  m a t r i x  M=NxS.
We use a 3x3 m a t r i x  t o  r e p r e s e n t  t h e  t r a n s f o r m a t i o n s ,  and a 
g e n e r a l  p o i n t  i n  space ( r , s , t )  i s  r e p r e s e n t e d  as t h e  co lumn v e c t o r
THE SCALING MATRIX S:
I f  t h e  a x i a l  r a t i o s  o f  t h e  c r y s t a l  s ys t em a r e  a : b : c  t h e n  t h e  
m a t r i x  S i s  :
a 0 0
S= 0 b 0 
0 0 c
and a, b,  c a r e  t h e  c r y s t a l l o g r a p h i c  a x i a l  r a t i o s  a l o n g  t h e  x - , y - ,
and z -  c r y s t a l l o g r a p h i c  axes r e s p e c t i v e l y .  We use t h i s  m a t r i x  t o  
s c a l e  t h e  c r y s t a l l o g r a p h i c ;  space ,  p r i o r  t o  c a l c u l a t i n g  t h e  m a t r i x  N. 
THE MAPPING MATRIX N
The m a t r i x  N i s  more c omp l ex  i s  d e t e r m i n e d  by t h e  c r y s t a l  sys t em.  
I t  maps a g e n e r a l  p o i n t  n = ( r , s , t )  i n  t h e  s c a l e d  c r y s t a l l o g r a p h i c  
s y s t e m t o  a p o i n t  ( r ' , s ' , t ' )  measured r e l a t i v e  t o  t h e  x ' - ,  y ' - ,  z ' -  
c a r t e s i a n  ax es .  L e t  us c o n s i d e r  t h i s  t r a n s f o r m a t i o n  i n  more d e t a i l .  
I f  N i s  t h e  m a t r i x
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N =
n i l  n i  2 n 1 3 
n 2 1 n 2 2 n 2 3 
ri31 n32 n33
We can c a l c u l a t e  t h e  m a t r i x  N by c o n s i d e r i n g  t h e  t r a n s f o r m s  o f  t h e  
u n i t  l e n g t h s  a l o n g  t h e  x,  y,  z,  c r y s t a l l o g r a p h i c  axes s i n c e ,
N. 1 = nl  1 N . 0 = nl  2 N . ~0 " = m  3
G n2 1 1 n22 G n23
0 n3 1 0 n32 1 n33
We s h a l l  c o n s t r u c t  t h e  m a t r i x  M f o r  each c r y s t a l l o g r a p h i c  s y s t e m.  
We assume t h a t  we have a l r e a d y  s c a l e d  t he  c r y s t a l l o g r a p h i c  axes by t h e  
m a t r i x  S. x ‘ , and z '  r e p r e s e n t  t h e  u n i t  v e c t o r s  a l o n g  t h e  ABSOLUTE 
a x i a l  s y s t e m,  and x , y  and z  r e p r e s e n t  t h e  u n i t  l e n g t h s  a l o n g  t he  
s c a l e d  c r y s t a l l o g r a p h i c  ax es .  The p o s i t i o n  o f  t h e  u n i t  v e c t o r s  _x, )L> 
z  r e l a t i v e  t o  t h e  ABSOLUTE axes a re  f o un d  f r o m  t h e  d i r e c t i o n a l  c o s i n e s  
made by t h e s e  v e c t o r s  and t h e  ABSOLUTE AXES, i . e .
N . x ^ n l  1 ._x ' + n21 ._y_" +n31 . z '
N . ^ = n 1 2 . x /  + n 2 2 . ^ '  4 n 3 2 . % '
N . % = n 1 3 . x / + n 2 3 . ^ '  i n33 . z . '
whe r e  n i l ,  n2 1, n3 1 a r e  t he  d i r e c t i o n a l  c o s i n e s  o f  t h e  v e c t o r  ^  w i t h  
t h e  x ' - ,  y ' - ,  z ' - axes r e s p e c t i v e l y ,  n12,  r i22,  n32 a r e  t h e  d i r e c t i o n a l  
c o s i n e s  o f  v e c t o r  ^  w i t h  x ' - ,  y ' - ,  z ' -  axes r e s p e c t i v e l y ,  and n13,  
n23,  n33 a r e  t h e  d i r e c t i o n a l  c o s i n e s  o f  t h e  v e c t o r  z w i t h  x ' - , y ' -  z ' -
axes r e s p e c t i v e l y .
TRI CL I NI C SYSTEM
By c o n v e n t i o n  z r e m a i n s  u n a l t e r e d  i . e .  t h e  z - a x i s  i n  t h e  s c a l e d
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c r y s t a l l o g r a p h i c  s y s t e m  maps t o  t h e  z ' - a x i s  o f  t h e  ABSOLUTE axes .  
N . z = z '
N ._y= COs (_y.A^' ) ' + cos  ' ) . _z ’
- s i n ( a ) . Y ' + c 0 s ( a ) . z '
So
n 12 = 0 n 2 2 = s i n ( a )  n32 = c o s ( a )  n13 = 0 ri23 = 0 n 3 3 = 1
and N . x ^ c o s (  >< A ^  ' ) . x / + c o s (  >< A ^  ' ) . ^  + c o s ( ) ^ h z  ' ) . z. '
N . x  r e q u i r e s  f u r t h e r  c o n s i d e r a t i o n ,  u s i n g  t h e  f a c t  t h a t  
c 0 s ( xAz_ ' ) = c 0 s ( xAz, ) = co s ( p )
a nd
g i v e s
in addition
c o s ( x A ^ ) = c o s ( Y ) = x . ^
=2< . ( s i n ( a ) j y '  M ; o s ( a )  z '  )
= s i n ( o ) ( x . y ' ) + c o s ( a ) c o s ( p )
X = cos  ( x A ^ '  ) = ( c o s ( ' ^ ) - c o 5 { a ) c o s ( p ) ) / s i n ( a )  
c o s ( x A x ) = 1 = x . x
= ( cos  ( x Ax '  ) .21 ■ + C 0 S  ( x A ^ '  ) -)L •‘■cos (xA%'  ) . z '  )
? 2 . 2 .= ( c 0 s '  ( XA>< ' ) + c 0 s ( )<A_y_ ' ) + cos  ( ><Az ' ) )
c o s ( x A x ■ ) = / ( 1 - c o s  ( xAy ' ) - cos ( x A z ‘ ) )
2 2
m31 = c o s ( p )  m2 1 = ( cos  ( -Y ) - cos  ( a ) . cos  ( p ) ) /  s i n  ( a ) m1 1 = / (  1 -  (m2 1 ) - ( m31 )
The c o m p l e t e  m a t r i x  i n c l u d i n g  t h e  s c a l i n g  i s :  
0 0 
a p b s i  ri ( cx ) 0M =
a r
a c o s ( p ) b c o s ( a ) c
2 2w h e r e  r  = (1 - p - cos  ( p ) )
and p= ( cos  ( -Y ) - cos  (a ) cos  ( p ) ) /  s i n  ( u )
37 1
MONOCLINIC
By u s i n g  t h e  same t e c h n i q u e  o f  d i r e c t i o n a l  c o s i n e s  t h e  c o m p l e t e  
m a t r i x  M i s ;
a s i n ( p )  0 0
0 b 0
a c 0 s ( [3 ) 0 c
ORTHORHOMBIC




TRIGONAL AND HEXAGONAL SYSTEMS
We s h a l l  c o n s i d e r  t h e s e  sys t ems  i n  some d e t a i l .  They a r e  g r ouped  
t o g e t h e r  because  t h e y  have t h e  same a x i a l  s y s t e m.  For  s i m p l i c i t y  we 
s h a l l  c o n s t r u c t  t h e  m a t r i x  N w h i c h  s a t i s f i e s :
 r - 4 -
N. z = z
and N . y = ^ '
Hence N . x ^ s i n ( 1 2 0 ^ ) . x / + c o s ( 1 2 0 ^ ) . y
= 0 . 7 5 x ' - 0 . 5 y /
The c o m p l e t e  t r a n s f o r m  i s  
M= 0 . 75 a  0 0
- 0 . 5 a  a 0
0 0 c
RHOMBOHEDRAL SYSTEM
For  c o n v e n i e n c e  we have chose t h e  m a t r i x  N such t h a t  
N . x = x ’
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t h e n  N . _y - c 0 s ( a ) 21 ’ + s i  n ( a ) 21 ’
and N . z.= cos (ex )2l ' +cos ( z A^ '  ) .21 ' +cos (%Az'  ) '
b u t  c 0 s ( z A21 ) = c 0 s ( a )
= z .21
- z .  ( c o s ( a ) 2l ‘ + s i n ( a ) 2i '  )
= c o s ( a )  ( z . x /  ) + s. in(cx) [ z . ) i  )
2
= cos ( a ) + s i n  ( a ) c 0 s ( Z.A21 ' )
2r e a r r a n g i n g  cos ( ^A2i '  ) = ( cos (cx ) - c os  ( a ) ) / s i n  (a)
and c o s ( z A z ) = 1 = z . z
- Z .  ( c 0 S ( Z.A2I  ■ ) . 2< ' + C 0 3 ( z j \ ) i  ' ) . 21 ' i - CQSl  z j \ z  ' ) . z '  ]
-  c 0 s ( ZA21 ' ) z . x ' + c o s (  z A21 ' ) z:. 21 ' + c 0 s ( z A z ’ ) z . z ’
2 2 2 = c 0 s '■ ( z A >1 ' ) + c 0 s ( z A21 ’ ) + c 0 s ( z A^ ' )
2 2
r e a r r a n g i n g  c 0 s ( z ^ z  ’ ) = / (  1 - c 0 s (a ) - ( ( c 0 s ( a ) - c 0 s ( cx ) ) /  s i n  ( a ) )
The c o m p l e t e  t r a n s f o r m  i s ;
M = r  a a c 0 s ( a ) a c 0 s ( a )
0 a s i n ( a )  a r
0 0 ap.......... .............
2
w h e r e  r  = ( c 0 s ( a ) - c 0 s ( a ) ) / s i n ( a )
2 2
and p= / ( I - c o s  ( u )  - p  )
TETRAGONAL SYSTEM






T h i s  i s  t h e  s i m p l e s t  m a t r i x  t r a n s f o r m a t i o n  w h e r e  as i n  t h e  
t e t r a g o n a l  s y s t e m  t h e  m a t r i x  N i s  t h e  u n i t  m a t r i x .  The c o m p l e t e  





APPEND IX I I
TABLE £ £  CRYSTALLOGRAPHIC CLASS SYMBOLS AND 
THEIR D I V I S I O N  BETWEEN THE CRYSTALLOGRAPHIC SYSTEMS
The c l a s s e s  a r e  d i v i d e d  i n t o  t h e  s y s t e m s  as f o l l o w s ,  some 
a l t e r n a t i v e  ( b u t  e q u i v a l e n t )  s y m b o l s  t h a t  can be used  t o  d e n o t e  t h e  
same c l a s s  a r e  l i s t  i n  p a r e n t h e s i s :
T R I C L I N I C 1
1
MONOCLINIC 2 ( 1 2 )
m ( 2 , 1 / m,  1m) 
2 / m ( Tm)
ORTHORHOMBIC 222
mm2 ( 2m, mm, 2m, 1/mm) 




422 ( 4 2 )
4 mm 
4 2m





3 2 / m ( 3 2 )
HEXAGONAL 6
6 ( 3 / m )
6/m
622 ( 6 2 )
6 mm
6m2 (3 / mm,  6m)
6 / m 2 / m 2 / m ( 6 / mmm)
CUBIC 23
2/m3 ( 23 ,  m3,  2m3)
432 ( 4 3 )
43m
4/ m 3 2 / m (m3m, 4/m3m)
The m a i n  i n c o n s i s t e n c y  i n  t h e  c r y s t a l l o g r a p h i c  n o t a t i o n  i s  t h e  
u n c e r t a i n t y  o f  t h e  axes  o f  r o t a t i o n .  I t  i s  n o t  o b v i o u s  f r o m  t h e
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n o t a t i o n  w h i c h  a x i s  t h e  s y m m e t r y  o p e r a t o r  a c t  u p o n .  I n  t h e  i n t e r n a l
r e p r e s e n t a t i o n  t h i s  m u s t  be e x p l i c i t .  To e x p l a i n  t h e  a m b i g u i t i e s  i n  
t h e  c r y s t a l  c l a s s  n o t a t i o n ,  c o n s i d e r  t h e  s y m m e t r y  o p e r a t o r s  e v i d e n t  i n
t h e  c l a s s e s  4 / m 3 2 / m and 6 / m 2/rn 2 / m.
L e t  t h e  s y m b o l  <0 0 1> r e p r e s e n t  t h e  c r y s t a l l o g r a p h i c  z - a x i s ,
<1 1 1> r e p r e s e n t  t h e  a x i s  f r o m  t h e  o r i g i n  t o  t h e  v e r t e x  ( 1 , 1 , 1 )  i n
c r y s t a l l o g r a p h i c  s p a c e ,  and <1 1 0> r e p r e s e n t  t h e  a x i s  f r o m  t h e  o r i g i n  
t o  t h e  v e r t e x  ( 1 , 1 , 0 ) .  F i r s t ,  c o n s i d e r  t h e  c l a s s  4 / m 3 2 / m .  T h i s  h a s ;
<0 0 1> f o u r - f o l d  r o t a t i o n  p l u s  p e r p e n d i c u l a r  m i r r o r  p l a n e  
<1 1 1> t h r e e - f o l d  r o t a t i o n
<1 1 0> t w o - f o l d  r o t a t i o n  p l u s  p e r p e n d i c u l a r  m i r r o r  p l a n e
T h i s  c l a s s  s y m b o l  i s  o f t e n  a b b r e v i a t e d  t o  m3m, s i n c e  ;
<0 0 1> p e r p e n d i c u l a r  m i r r o r  p l a n e
<1 1 1> t h r e e - f o l d  r o t a t i o n
<1 1 0> p e r p e n d i c u l a r  m i r r o r  p l a n e
T h i s  i s  e q u i v a l e n t  t o  m3m w h i c h  g i v e s  r i s e  t o  t h e  same o v e r a l l
s y m m e t r y .
I n  t h e  h e x a g o n a l  s y s t e m  t h e  c l a s s  6 / m 2 / m 2 / m r e p r e s e n t s :
<0 0 1> s i x - f o l d  r o t a t i o n  p l u s  p e r p e n d i c u l a r  m i r r o r  p l a n e
<0 1 0> t w o - f o l d  r o t a t i o n  p l u s  p e r p e n d i c u l a r  m i r r o r  p l a n e
<1 0 0> t w o - f o l d  r o t a t i o n  p l u s  p e r p e n d i c u l a r  m i r r o r  p l a n e .
T h i s  has  t h e  e q u i v a l e n t  s h o r t  n o t a t i o n  o f  6 / m m m.
Fr om t h e s e  t wo  e x a m p l e s  i t  i s  c l e a r  t h a t  t h e  n o t a t i o n  r e p r e s e n t s
t h e  s y m m e t r y  o p e r a t i o n s  p r e s e n t ,  b u t  t h e  a x e s  on w h i c h  t h e y  o p e r a t e  i s
n o t  e x p l i c i t  i n  t h e  c l a s s  s y m b o l ,  and t h e  c l a s s  s y m b o l s  a r e  n o t
u n i q u e .
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Each o f  t h e  c r y s t a l  c l a s s e s  d e n o t e s  a s y m m e t r y  g r o u p .  The 
s y m m e t r y  o p e r a t i o n s  o f  t h e  g r o u p  a r e  a c o m b i n a t i o n  o f
r o t a t i o n  a x i s
r e f l e c t i o n  a c r o s s  a p l a n e
r o t a t i o n  i n v e r s i o n  a x i s
S i n c e  t h e  c r y s t a l  i s  d e f i n e d  u s i n g  s y m m e t r y  o p e r a t i o n s ,  and e v e r y  
s y m m e t r y  o p e r a t i o n s  can be r e p r e s e n t e d  as a c o m b i n a t i o n  o f  m a t r i c e s ,  
t h e n  m a t r i c e s  a r e  t h e  o b v i o u s  i n t e r n a l  r e p r e s e n t a t i o n  o f  a c l a s s .
The o r d e r  i n  w h i c h  t h e  m a t r i c e s  a r e  m u l t i p l i e d  i s  i m p o r t a n t .  I n
g e n e r a l ,  m a t r i c e s  a r e  n o t  c o m m u t a t i v e  u n d e r  m u l t i p l i c a t i o n ,  i . e .
RxSASxR
H o w e v e r ,  f o r  s y m m e t r y  m a t r i c e s  o f  p e r i o d  t w o ,  i . e .  R x R = I ,  t h e  o r d e r  
o f  m u l t i p l i c a t i o n  does  n o t  m a t t e r  ( s e e  c h a p t e r  o n e ) .
The o r d e r  i n  w h i c h  t h e  m a t r i c e s  a r e  u s ed  i s  i r r e l e v a n t  w i t h
s y m m e t r i e s  o f  o r d e r  t w o ,  w h i c h  a r e  r e f l e c t i o n ,  i n v e r s i o n  and t w o - f o l d  
r o t a t i o n .  F o r  t h e  r e m a i n i n g  m a t r i c e s  o f  t h r e e - f o l d ,  f o u r - f o l d  and 
s i x - f o l d  r o t a t i o n  t h e  o r d e r  i s  i m p o r t a n t  and t h e y  s h o u l d  be u s ed  i n
t h e  o r d e r  g i v e n  [W. Leder man t v .  1 9 73 ] .
To r e p r e s e n t  t h e  s y m m e t r y  o p e r a t i o n s  we use a 3 by 3 m a t r i x .
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SYMMETRY OPERATIONS O f  T H f  THIRTY-TWO CRYSTAL CLASSES 
T R I C L I N I C  SYSTEM
T h i s  has  t wo  p o s s i b l e  c l a s s e s ,  1 and 1.
Cl. as s f  :
T h i s  d e m o n s t r a t e s  t h e  i d e n t i t y  s y m m e t r y  e l e m e n t .
C l a s s  f ;
An i n v e r s i o n  a x i s  e q u i v a l e n t  t o  a c e n t r e  o f  s y m m e t r y ,  o r  c e n t r a l
i n v e r s i o n  i . e .  f o r  e v e r y  f a c e t  { h k I. ) t h e r e  i s  a n o t h e r  f a c e t
( h k 1 ) .
MONOCLINIC SYSTEM
T h e r e  a r e  t h r e e  c l a s s e s  i n  t h i s  s y s t e m ,  2,  m, 2 / m.
C l a s s  2:
One d i a d  a x i s  ( a l w a y s  c h o s e n  as t h e  y c r y s t a l l o g r a p h i c  a x i s ) ,  f o r
e v e r y  f a c e t  ( h k J. ) 1:h e r e  i s  a n o t h e r  ( h k 1 ) .
C l a s s  m:
A d i a d  i n v e r s i o n  a x i s ,  e q u i v a l e n t  t o  a m i r r o r  p l a n e  p e r p e n d i c u l a r  t o  
t h e  y c r y s t a l l o g r a p h i c  a x i s .  F o r  e v e r y  f a c e  ( h k 1 )  t h e r e  i s  a n o t h e r  
(h k 1)  .
C l a s s  2 / m :
T h i s  has  c e n t r a l  i n v e r s i o n ,  a d i a d  a x i s  a l o n g  t h e  y - a x i s  n o r m a l  t o  a 
m i r r o r  p l a n e .  An n o n - r e d u n d a n t  s e t  o f  g e n e r a t i n g  s y m m e t r y  o p e r a t i o n s  
a r e  a m i r r o r  p l a n e  p e r p e n d i c u l a r  t o  y - a x i s  and t w o - f o l d  r o t a t i o n  a b o u t  
y - a x i s .
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ORTHORHOMBI C
T h i s  s y s t e m  has  t h r o e  c l a s s e s ,  mm, 2 2 2 ,  mmm.
C l a s s  mm :
Two p l a n e s  o f  s y m m e t r y  a t  r i g h t  a n g l e s ,  i n t e r s e c t i n g  a t  a d i a d  a x i s ,  
a l w a y s  c h o s e n  as t h e  z - c r y s t a l l o g r a p h i c  a x i s .  The n o n - r e d u n d a n t
g e n e r a t i n g  o p e r a t i o n s  a r e ,  t w o - f o l d  r o t a t i o n  a b o u t  t h e  z - a x i s  p l u s  
m i r r o r  p l a n e  p e r p e n d i c u l a r  t o  t h e  x - a x i s .
C l a s s  2 22 :
T h r e e  m u t u a l l y  p e r p e n d i c u l a r  d i a d  a x e s ,  a l w a y s  c h o s e n  as t h e  
directions of the crystallographic axes x,y,z. The generating 
o p e r a t i o n s  can be r e p r e s e n t e d  as t w o - f o l d  r o t a t i o n  a b o u t  z - a x i s  p l u s  
t w o - f o l d  r o t a t i o n  a b o u t  y - a x i s .
C l a s s  mmm:
C e n t r a l  i n v e r s i o n ,  t h r e e  m i r r o r  p l a n e s  i n t e r s e c t i n g  i n  t h r e e  m u t u a l l y  
p e r p e n d i c u l a r  d i a d  a x e s  ( c h o s e n  as t h e  d i r e c t i o n s  o f  t h e  
c r y s t a l l o g r a p h i c  x ,  y , z ) .  We can  r e p r e s e n t  t h i s  as t h r e e  g e n e r a t i n g  
o p e r a t i o n s ,  t w o - f o l d  r o t a t i o n  a b o u t  t h e  z - a x i s ,  m i r r o r  p l a n e  
p e r p e n d i c u l a r  t o  x - a x i s  and m i r r o r  p l a n e  p e r p e n d i c u l a r  t o  z - a x i s .
TRIGONAL
T h i s  s y s t e m  has  f i v e  c l a s s e s ,  3 ,  3,  3m, 3m, 3 2 .  They  a l l  h a v e  a
common s y m m e t r y  o f  t h r e e - f o l d  r o t a t i o n  w i t h  o r  w i t h o u t  i n v e r s i o n  a b o u t  
t h e  z - c r y s t a l l o g r a p h i c  a x i s .  A t h r e e - f o l d  r o t a t i o n  a b o u t  z - a x i s  w i l l
map (h k i  1 )  t o  ( i  h k 1 ) ,  and (k i  h 1 ) .
C l a s s  3 :
A s i n g l e  t r i a d  a x i s  ( s e t  v e r t i c a l l y  and c h o s e n  as t h e  z d i r e c t i o n  i n  
t h e  M i l l e r -  B r a v a i s  n o t a t i o n ) .
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Cl as  s 2 :
An i n v e r s i o n  t r i a d  a x i s ,  e q u i v a l e n t  t o  a r o t a t i o n  t r i a d  a x i s  and a
c e n t r e  o f  i n v e r s i o n ,  t h a t  i s  t h r e e - f o l d  and r o t a t i o n  c e n t r a l  
i n v e r s i o n .  T h i s  means t h a t  t h e  f a c e t  (h k i  1)  maps t o  ( i  h k 1)  and
(k  i  h 1)  u n d e r  t h e  t h r e e - f o l d  r o t a t i o n ,  and w i t h  t h e  c e n t r a l
i n v e r s i o n  t h r e e  o t h e r  f a c e t s  a r e  p r o d u c e d ,  n a m e l y  (h k i  1 ) ,
( i  h k 1 ) , ( k i  h 1 ) .
C1 a s s 3 m :
T h r e e  v e r t i c a l  p l a n e s  o f  s y m m e t r y  ( p e r p e n d i c u l a r  t o  t h e  x , y , and u 
c r y s t a l l o g r a p h i c  a x i s ) ,  i n t e r s e c t i n g  a t  a t r i a d  a x i s .  The g e n e r a t i n g  
o p e r a t i o n s  a r e ,  t h r e e - f o l d  r o t a t i o n  a b o u t  t h e  z - a x i s  and m i r r o r  
p e r p e n d i c u l a r  t o  t h e  y - a x i s .
C l a s s  3 m:
T h r e e  v e r t i c a l  p l a n e s  o f  s y m m e t r y  i n t e r s e c t i n g  a t  an i n v e r s i o n  t r i a d  
a x i s ,  e q u i v a l e n t  t o  t h r e e  v e r t i c a l  p l a n e s  o f  s y m m e t r y  i n t e r s e c t i n g  i n  
a t r i a d  a x i s ,  t h r e e  h o r i z o n t a l  d i a d  a x e s  n o r m a l  t o  t h e  m i r r o r  p l a n e s ,  
and a c e n t r e  o f  i n v e r s i o n ?  I ' t s  g e n e r a t i n g  o p e r a t i o n s  a r e ,  t h r e e - f o l d  
r o t a t i o n  a b o u t  t h e  z - a x i s ,  c e n t r a l  i n v e r s i o n  and m i r r o r  p l a n e  
p e r p e n d i c u l a r  t o  t h e  y - a x i s .
C l a s s  3 1 ;
A t r i a d  a x i s  n o r m a l  t o  t h r e e  d i a d  a x e s  ( c h o s e n  as t h e  x ,  y , u , 
c r y s t a l l o g r a p h i c  a x e s  ) .  The g e n e r a t i n g  o p e r a t i o n s  a r e ,  t h r e e - f o l d  
r o t a t i o n  a b o u t  t h e  z - a x i s  and t w o - f o l d  r o t a t i o n  a b o u t  t h e  y - a x i s .  The 
d i a d  a x i s  maps (h k i  1)  t o  ( i  k h 1 ) .
TETRAGONAL SYSTEM
T h i s  s y s t e m  d i s p l a y s  a f o u r - f o l d  r o t a t i o n  a b o u t  t h e  z - a x i s .  T h e r e  a r e  
s e v e n  c l a s s e s  i n  t h i s  g r o u p ,  4,  4,  4 / m ,  4mm, 42m,  42 4/mmm.
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c .1 ass  f  :
A s i n g l e  t e t r a d  a x i s  c h o s e n  as t h e  z - a x i s .  The t e t r a d  a x i s  maps 
(h k 1 ) t o  ( k h i ) ,  (h k 1 ) ,  ( k  h 1 ) .
C l a s  s f :
A s i n g l e  i n v e r s i o n  t e t r a d  a x i s .  T h i s  maps (h k 1)  t o  ( k h i ) ,  
(h k 1 ) ,  ( k  h 1 ) .
C l a s s  4 / m :
A t e t r a d  a x i s  n o r m a l  t o  a m i r r o r  p l a n e ,  and a c e n t r e  o f  i n v e r s i o n .  
The g e n e r a t i n g  o p e r a t i o n s  a r e :  f o u r - f o l d  r o t a t i o n  a b o u t  z - a x i s  and
c e n t r a l  i n v e r s i o n .
C l a s s  4 mm :
Two p a i r s  o f  m i r r o r  p l a n e s  a t  r i g h t  a n g l e s  i n t e r s e c t i n g  i n  a s i n g l e  
t e t r a d  a x i s .  The m i r r o r  p l a n e s  a r e  c h o s e n  p e r p e n d i c u l a r  t o  t h e  x - ,  
and y - a x e s ,  and t o  t h e  v e c t o r s  ( 1 , 1 , 0 )  and ( 1 , -  1 , 0 ) .  The g e n e r a t i n g  
o p e r a t i o n s  a r e ,  f o u r - f o l d  r o t a t i o n  a b o u t  z - a x i s ,  and m i r r o r  p l a n e  
p e r p e n d i c u l a r  t o  y - a x i s .  .....
C l a s s  4 2m :
Two p l a n e s  o f  s y m m e t r y  a t  r i g h t  a n g l e s  i n t e r s e c t i n g  i n  an i n v e r s i o n  
t e t r a d  a x i s ,  and t wo  d i a d  a x e s  a t  4 5 °  t o  t h e  p l a n e s .  The d i a d  axes  
a r e  c h o s e n  as x -  and y - a x e s .  The g e n e r a t i n g  o p e r a t i o n s  a r e :  
f o u r - f o l d  r o t a t i o n  i n v e r s i o n ,  and t w o - f o l d  r o t a t i o n  a b o u t  t h e  y - a x i s .
C l a s s  1 2 :
A t e t r a d  a x i s  n o r m a l  t o  t wo  p a i r s  o f  d i a d  a x e s  c h o s e n  a l o n g  t h e  x - , 
and y - a x e s ,  and a l o n g  t h e  v e c t o r s  ( 1 , 1 , 0 )  and ( 1 , - 1 , 0 ) .  The 
g e n e r a t i n g  o p e r a t i o n s  a r e ,  f o u r - f o l d  r o t a t i o n  a b o u t  z - a x i s .  and 
t w o - f o l d  r o t a t i o n  a b o u t  y - a x i s .
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C l a s s  4 / mmm:
A t e t r a d  a x i s  a t  t h e  i n t e r s e c t i o n  o f  t wo  p a i r s  o f  m i r r o r  p l a n e s ,  t wo  
p a i r s  o f  h o r i z o n t a l  d i a d  a x e s  n o r m a l  t o  t h e s e  p l a n e s ,  a m i r r o r  p l a n e  
n o r m a l  t o  t h e  t e t r a d  a x i s  and a c e n t r e  o f  i n v e r s i o n .  T h i s  can  be 
r e p r e s e n t e d  by t h r e e  g e n e r a t i n g  o p e r a t i o n s :  f o u r - f o l d  r o t a t i o n  a b o u t
t h e  z - a x i s ,  m i r r o r  p l a n e  p e r p e n d i c u l a r  t o  t h e  x - a x i s  and c e n t r a l  
i n v e r s i o n .
HEXAGONAL SYSTEM
T h i s  s y s t e m  has s e v e n  c l a s s e s .  Each o f  t h e  c l a s s  h a v e  a s i x - f o l d  
r o t a t i o n  e l e m e n t  a b o u t  t h e  z - a x i s ,  w i t h  o r  w i t h o u t  i n v e r s i o n .  The 
c l a s s e s  a r e  6,  6,  6 / m,  6mm, 6 m 2 , 62 5/mmm.
C l a s s  _6 :
A s i n g l e  h e x a d  a x i s  a l o n g  t h e  z - a x i s .  T h i s  maps (h k i  1 )  t o  
( i  h k 1 ) ,  ( k i  h 1 ) ,  (h k i  1 ) ,  ( i  h k 1 ) ,  ( k i  h 1 ) .
C l a s s  6.:
An i n v e r s i o n  h e x a d  a x i s  e q u i v a l e n t  t o  a t r i a d  a x i s  n o r m a l  t o  a p l a n e  
o f  s y m m e t r y .
C l a s s  6 / m :
A h e x a d  a x i s  n o r m a l  t o  a m i r r o r  p l a n e ,  and a c e n t r e  o f  i n v e r s i o n .  The 
g e n e r a t i n g  o p e r a t i o n s  a r e  t h e  s i x  f o l d  r o t a t i o n  a b o u t  t h e  z - a x i s  and 
m i r r o r - p l a n e  p e r p e n d i c u l a r  t o  t h e  z - a x i s .
C l a s s  6mm:
A h e x a d  a x i s  a t  t h e  i n t e r s e c t i o n  o f  t w o  s e t s  o f  t h r e e  p l a n e s  o f  
s y m m e t r y .  The m i r r o r  p l a n e s  a r e  p e r p e n d i c u l a r  t o  t h e  x - ,  y - ,  u - a x e s ,  
and t h e  v e c t o r s  ( 1 , 1 , - 2 , 0 ) ,  ( - 2 , 1 , 1 , 0 ) ,  ( 1 , - 2 , 1 , 0 ) .  T h i s  c l a s s  can  be
g e n e r a t e d  f r o m  t wo  o p e r a t i o n s ,  t h e  s i x - f o l d  r o t a t i o n  a b o u t  t h e  z - a x i s
3 8 2
and a m i r r o r  p l a n e  p e r p e n d i c u l a r  t o  t h e  y - a x i s .
C l a s s  6 m2 :
An i n v e r s i o n  h e x a d  a x i s  a t  t h e  i n t e r s e c t i o n  o f  t h r e e  v e r t i c a l  m i r r o r  
p l a n e s  e q u i v a l e n t  t o  a t r i a d  a x i s  n o r m a l  t o  a m i r r o r  p l a n e ,  t h r e e  
m i r r o r  p l a n e s  i n t e r s e c t i n g  i n  t h e  t r i a d  a x i s ,  t h r e e  d i a d  a x e s  l y i n g  i n  
t h e s e  p l a n e s  n o r m a l  t o  t h e  t r i a d  a x i s .  The m i r r o r  p l a n e s  a r e  
p e r p e n d i c u l a r  t o  t h e  x - , y - ,  u -  and z - a x e s  and t w o - f o l d  r o t a t i o n  a l o n g  
t h e  v e c t o r s  ( 1 , 1 , - 2 , 0 ) ,  ( - 2 , 1 , 1 , 0 ) ,  and ( 1 , - 2 , 1 , 0 ) .  The g e n e r a t i n g
o p e r a t i o n s  a r e  t h e  t h r e e - f o l d  r o t a t i o n  p e r p e n d i c u l a r  t o  z - a x i s ,  m i r r o r  
p l a n e  p e r p e n d i c u l a r  t o  y - ,  and z - a x e s .
C l a s s  6 2 :
A h e x a d  a x i s  n o r m a l  t o  t w e l v e  d i a d  a x e s .  T h i s  can  be r e p r e s e n t e d  by 
s i x - f o l d  r o t a t i o n  a b o u t  t h e  z - a x i s ,  and t w o - f o l d  r o t a t i o n  a b o u t  t h e  
y - a x i s .
C l a s s  6 / mmm:
A h e x a d  a x i s  a t  t h e  i n t e r s e c t i o n  o f  t w o  s e t s  o f  t h r e e  v e r t i c a l  m i r r o r  
p l a n e s ,  t wo  s e t s  o f  t h r e e  d i a d  a x es  n o r m a l  t o  t h e s e  p l a n e s ,  a m i r r o r  
p l a n e  n o r m a l  t o  t h e  h e x a d  a x i s ,  and c e n t r a l  i n v e r s i o n .  I t  can  be 
g e n e r a t e d  f r o m  s i x - f o l d  r o t a t i o n  a b o u t  t h e  z - a x i s ,  m i r r o r  p l a n e  
p e r p e n d i c u l a r  t o  t h e  z - a x i s  and m i r r o r  p l a n e  p e r p e n d i c u l a r  t o  t h e  
y - a x i s .
CUBIC SYSTEM
T h i s  s y s t e m  has  t h e  c h a r a c t e r i s t i c  o f  t h r e e - f o l d  r o t a t i o n  a b o u t  t h e  
n o r m a l s  t o  t h e  f o r m s  {1 1 1 } ,  T h e r e  a r e  f i v e  c l a s s e s  i n  t h i s  s y s t e m ,
23 ,  m3,  43m,  43 ,  m3m.
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C l a s  s 23 :
T h r e e  m u t u a l l y  p e r p e n d i c u l a r  d i a d  a x e s ,  a l o n g  t h e  x - ,  y - ,  and z - a x e s ,  
and f o u r  t r i a d  a x e s  a l o n g  t h e  v e c t o r s  ( 1 , 1 , 1 ) ,  ( 1 , -  1 , -  1 ) , ( -  1 , -  1 , 1 ) ,
( -  1 , 1 , - 1 ) .  Th e s e  g r o u p  s y m m e t r i e s  can be o b t a i n e d  f r o m  t h e  
c o m b i n a t i o n  t h r e e - f o l d  r o t a t i o n  a l o n g  t h e  v e c t o r  ( 1 , 1 , 1 ) ,  r o t a t i o n  
a b o u t  t h i s  a x i s  maps ( h k 1)  t o  ( k  1 h ) ,  (1  h k ) ,  w i t h  a t w o - f o l d
r o t a t i o n  a b o u t  t h e  z - a x i s  and a t w o - f o l d  r o t a t i o n  a b o u t  t h e  y - a x i s .
C l a s s  m3 :
T h r e e  d i a d  a x e s  a t  t h e  i n t e r s e c t i o n  o f  t h r e e  m u t u a l l y  p e r p e n d i c u l a r  
m i r r o r  p l a n e s ,  f o u r  t r i a d  a x es  and c e n t r a l  i n v e r s i o n .  The g e n e r a t i n g  
o p e r a t i o n s  a r e ,  t h r e e - f o l d  r o t a t i o n  a l o n g  v e c t o r  ( 1 , 1 , 1 ) ,  t w o - f o l d  
a b o u t  t h e  z - a x i s ,  a m i r r o r  p e r p e n d i c u l a r  t o  t h e  x - a x i s  and a m i r r o r  
p e r p e n d i c u l a r  t o  t h e  z - a x i s .
C l a s s  4 3rn :
T h r e e  d i a d  a x e s  ( e q u i v a l e n t  t o  t h r e e  i n v e r s i o n  t e t r a d  a x e s ) ,  f o u r  
t r i a d  a x e s  and s i x  m i r r o r  p l a n e s  n o r m a l  t o  t h e  x - ,  y - ,  z - a x e s ,  and t h e  
v e c t o r s  ( 1 , 1 , 1 ) ,  ( 1 , - 1 , - 1 ) ,  ( - 1 , - 1 , 1 ) ,  and ( - 1 , 1 , - 1 ) .  The g e n e r a t i n g
s y m m e t r y  o p e r a t i o n s  a r e ,  t h r e e - f o l d  r o t a t i o n  a b o u t  t h e  v e c t o r  ( 1 , 1 , 1 ) ,  
f o u r - f o l d  r o t a t i o n  i n v e r s i o n  a x i s  a b o u t  t h e  z - a x i s  and a t w o - f o l d  
r o t a t i o n  a b o u t  t h e  y - a x i s .
C l a s s  43 :
T h r e e  t e t r a d  a x e s ,  f o u r  t r i a d  a x e s  and s i x  d i a d  a x e s ,  t h e  t e t r a d  a x e s  
a l o n g  t h e  x - , y - ,  z - a x e s ,  t h e  t r i a d  a x e s  a l o n g  t h e  v e c t o r s  ( 1 , 1 , 1 ) ,
( 1 , -  1 , -  1 ) ,  ( - 1 , 1 , - 1 ) ,  ( -  1 , -  1 , 1 ) ,  and s i x  d i a d  a x e s  a l o n g  t h e  v e c t o r s
( 1 , 1 , 0 ) ,  ( 1 , - 1 , 0 ) .  ( 0 , 1 , 1 ) ,  ( 0 , - 1 , 1 ) ,  ( 1 , 0 , 1 ) ,  ( 1 , 0 , - 1 ) .  The
g e n e r a t i n g  o p e r a t i o n s  a r e  t h e  t h r e e - f o l d  r o t a t i o n  a b o u t  t h e  
d i r e c t i o n a l  v e c t o r  ( 1 , 1 , 1 ) ,  f o u r - f o l d  r o t a t i o n  a b o u t  t h e  z - a x i s  and 
t w o - f o l d  r o t a t i o n  a b o u t  t h e  y - a x i s .
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Cl a s s  m3m:
T h i s  has  t h e  t h r e e  t e t r a d  a x es  a l o n g  t h e  x - ,  y - ,  z - a x e s ,  t h e  f o u r
t r i a d  axes  a l o n g  t h e  v e c t o r s  ( 1 , 1 , 1 )  ( 1 , -  1 , -  1)  ( -  1 , 1 , -  1 ) , ( -  1 , -  1 , 1 ) , 
t h e  s i x  d i a d  axes  a l o n g  t h e  v e c t o r s  ( 1 , 1 , 0 ) ,  ( 1 , - 1 , 0 ) ,  ( 0 , 1 , 1 ) ,
( 0 , -  1 , 1 ) ,  ( 1 , 0 , 1 ) ,  ( 1 , 0 , -  1 ) ,  c e n t r a l  i n v e r s i o n ,  m i r r o r  p l a n e s
p e r p e n d i c u l a r  t o  t h e  x - ,  y - ,  z - a x e s ,  and s i x  m i r r o r  p l a n e s
p e r p e n d i c u l a r  t o  t h e  d i a d  a x e s .  T h i s  g r o u p  s y m m e t r y  can be g e n e r a t e d  
by t h e  g e n e r a t i n g  o p e r a t i o n s  o f  t h r e e - f o l d  r o t a t i o n  a b o u t  t h e  v e c t o r
( 1 , 1 , 1 ) ,  f o u r - f o l d  r o t a t i o n  a b o u t  t h e  z - a x i s  m i r r o r  p l a n e  
p e r p e n d i c u l a r  t o  t h e  x - a x i s  and m i r r o r  p l a n e  p e r p e n d i c u l a r  t o  z - a x i s .
RHOMBOHEDRAL SYSTEM
T h i s  s y s t e m  i s ,  t h e  a l t e r n a t i v e  n o t a t i o n  f o r  t h e  T r i g o n a l  s y s t e m  u s i n g  
M i l l e r  i n d i c e s .  The t h r e e - f o l d  r o t a t i o n  i s  now a b o u t  t h e  d i r e c t i o n a l  
v e c t o r  ( 1 , 1 , 1 ) .  T h i s  maps t h e  i n d e x  (h k 1)  t o  ( k  1 h ) ,  (1 h k ) .
C l a s  s 3 :
A s i n g l e  t r i a d  a x i s  a l o n g  t h e  v e c t o r  (1 1 1 ) .
C l a s s  3 _ :
An i n v e r s i o n  t r i a d  a x i s ,  e q u i v a l e n t  t o  a t r i a d  a x i s  and c e n t r a l  
i n v e r s i o n .
C l a s  s 3 m:
A t r i a d  a x i s  a t  t h e  i n t e r s e c t i o n  o f  t h r e e  v e r t i c a l  m i r r o r  p l a n e s  
n o r m a l  t o  t h e  v e c t o r s  ( 0 , 1 , - 1 ) , ( 1 , - 1 , 0 )  and ( - 1 , 0 , 1 ) .  The 
n o n - r e d u n d a n t  s y m m e t r y  o p e r a t i o n s  a r e  t h e  t h r e e - f o l d  a x i s  a l o n g  t h e  
v e c t o r  ( 1 , 1 , 1 ) ,  and t h e  m i r r o r  p l a n e  p e r p e n d i c u l a r  t o  t h e  v e c t o r  
( - 1 , 0 , 1 ) .  T h i s  m i r r o r  p l a n e  maps (h k 1)  t o  ( k  h 1 ) .
385
C l a s s  3m :
An i n v e r s i o n  t r i a d  a t  t he  i n t e r s e c t i o n  o f  t h r e e  v e r t i c a l  m i r r o r  
p l a n e s ,  and c e n t r a l  i n v e r s i . o n .  The g e n e r a t i n g  o p e r a t i o n s  f o r  t h i s  
c l a s s  a r e  t h e  t h r e e - f o l d  r o t a t i o n  a b o u t  t h e  v e c t o r  ( 1 , 1 , 1 ) ,  m i r r o r  
p l a n e  p e r p e n d i c u l a r  t o  t h e  v e c t o r  ( - 1 . 0 , 1 ) ,  and c e n t r a l  i n v e r s i o n .
C l a s s  3 2 :
T h i s  i s  t h e  f i n a l  c l a s s  i n  t h i s  s y s t e m.  I t  p o s s e s s e s  a t r i a d  a x i s  
n o r m a l  t o  t h r e e  d i a d  axes a l o n g  t h e  d i r e c t i o n a l  v e c t o r s  ( 1 , -  1 , 0 )  ,
( 0 , 1 , -  1 , )  and ( - 1 , 0 , 1 ) .  The g e n e r a t i n g  m a t r i c e s  a r e  t h e  t h r e e - f o l d  
r o t a t i o n ,  and t h e  d i a d  a x i s  a l o n g  t h e  v e c t o r  ( 1 , -  1 , 0 )  . The d i a d  a x i s  
maps ( h k 1) t o  ( k h 1 ) .
GENERATING MATRICES OF T_HE THIRTY-TWO CLASSES
From t h e  symmet r y  o p e r a t i o n s  o f  each c l a s s  we can s e l e c t  a s e t  o f  
g e n e r a t i n g  o p e r a t i o n s .  These symmet r y  o p e r a t i o n s  a r e  c o n v e r t e d  i n t o  a 
m a t r i c e s  w h i c h  o p e r a t e  on t h e  f o r m  i n d i c e s  t o  r e c o n s t r u c t  t h e  f a c e t  
i n d i c e s  r e l a t e d  t o  t h e  f o r m  by t h e  g r o u p  symmet r y  o f  t h e  c l a s s .  For  
g r o u p s  c o n t a i n i n g  symmet r y  g e n e r a t o r s  o t h e r  t h a n  o r d e r  t wo ,  o r d e r  i n  
w h i c h  t h e  m a t r i c e s  a r e  used i s  i m p o r t a n t .
We s h a l l  o u t l i n e  t h e  p o s s i b l e  g e n e r a t i n g  symmet r y  o p e r a t i o n s  t h a t  
o c c u r  i n  each c r y s t a l  c l a s s ,  and t h e  m a t r i x  t o  r e p r e s e n t  t h e  
o p e r a t i o n .
1. I d e n t i t y ;  r e p r e s e n t e d  by t h e  m a t r i x  I 
1 0 0
I = 0 1 0
0 0 1
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2.  C e n t r a l  i n v e r s i o n
' - 1  0 o'
A = 0 - 1  0
0 0 - 1
A ^ I
r e p r e s e n t e d  by t h e  m a t r i x  A
3. Di ad  a x i s  a b o u t  t h e  y - a x i s ,  m a t r i x  
- 1  0 0 
0 1 0 
0 0 - 1
4. M i r r o r  p l a n e  n o r ma l  t o  y - a x i s ,  m a t r i x  C 
”  1 0 0
C = 0 - 1  0 
0 0 1
Di ad a x i s  a b o u t  t h e  z - a x i s ,  m a t r i x  D 
“ l 0 0
0 - 1  0 
0 0 1
G . M i r r o r  p l a n e  n o r ma l  t o  t h e  x - a x i s ,  m a t r i x  E 
- 1  0 0
E =
[ 2  = 1
0 1 0 
0 0 1
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7 . M i r r o r  p l a n e  n o r m a l  t o  t h e  z - a x i s ,  m a t r i x  F
1 0 0
0 1 0 
0 0 - 1
8. T r i a d  a x i s  a b o u t  t h e  z - a x i s  i n  t r i g o n a l  and h e x a g o n a l  
s y s t e ms ,  m a t r i x  G 
- 1 - 1  0





M i r r o r  p l a n e  n o r ma l  t o  t h e  y - a x i s  i n  t r i g o n a l  and h e x a g o n a l  
s y s t e ms ,  m a t r i x  H 
1 1 0
H = 0 - 1  0 
0 0 1
Di ad y - a x i s  i n  t h e  t r i g o n a l  and h e x a g o n a l  s y s t e m s ,  m a t r i x  3 
-  1 -  1 0
0 1 0
0 0 - 1
T e t r a d  z - a x i s .  m a t r i x  K
' o  - 1  0




1 2 . I n v e r s i o n  t e t r a d  z - a x i s ,  m a t r i x  L
0 - 1  0
L^ = I
1 0 0
0 0 - 1




- 1  0 0
0 0 1
1 4 . T r i a d  a x i s  a l o n g  t h e  v e c t o r  ( 1 , 1 , 1 ) ,  m a t r i x  P 
'  0 1 0
p3 = I
0 0 1 
1 0 0
15. M i r r o r  p l a n e  n o r ma l  t o  t h e  
Rhombohedr a l  s y s t e m,  m a t r i x  R 
0 1 0
v e c t o r ( - 1 , 0 , 1 )  i n  t h e
R =
r 2--: I
1 0 0 
0 0 1
1 6 . Di ad a x i s  a l o n g  t h e  v e c t o r  ( 1 , - 1 , 0 )  i n  t h e  Rhombohedr a l  
s y s t e m,  m a t r i x  S 
0 - 1  0
S ^ I
- 1 0 0
0 0 - 1
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The g e n e r a t i n g  m a t r i c e s  f o r  eac h  c l a s s  a r e
TR I CL I NIC. SYSTEM
C l a s s  1 ; I
C l a s s  1 : a " 1< i <2
MONOCLINIC SYSTEM
C l a s s  2 : b " 1< i <2
C l a s s  m : C^ 1<i <2
C l a s s  2 / m; C ^ B ^ 1 ( i < 2 ,  1<]<2
ORTHORHOMBIC SYSTEM
C l a s s  mm ; E ^ o i 1 < i < 2 ,  1<]<2
C l a s s  2 22 ; B^D^ 1 < i < 2 ,  1< j <2
C l a s s  mmm; 1 < i < 2 ,  1<]<2
TRIGONAL SYSTEM
C l a s s  3 ; g " 1<i <3
C l a s s  3 ; A^G" 1 ( i < 3 ,  1< j <2
C l a s s  3m; H ^C / 1 < i < 3 .  1<] <2
C l a s s  3m; 1 < i S3 ,  1 < ] < 2 ,
C l a s s  32 ; j ^ g" 1 < i < 3 ,  1<] <2
TETRAGONAL SYSTEM
C l a s s  4 ; 1 ( i < 4
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C l a s  s 4 : L 1 ( i < 4
C l a s s  4 / m ;  1 < i < 4 ,  1 < j ( 2
C l a s s  4mm; C^K^ 1 < i < 4 ,  H j < 2
C l as s  4 2m;
C l as s  42;  U i < 4 ,  H j < 2
C l a s s  4 / mmm; A ^ E  ^K ^
HEXAGONAL SYSTEM
C l a s s  6 ; N1 1<i < G
C l as s  6;  F^G^ 1<]<2
C l a s s  6 /m;  F^N^ 1<j <2
C l a s s  6mm; H^N^ 1 < i < G , 1 < j < 2
C l as s  6m2; F^H^G^
C l as s  62;  1 < i < 6 ,  1 ( ] < 2
C l as s  G/mmm; H^F^N^ K i < 6 ,  K j < 2 ,  1<k<2
CUBIC SYSTEM
C l a s s  23;
C l as s  m3; F^^kQOpi  1 < i < 3 ,  U j < 2 .  1 ( k $ 2 ,  1<m<2
C l a s s  43m; B^L^P^
C l a s s  43;  B^K^P^
C l as s  m3m; F ^ ^k K^ p^ 1 < i < 3 ,  1 < j < 4 ,  1<k<2,  1<m<2
39 1
RHOMBOHEDRAL SYSTEM
C l a s s  3:  1< i <3
C l a s s  3:  A^P^ 1 < i < 3 ,  1<]<2
C l as s  3m: R^P^ 1 ( i < 3 ,  1<] <2
C l a s s  3m: A^R^P^ 1 < i < 3 ,  1 < ] < 2 .  1<k(2
C l a s s  32:  S^P^ 1 < i < 3 ,  1<J<2
392
BIBLIOGRAPHY
AKL.  S. G. AND G. T. TOUSSAINT (1978 )  "A f a s t  Convex H u l l
A l g o r i t h m , "  I n f .  P r o c .  L e t t .  7,  pp 2 1 9 - 2 2 2 .
ANGELL, I . e .  AND G. GRIFFITHS,  ( 1907)  Hi gh  R e s o l u t i o n  Comput er
G r a p h i c s  u s i n g  F o r t r a n  77,  M a c m i l l a n .
ATHERTON, P. R.  ( J u l y  1983)  "A S c a n - l i n e  H i dden  S u r f a c e  Removal  
P r o c e d u r e  f o r  c o n s t r u c t i v e  S o l i d  G e o m e t r y , ” SIGGRAPH ' 83 p r o c e e d i n g s ,  
Compu t e r  G r a p h i c s ,  1 7 ( 3 ) ,  pp 7 3 - 0 2 .
AY A L A ,  D. ,  P. BRUNET, R. JUAN AND I .  NAVAZO ( Jan 1985)  " O b j e c t  
r e p r e s e n t a t i o n  by means o f  non t e r m i n a l  d i v i s i o n  Q u a d t r e e s  and 
O c t r e e s , "  ACM T r a n s .  o f  G r a p h i c s ,  V o l  4 No. 1.
BARDRE A . N . ( J u l y / A u g  1982)  " S e l e c t i n g  and R e p r e s e n t i n g  i n f o r m a t i o n  
s t r u c t u r e s  f o r  v i s u a l  p r e s e n t a t i o n , "  IEEE T r a n s .  S y s t .  Man Cy t e r n ,  
SMC- 1 2 ,  4 ,  P P 4 9 5 - 5 0 4 .
BALZER, R. ,  N. GOLMAN AND D. WILE (March  1978)  " I n f o r m a l i t y  i n
Pr og r am S p e c i f i c a t i o n s , ” IEEE T r a n s a c t i o n s  on S o f t w a r e  E n g i n e e r i n g ,  
V o l  SE-4 , No 2.
BANCHOFF, T. (19 78)  " Co mp u t e r  A n i m a t i o n  and t h e  Geomet r y  o f  s u r f a c e s
i n  t h r e e  and f o u r  d i m e n s i o n s " ,  P r o c .  I n t e r n a t i o n a l  Congr ess  o f  
M a t h e m a t i c s  ( H e l s i n k i ,  1978 ) .
BAUER, F . L .  AND H. WOSSNER ( 1982)  A l g o r i t h m i c  Language and Pr ogr am 
D e v e l o p m e n t ,  S p r i n g e r -  V e r l a g ,  New Yo r k  I n c .
BELOWA, E. N . ,  N . V. BELOW AND A. V. SCHUBNIKOW ( 1948)  A b s t r a c t
g r o u p s  c o r r e s p o n d i n g  t o  c r y s t a l l o g r a p h i c  c l a s s e s ,  D o k l a d y  Akad Nauk 
SSSR.
BLINN,  J.  F . AND M. E . NEWELL ( Oc t  1976)  " T e x t u r e  and R e f l e c t i o n  
i n  C o m p u t e r - G e n e r a t e d  I m a g e s , "  C o mmu n i c a t i o n s  o f  t h e  ACM, 1 9 ( 1 0 ) ,
pp54 2 - 5 4 7 .
BLINN,  J . F . (Summer 1977)  " Mode l s  o f  L i g h t  R e f l e c t i o n  f o r
393
Compu t e r - Syn t :  he s i s e d  P i c t u r e s , "  SIGGRAPH ‘ 77 P r o c e e d i n g s ,  Comput e r  
G r a p h i c s ,  1 1 ( 2 ) ,  pp 1 9 2 - 1 98 .
BLINN,  J . F .  (Aug 1978)  " S i m u l a t i o n  o f  W r i n k l e d  S u r f a c e s , "  SIGGRAPH 
‘ 78 P r o c e e d i n g s ,  Comput e r  G r a p h i c s ,  1 2 ( 3 ) ,  pp 2 8 6 - 2 9 2 .
BLINN,  J.  F . ( J u l y  19 82) " L i g h t  R e f l e c t i o n  F u n c t i o n s  f o r  S i m u l a t i o n  
o f  C l ouds  and Dus t y  S u r f a c e s , "  SIGGRAPH ‘ 82 P r o c e e d i n g s ,  Comput er  
G r a p h i c s . 1 6 ( 3 ) ,  pp 2 1 - 2 9 .
BLINN,  J.  F . , L . C. CARPENTER,J.  M. LANE AND T. WHITTED ( 1980 )  
" G e n e r a l i s e d  Scan L i n e  Met hods  f o r  d i s p l a y i n g  P a r a m e t r i c a l l y  D e f i n e d  
S u r f a c e s , "  CACM, V o l  23,  pp 2 4 - 3 4 .
BONO, P. R. ,  ET AL.  ( J u l y  1 98 2 ) .  "GKS; The F i r s t  G r a p h i c s  
S t a n d a r d , "  IEEE Comput e r  G r a p h i c s  and A p p l i c a t i o n s ,  2 ( 5 ) ,  pp 9 - 2 3 .  
BOOCH, G. ( 1983 )  S o f t w a r e  E n g i n e e r i n g  w i t h  Ada,  The B e n j a m i n / Gummings 
P u b l i s h i n g  Company I n c .
DLIRCHAROT, ( 1947 )  Di e  Bewegungsg r uppen  d e r  K r i s t a l l o g r a p h i e , B a s e l .  
CARLBOM, I . ,  I .  CHAKRAVARTY AND 0. VANDERSCEL ( A p r i l  1985 ) ,  "A 
H i e r a r c h i c a l  Data S t r u c t u r e  f o r  R e p r e s e n t i n g  t h e  S p a t i a l  D e c o m p o s i t i o n  
o f  3 - 0  O b j e c t s , "  IEEE Com’p u t e r  G r a p h i c s  and A p p l i c a t i o n s ,  5 ( 4 ) ,  pp 
2 4 - 3 1 .
CASALE, M.S,  E.L AND STANTON (Feb 1985)  "An o v e r v i e w  o f  a n a l y t i c  s o l i d  
m o d e l i n g , "  IEEE Comput e r  G r a p h i c s  and A p p l i c a t i o n s ,  5 ( 2 )  p p 4 5 - 5 6 .  
CATMLILL, E. AND A. R. SMITH ( J u l y  1 980)  " 3 - D  t r a n s f o r m a t i o n s  o f
i mages  i n  scan l i n e  o r d e r , "  SIGGRAPH ‘ 80 P r o c e e d i n g s ,  Comput er  
G r a p h i c s ,  1 4 ( 3 ) ,  pp 2 7 9 - 2 8 5 .
CHAZELLE, B. M. ( 1980 )  " C o m p u t a t i o n a l  g e o m e t r y  and c o n v e x i t y , "  Tech 
CMU- CS- 80 - 150,  C a r n e g i e - M e l l o n  U n i v . ,  P i t t s b u r g h ,  P a . ,  1980 
CLARK, J ( Oc t  1976)  " H i e a r a r c h i c a l  g e o m e t r i c  mode l s  f o r  v i s i b l e
s u r f a c e  a l g o r i t h m s , "  Comm. ACM 19 No 10
COOK, R. L.  ( J u l y  1984)  "Shade T r e e s , "  SIGGRAPH ‘ 84 P r o c e e d i n g s .
394
Compu t e r  G r a p h i c s .  1 0 ( 3 ) ,  pp 2 2 3 - 2 3 1 .
COOK, R . L ,  AND K . E . TORRANCE ( Jan 1982)  "A R e f l e c t a n c e  Model  f o r
Compu t e r  G r a p h s , "  ACM T r a n s a c t i o n s  on G r a p h i c s ,  V o l  1, No. 1, pp
7-24  .
COXETER, H. M. S. ( 1963 )  I n t r o d u c t i o n  t o  g e o m e t r y .  U n i v e r s i t y  o f
T o r o n t o  P r e s s .
COXETER, H. M. S. ( 1969 )  R e g u l a r  P o l y t o p e s ,  Dov e r ,  New Y o r k .
COXETER, H . M. S. e t  a l ,  ( 1938 )  The F i f t y - n i n e  I c o s a h e d r a ,
U n i v e r s i t y  o f  T o r o n t o  S t u d i e s  ( M a t h e m a t i c a l  S e r i e s ) ,  6, pp 1 - 26 .  
CREUTZBURG, E. ( 1982 )  " C o m p l e x i t i e s  o f  Q u a d t r e e s  and t h e  s t r u c t u r e  o f
p i c t u r e s , "  J . I n f .  P r o c e s s ,  C y b e r  n 1 8 ( 9 ) ,  p p 5 0 7 - 5 2 2.
CYRUS, M . , AND J.  BECK (1978 )  " G e n e r a l i s e d  t wo -  and t h r e e -
d i m e n s i o n a l  c l i p p i n g , "  Compu t e r s  and G r a p h i c s ,  V o l  3,  pp 2 3 - 2 8 .
DAHL, J . ,  E. W. DIJKSTRA AND C. A. R. HOARE ( 1972 )  No t es  on Data
S t r u c t u r i n g ,  Academi c  Pr ess  I n c  ( London)  L t d .
DANA, E. S. ( 1948 )  A T e x t b o o k  o f  M i n e r a l o g o g y , W i l e y .
DAY, A. C. ( 1977 )  F o r t r a n  T e c h n i q u e s :  Cambr i dge  U n i v e r s i t y  P r e s s ,
London .
DIJKSTRA,  E.W. ( Oc t  1972)  "The Humble P r o g r a m m e r , "  C o mmu n i c a t i o n  o f
ACM V o l  12 No 10.
DONNAY AND DONNAY ( 1969 )  I n t e r n a t i o n a l  T a b l e s  f o r  X-Ray 
C r y s t a l l o g r a p h y ,  Kynoch P r e s s ,  B i r m i n g h a m .
EDDY, W. F . ( 1077 )  "A new c onvex  h u l l  a l g o r i t h m  f o r  p l a n a r  s e t , "  ACM
T r a n s .  Mat h .  S o f t w .  3,  pp 3 9 8 - 4 0 3 .
ELLI OT,  J . P .  AND P.G.  DAWBER (1979 )  Symmet ry  i n  P h y s i c s .  New Y o r k ,  
M a c m i l l a n .
ELLZEY, R. Z.  ( 1982 )  Data S t r u c t u r e s  f o r  Comput e r  I n f o r m a t i o n  
Sy s t ems ,  S c i e n c e  Resea r ch  A s s o c i a t e s  I n c .
ENDERLE, G . , K. KANSY AND G. PFAFF ( 1984 )  Comput e r  G r a p h i c s
395
Pr o g r a mmi n g :  GKS - The G r a p h i c s  S t a n d a r d ,  S p r i n g e r - V e r l e g  ( B e r l i n ) .
FOLEY, J . D . ,  AND A. VAN DAM ( 1 9 8 2 ) .  F u n d a m e n t a l s  o f  I n t e r a c t i v e  
Compu t e r  G r a p h i c s ,  R e a d i n g ,  Ma s s . ,  A d d i s o n - W e s l e y .
FRIEDER, G. ,  0.  GORDON AND R.A.  REYNOLD ( Jan 1985)  "Back  t o  F r o n t  
D i s p l a y  o f  V o x e l - B a s e d  O b j e c t s " ,  IEEE Comput e r  G r a p h i c s  and 
A p p l i c a t i o n s ,  5 ( 1 ) ,  pp 5 2 - 6 0 .
GOTTLIEB.  M. ( 1979 )  " H i dden  L i n e  s u b r o u t i n e s  f o r  t h r e e  d i m e n s i o n a l  
p l o t t i n g , "  B y t e ,  V o l  3,  No 5. pp 4 9 - 5 8 .
GRAHAM, R. L.  ( 1972)  "An e f f i c i e n t  a l g o r i t h m  f o r  d e t e r m i n i n g  t h e  
c onv ex  h u l l  o f  a p l a n a r  s e t , "  I n f .  P r o c .  L e t t ,  1, p p 1 3 2 - 1 3 3 .
HAMLIN,  G. ,  AND C. GEAR ( 1977)  " R a s t e r - s c a n  H i dden  S u r f a c e  A l g o r i t h m  
T e c h n i q u e s , "  SIGGRAPH ‘ 77 P r o c e e d i n g s ,  Comput e r  G r a p h i c s  V o l  11,  pp 
2 0 6 - 2 1 3 .
HEARN D. ,  M.P.  BAKER ( 1986 )  Comput er  G r a p h i c s ,  P r e n t i c e - H a l l
I n t e r n a t i o n a l  E d i t i o n s .
HOGPGOOD, F . R. A. ET AL.  ( 1983 )  I n t r o d u c t i o n  t o  t h e  G r a p h i c s
K e r n e l  Sys t em (GKS),  London,  Academi c  P r e s s .
HOROWITZ, E. ( 1982 )  F u n d a m e n t a l s  o f  Pr og r ammi ng  Languages ,
S p r i n g e r - V e r l a g  ( B e r l i n ) .
HUNTER, G. M and K. STEIGLIZ ( A p r i l  1979)  " O p e r a t i o n s  on i mages
u s i n g  quad t r e e s , "  IEEE t r a n s .  P a t t e r .  A n a l .  Mac h i ne  I n t e l l .
P A M I - 1 , No 2.
JENSEN, R.W. (March  1981)  " S t r u c t u r e d  Pr o g r ams "  Compu t e r .
KNUTH, D.E.  ( 1969 )  The A r t  o f  Comput e r  P r o g r ammi n g :  Volume 1,
F u n d a m e n t a l  A l g o r i t h m s .  A d d i s o n - W e l s l e y , R e a d i n g ,  Mass.
KNUTH, D.E.  ( 1973)  The A r t  o f  Comput e r  P r o g r ammi n g ;  Volume 3,
S o r t i n g  and S e a r c h i n g ,  A d d i s o n - W e l s l e y ,  R e a d i n g ,  Mass.
LAING,  YOU-DONG, AND BRIAN BARSKY (1983 )  "An a n a l y s i s  and a l g o r i t h m  
f o r  Po l y g o n  C l i p p i n g , "  CACM, V o l  26 pp 0 6 8 - 8 7 7 .
396
LEDERMANN, W (1973 )  I n t r o d u c t i o n  t o  g r o u p  t h e o r y ,  Longman.
LEOGARO, H. AND M. MARCOTTY ( 1981)  "The p r o g r a mmi n g  l a n g u a g e
l a n s c a p e , ” S c i e n c e  Resear ch  A s s c i a t e s  I n c .
LOR IN,  H . ( 1 9 7 5 ) S o r t i n g  and S o r t  Sys t ems ,  A d d i s o n - W e s l e y  Pub.
Company .
MARTIN,  J.  ( 1977 )  Comput e r  D a t a - B a s e  O r g a n i z a t i o n ,  Eng l ewood  C l i f f s ,  
N . J . , P r e n t i c e - H a l l  I n c .
Me CRACKEN, D. D. (Dec 1973)  " R e v o l u t i o n  i n  P r o g r a m m i n g , "
D a t a m a t i o n .
MEAGHER, D. ( 1982)  " G e o m e t r i c  M o d e l l i n g  u s i n g  o c t r e e  E n c o d i n g , "  
Comput e r  G r a p h i c s  and Image P r o c e s s i n g ,  19, p p 1 2 8 - U 7
MEHL, M.E.  AND S. J,  NOLL (Aug 1964)  "A VLSI  S u p p o r t  f o r  GKS,"  IEEE
Compu t e r  G r a p h i c s  and A p p l i c a t i o n s ,  4 ( 8 ) ,  pp 5 2 - 5 5 .
MICHENNËR, J . C .  AND I . B .  CARLSON ( J u l y  1980)  " N a t u r a l  and e f f e c i e n t  
v i e w i n g  P a r a m e t e r s , "  SIGGRAPH ' 80  P r o c e e d i n g s ,  Comput e r  G r a p h i c s ,  
1 4 ( 3 ) ,  pp 2 3 8 - 2 4 5 .
MILLER,  W. H. ( 1839)  A T r e a t i s e  on C r y s t a l l o g r a p h y ,  C a mbr i dg e .
MILLER,  W. H. ( 1883)  A T r a c t  on C r y s t a l l o g r a p h y ,  C a mbr i dg e .
NEUMANN, P. E. ( 1823)  O e i t r a g e  Zur  K r y s t a l l o n o m i e , E r n s t  S i e g f r i e d  
M i t t l e r ,  B e r l i n  and Posen,
NEWMAN, W.M. AND R. F.  SPROULL ( 1979 )  P r i n c i p l e s  o f  I n t e r a c t i v e
Compu t e r  G r a p h i c s ,  New Y o r k ,  M c G r a w - H i l l .
NYE, J . E .  ( 1984 )  P h y s i c a l  P r o p e r t i e s  o f  C r y s t a l s ,  O x f o r d ,  C l a r e n d o n  
P r e s s .
PAVLI DI S,  T. ( 1982 )  " A l g o r i t h m s  f o r  G r a p h i c s  and Image P r o c e s s i n g , "
R o c k v i l l e ,  Md. ,  Comput e r  S c i e n c e  P r e s s .
PH I L L I PS ,  F . C . ( 1960 )  An I n t r o d u c t i o n  t o  C r y s t a l l o g r a p h y ,  Longmans.
PH I LL I PS,  W . , W. H . MILLER AND H. J . BROOKE ( 1852 )  An e l e m e n t a r y
I n t r o d u c t i o n  t o  M i n e r a l o g y .
397
PHONG, B . T .  ( 1975 )  " I l l u m i n a t i o n  f o r  Compu t e r  G e n e r a t e d  I m a g e s , "  
C o m m u n i c a t i o n s  o f  t h e  ACM, 1 8 ( 6 ) ,  pp 3 1 1 - 3 1 7 .
POTMESIL,  M. AND I .  CHARAVARTY ( A p r i l  1902)  " S y n t h e t i c  Image
G e n e r a t i o n  w i t h  a Lens and A p e r t u r e  Camera M o d e l , "  ACM T r a n s .  on 
G r a p h i c s ,  1 ( 2 ) ,  p p 8 5 - 1 0 8 .
PREPARATA, F . P . ,  AND S. J .  HONG ( 19 77 )  " Conv ex  h u l l s  o f  f i n i t e
s e t s  o f  p o i n t s  i n  two and t h r e e  d i m e n s i o n s , "  Commun, ACM 20,  pp 8 7 - 9 3 .  
PUGH, A. ( 19 76 )  P o l y h e d r a :  A v i s u a l  a p p r o a c h .  U n i v e r s i t y  o f
C a l i f o r n i a  P r e s s ,  B e r k e l e y  C a l i f .
REQLIICHA, A. A. G. (Dec 1980)  " Rep r es en  t a t t i o n  o f  R i g i d  S o l i d s :
T h e o r y  Me t h o d s ,  and S y s t e m s , "  ACM C o mp u t i n g  S u r v e y s ,  1 2 ( 4 ) ,  pp
4 3 7 - 4  64 .
REQLIICHA, A. A. G. AND H. B . VOELCKER ( Oc t  1 983)  " S o l i d  M o d e l i n g :
C u r r e n t  S t a t u s  and Re s e a r c h  D i r e c t i o n s , "  IEEE Compu t e r  G r a p h i c s  and
A p p l i c a t i o n s ,  3 ( 7 )  p p 2 5 - 3 7 .
REQUICHA, A. A. G. AND H . B . VOELCKER ( Mar ch  1982)  " S o l i d
M o d e l i n g :  A H i s t o r i c a l  Summary and C o n t e mp a r y  A s s e s s m e n t , "  IEEE
C o mpu t e r  G r a p h i c s  and A p p l i c a t i o n s ,  2 ( 2 ) ,  pp 9 - 2 4 .
ROSS, D . T . ,  J . B .  GOODENOLIGH, AND C. A.  IRVINE (May 1 9 7 5) " S o f t w a r e  
E n g i n e e r i n g  P r o c e s s ,  P r i n c i p l e s  and G o a l s , "  Co mp u t e r .
SHUBNIKOV, A . V .  ( 1951 )  Symmet r y  and A s s y m e t r y  o f  f i n i t e  f i g u r e s ,  
Moscow:  Nauka.
SIDHU,  G. S. AND R. T . BOUTE (Nov 1972)  " P r o p e r t y  e n c o d i n g :
A p p l i c a t i o n s  i n  b i n a r y  p i c t u r e  e n c o d i n g  and b o u n d a r y  f o l l o w i n g , "  IEEE 
T r a n s .  Comput .  C - 21 ,  No 11.
SOBHANPANAH, F . AND I .  0 .  ANGELL ( 19 86 )  "On t h e  c o n s t r u c t i o n  o f  a 
p o l y t o p a l  mesh f o r  t h e  N- d i m e n s i o n a l  h y p e r c u b e  and (N+1)  S i m p l e x , "  t o  
be p u b l i s h e d .
TANIMOTO, L.  ( June  1977)  "A p y r a m i d  mod e l  f o r  b i n a r y  p i c t u r e
39 8
c o m p l e x i t y , ' '  Pr oc  IEEE Comput e r  S o c i e t y  C o n f e r e n c e  on P a t t e r n  
R e c o g n i t i o n  and Image P r o c e s s i n g ,  R e n s s e l a e r  P o l y t e c h n i q u e  I n s t i t u t e .  
TILOVE,  R. ( J u l y  1904)  "A N u l l - O b j e c t  A l g o r i t h m  f o r  C o n s t r u c t i v e  
S o l i d  G e o m e t r y , "  Co m m u n i c a t i o n s  o f  t h e  ACM, 2 7 ( 7 ) ,  pp 0 8 4 - 6 9 4 .
WEILER, K. ( Jan 1905)  " Edg e - Ba s ed  Data S t r u c t u r e s  f o r  S o l i d  M o d e l l i n g  
i n  Cli r  ved - S LI r  f  a ce M o d e l i n g  E n v i r o n m e n t s , "  IEEE Comput e r  G r a p h i c s  and 
A p p l i c a t i o n s ,  5 ( 1 ) ,  pp 2 1 -40 .
WEILER, K. AND P. ANTHERTON (Summer 1977)  " H i d d e n  S u r f a c e  Removal  
U s i n g  P o l y g o n  Area S o r t i n g , "  SIGGRAPH '7 7 P r o c e e d i n g s ,  Comput er  
G r a p h i c s , 1 1 ( 2 ) ,  pp 2 1 4 - 2 2 2 .
WENNINGER ( 1972 )  P o l y h e d r o n  Mod e l s ,  Cambr i dge  U n i v e r s i t y  P r e s s .  
WHITTAKER, E. J.  W. ( 1981 )  C r s t a l l o g r a p h y , Pergamon.
WHITTAKER, E. J.  W. (1 984)  An A t l a s  o f  Hyper  s t e r e o g r a m s  o f  t h e  f o u r
d i m e n s i o n a l  C r y s t a l  C l a s s e s ,  C l a r e n d o n  P r e s s ,  O x f o r d .
WIRTH, N . (Dec 1974)  "On t h e  c o m p o s i t i o n  o f  w e l l  s t r u c t u r e d
p r o g r a m s , "  Compu t i ng  Su r v ey s  VolG No 4.
WIRTH, N. ( 1981 )  A l g o r i t h m s  + Data s t r u c t u r e s  = P r o g r ams ,  London 
Prentice-Hall.
WHITTED ( June  1980)  "An i mp r o v e d  I l l u m i n a t i o n  Mode l  f o r  Shaded 
D i s p l a y , "  C o mmu n i c a t i o n s  o f  t h e  ACM, 2 3 ( 6 ) ,  pp 3 4 3 - 3 4 9 .
WOODWARK, J.  R. (1984)  "Compressed  q u a d - t r e e s , "  The Comput e r  J o u r n a l  
2 7 ( 3 )  pp 193 - 2 88 .
WYLIE,  C . , G. W. ROMNEY, D. C. EVANS AND A. C.  ERDAHL ( 1967)
" H a l f t o n e  P e r s p e c t i v e  Dr a w i n g s  by C o m p u t e r , "  FJCC 1967,  Thompson 
Books ,  W a s h i n g t o n ,  D. C. ,  pp 4 9 - 5 8 .
YAMAGUCHI, KUNI I  AND FUJIMURA ( Jan 1984)  " O c t r e e - R e l a t e d  Data 
S t r u c t u r e s  and A l g o r i t h m s , "  IEEE Comput e r  G r a p h i c s  and A p p l i c a t i o n s ,  
4 ( 1 ) ,  pp 53 -59 .
YOURDIN, Z. AND L.  CONSTANTINE (1979 )  S t r u c t u r e d  D e s i g n :
399
F u n d a m e n t a l s  o f  a D i s c i p l i n e  o f  Comput e r  Pr ogr am and Syst em Des i gn  
Eng l ewood  C l i f f s ,  N . J . ,  P r e n t i c e - H a l l .
ZELKOWITZ,  M. V. ( June  1970)  " P e r s p e c t i v e s  on S o f t w a r e  E n g i n e e r i n g , '  
Compu t i ng  S u r v e y s ,  V o l  10, No 2.
ZHELUDEV, I . S .  ( 1983)  Symmet ry  and i t s  A p p l i c a t i o n s ,  Moscow
Energoa t o m i  2 d a t .
400
